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Introduction 



The works by Weierstrass, Mittag-Leffler and Picard dated back to the 
seventies of the last century marked the beginning of systematic studies of 
the theory of entire and meromorphic^ functions. The theorems by Weierstrass 
and Mittag-Leffler gave a general description of the structure of entire and 
meromorphic functions. The representation of entire functions as an infinite 
product by Weierstrass served as the basis for studying properties of entire 
and meromorphic functions. The Picard theorem initiated the theory of value 
distribution of meromorphic functions. In 1899 Jensen proved a formula which 
relates the number of zeros of an entire function in a disk with the magnitude 
of its modulus on the circle. The Jensen formula was of a great importance 
for the development of the theory of entire and meromorphic functions. 

The theory of entire functions was shaped as a separate scientific discipline 
by Laguerre, Hadamard and Borel in 1882-1900. Borel’s book “Logons sur les 
fonctions entieres” published in 1900 was the first monograph devoted to this 
theory. The works by R. Nevanlinna during 1920’s resulted in the intensive 
development of the theory of value distribution of meromorphic functions, and 
were largely responsible for determining its modern character. The fundamen- 
tals of this theory were presented in R. Nevanlinna’s book “Le theoreme de 
Picard-Borel et la theorie des fonctions meromorphes” (1929). 

The first results in the general theory of entire functions were connected 
with studies of differential equations (Poincare) and with the theory of num- 
bers (Hadamard). In the course of further development of the theory of mero- 
morphic and entire functions more and more links were revealed with the 
above-mentioned and other mathematical disciplines, such as functional anal- 
ysis, mathematical physics, probability theory, etc. In the present work the 
authors have tried not only to give a picture of the modern state of the theory 
of meromorphic and entire functions, but also, to the best of their ability, to 
reflect the links with related disciplines. 

Below follows a list of the notations which will be used hereafter without 
any explanations: Dr = {z : \z\ < r}; Cr = {z : \z\ = r}; Di = D; Ci = T; 
W{6,e) = {z : \oigz — 9\ < e}; S{9) = W(^, 0); n{r,a,E,f) is a number of 
those a-points (with account taken of multiplicities) of a function / which lie 
in the set E fl Dr. When writing lim(^(r), 0((^(r)), o[(p{r)) we always mean 
that r — » oo. 

The reference of the form Ahlfors (1937) shows the name of the author and 
the publication date of the item included in the reference list. In a case that 
there are several mathematicians of the same name we add the initials of their 
first names, e.g., J.Whittaker (1935) and E. Whittaker (1915). 



^ By a meromorphic function we mean a function meromorphic in C, if not otherwise 
stated. 
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In addition to the main authors this article was written with the partici- 
pation of V.S. Azarin, A.E. Eremenko, and V.A. Tkachenko. We are further 
indebted to A. A. Kondratyuk and M.N. Sheremeta for their valuable help in 
writing Section 7, Chapter 2 and Section 4, Chapter 1, respectively. The main 
authors are responsible for the overall concept of this article as well as its final 
editing. 

A. A. Gol’dberg, B.Ya. Levin, I.V. Ostrovskii 
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Chapter 1 

General Theorems on the Asymptotic Behavior 
of Entire and Meromorphic Functions 

§1. Characteristics of Asymptotic Behavior 

Entire functions are a direct generalization of polynomials, but their asymp- 
totic behavior has an incomparably greater diversity. The most important 
parameter characterizing properties of a polynomial is its degree. A transcen- 
dental entire function that can be expanded into an infinite power series can 
be viewed as a “polynomial of infinite degree” , and the fact that the degree is 
infinite brings no additional information to the statement that an entire func- 
tion is not a polynomial. That is why, to characterize the asymptotic behavior 
of an entire function, one must use other quantities. For an entire function / 
we set 

M(r, /) = max{|/(2;)| : |z| = r} . 

Since, according to the maximum modulus principle, M(r, /) = max{|/(2:)| : 
\z\ < r}, then M(r, /) is a non-decreasing function of r G M+, and if / ^ const, 
then M(r, /) strictly increases, tending to +cx) for r ^ oo. For a polynomial 
/ of a degree n the asymptotic relation holds log M(r,/) ~ nlogr. Thus 
n = limlogM(r, /)/logr, i.e., the degree of a polynomial is closely related 
to the asymptotics of M{r^f). The ratio log M(r, /)/ log r tends to cxd for 
all entire transcendental functions. That is why the growth of log M(r,/) is 
characterized by comparing it not with logr, but with faster growing func- 
tions. The most fruitful is the comparison with power functions; in this con- 
nection we shall introduce some quantities which characterize the growth of 
non-decreasing functions a : R_i_. The quantities 

P = p[a] = limsup , A = X[a] = liminf 

logr logr 

will be called the order and lower order of a function a, respectively. If p < oo, 
then the quantity 

a = cr[a] = lim sup r“^a(r) 

is called the type value of the function a. Ifcr = oo,0 <cr<oo, ora = 0, 
then a is said to be of a maximal, normal or minimal type, respectively. If 
0 < cr < oo, then a(t)t~^~^ dt = oo. For cr = 0 this integral can either 
converge or diverge. In this case the function a is said to belong either to 
the convergence or to the divergence class. Two functions ai and a2 have 
the same growth category if they have equal orders, the same type (but not 
necessarily equal type values!) and if they simultaneously belong either to the 
convergence or to the divergence class. A function a\ has a higher growth 
category than 0:2 in three cases: (1) p[ai] > p[a2], (2) p[o;i] = p[a2] < 00, 
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provided that the type of ai is higher than that of 02 (the convention is that 
the maximal type is higher than the normal, and the normal, in its turn, is 
higher than the minimal), (3) p[oL\] = p[o; 2 ], cf[ol\] = (j[a2] = 0, provided that 
a\ belongs to the divergence class while 02 belongs to the convergence class. 

For an entire function /, the order, type, type value, convergence/ divergence 
class and growth category are, by definition, the same as those of log M(r, /). 
Thus p[f] = p[log M(r, /)], and so forth. We will use the following notation: 
[p, cr] is the class of all entire functions / such that p[/] < p and if p[f] = p, 
then a[f] < cr; [p, cr) is the subclass of [p, a] with the additional condition that 
if p[f] = P, then a[f] < a. We shall also denote by [p, 00 ] the class of all entire 
functions / with p[f] <p, and by [p, 00 ) the class of all entire functions with 
a growth category not higher than of order p and normal type. Functions of 
the class [l,oo) will be called entire functions of exponential type (EFET). 

Examples. A polynomial of a positive degree is of order zero and maximal 
type. The functions e^, sinz are of order 1 and normal type, i.e., they are 
EFETs. The function cosy^ is of order 1/2 and normal type. The function 
l/r{z) is of order 1 and maximal type. The function exp z'^ has a normal type 
with respect to the order n. The function exp exp 2 : has an infinite order. The 
function Ep{az] /x), with 



Ep{z\n) --- y^0"/-T(/x + n/p) , p>0, 

n=0 

has the order p and the type value cr. Ep{z^ p) is called a function of the Mittag- 
Leffler type^ so named in honour of the mathematician who first investigated 
it ( for /X = 1). A detailed study of properties of the function Ep{z,p) was 
undertaken by M.Dzhrbashyan (1966). 

In order to determine the growth category of an entire function, the function 

is often used. The growth categories of log M(r,/) and m{r, f) coincide, al- 
though their type values can differ. This follows from the inequality 

m{r,f) < log“^ M(r,/) < {{R r) / {R - r)}m{R, f) , 0 <r < R < 00 . 

It is well-known that the implication (p[logM(r, /)] = A[log M(r, /)]) <=> 
(p[m(r, /)] = A[m(r, /)]) is true. In 1963, Gol’dberg showed that the existence 
of the limit of log M(r, /), as r — > 00 , does not imply the existence of 
the limit of r~^m(r, /) and vice versa (see Gol’dberg and Ostrovskii (1970), 
pp. 100-106). Let us denote by n(r, 0, /) the counting function of zeros of 
an entire function /, i.e., the number of zeros in the disk with account 
taken of multiplicities. Azarin (1972) showed that the existence, as r — ► 00 , of 
the limits of any two out of the three functions: log M(r, /), r”^m(r, /), 

r“^n(r, 0, /) does not imply the existence of the other limits. This generalizes 
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both the above-mentioned result of Gol’dberg and that of Shah proved in 1939 
who compared log M(r, /) with n(r, 0, /). 

To describe the asymptotic behavior along the rays {z : argz = 0} of an 
entire function / of order p > 0 and normal type the function 

h{6,f) = limsupr“^log |/(re^^)l, 0 < 0 < 27t , 



can be also used. This function was introduced by Phragmen and Lindelof in 
1908 and is called the indicator. Its principal property is the p- trigonometric 
convexity^ which means that for any 6i < O 2 < Os < 0i n/p the inequality 



sin p6i sin p 02 

cos p6i cos p 02 

h{0uf) h{02j) 



sin pOs 
cos pOs 
h{0sj) 



> 0 



holds. Various consequences of the p- trigonometric convexity are given in 
Levin (1980), Chap. 1, Sect. 16. V. Bernstein proved in 1936 that every 27 t- 
periodic p-trigonometrically convex function (p > 0) is the indicator of some 
entire function of order p and normal type (for p = 1 this result was obtained 
in 1929 by Polya). 

For p = 1 the trigonometric convexity of a 27r-periodic function h has a 
simple geometric interpretation. This means that h is the support function of 
some bounded convex set on the plane. Thus, the bounded convex set with the 
support function h{6,f) corresponds to an entire function / of exponential 
type. The set is called the indicator diagram of the function /. 

While investigating entire functions of finite order, there arise certain diffi- 
culties in the case of the maximal or minimal types. So it is convenient to use 
for comparison a broader class (than power functions), which, while retaining 
the principal properties of power functions, makes it possible to obtain a nor- 
mal type. At the turn of the century several such classes were suggested. One 
of the most commonly used proved to be the one described in the book by 
Valiron (1923). Similar classes had been introduced by Lindelof, Valiron and 
others. Following Valiron we shall call a function p(r) the proximate order., 
if it is continuously differentiable on R+ and: (1) p(r) — > p, 0 < p < 00, (2) 
p'(r)rlogr — > 0, (3) for p = 0 the property | 00 is additionally required. 
For a function a : R_|_ R_|_ of finite order a proximate order p(r) is called 

the proximate order of the function a, if 0 < (T*[a\ < 00 where 

O'* [a] = limsupr“^^’'^a(r) . 



The quantity <J*[a] is called the type value of the function with respect to 
the proximate order p{r). It is clear that if p(r) is a proximate order of the 
function a, then p(r) p = p[a\. The most important fact validating the 
use of proximate orders is that for every function a : R4- — ^ R+ of finite 
order there exists an appropriate proximate order. This theorem was proved 
by Valiron (in a somewhat weaker form as early as in Valiron (1914), p. 213). 
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The classes [p(r),cr], [p(r),cr) and [p(r),oo) are introduced in the same way 
as for the usual order. 

In 1930, Karamata introduced the notion of slowly and regularly varying 
functions which found their application, see Seneta (1976), in probability 
theory and the theory of integral transforms. A function L : M+ — > E+ is said 
to be slowly varying if for every c, c € (0, oo), the equivalence L{cr) ~ L{r) is 
true. By the Karamata theorem L{cr)/L{r) tends to 1 uniformly with respect 
to c G [a, b] C (0, oo). A function V : R-|_ M_(- is said to be regularly varying 

with exponent p if V{r) = rPL{r) where L is slowly varying. It is easy to 
verify that for a proximate order p(r), p(r) p, the function V{r) = 
is regularly varying with the exponent p. Conversely, one can show that if V 
is regularly varying with the exponent p and V{r) oo, then there exists a 

proximate order p(r) — > p such that V{r). 

The function 

h{6,f) = limsupr”^^’^^ log |/(r’e^^)| 

is called the indicator of a function f of proximate order p(r). The indicator 
is a p- trigonometrically convex function with p = lim p(r) > 0 {h{6, f) being 
a constant for p = 0). Whatever the proximate order p(r) p > 0, any 
p-trigonometrically convex 27r-periodic function can be the indicator of an 
entire function of proximate order p(r). This result, under some additional 
assumptions, was obtained by Levin in 1956 (see Levin (1980)); in the general 
case it was obtained by Logvinenko in 1972. 

Attempts were undertaken to use as comparison functions other than 
V{r) = in order to examine the asymptotic behavior of entire func- 

tions; in particular, of functions of infinite order. The classic results are de- 
scribed in the book by Blumenthal (1910). From comparatively recent results 
we shall mention those by Sheremeta (1967,1968). The latter suggested a 
fiexible growth scale containing (partly or fully) scales introduced earlier (by 
Schonhage, Fridman and others). In constructing his scale Sheremeta did not 
take, as the starting point, any elementary functions (e.g., logarithm itera- 
tions) and their superpositions, but singled out classes of functions with min- 
imal restrictions, sufficient to obtain the needed relationships. Sheremeta’s 
generalized orders were used not only by Sheremeta himself, but by many 
other researchers (Balashov , Yakovleva, Bajpaj, Juneja and others). More 
specific, though still rather general , scales were introduced by Klingen (1968) 
and by Bratishchev and Korobejnik (1976). As an example, we shall give one 
of the results (Sheremeta (1967)) that generalizes the well-known Hadamard 
formulas for calculating the order and the type value of an entire function 
/ using its Taylor coefficients. Let a, 7 be differentiable functions on E_|_ 
which tend to +00 strictly monotonically, as r — 00 , and a(r -h o{r)) ^ a{r)^ 
P{r -h o(r)) ~ /^(^), + o(r)) ~ 7 (r). Let 0<p<oo, 0<c<oo, 

F{r,c,p) = 7 ”^{[/ 3 “^(ca(r))]^/P}. Assume that {d/ dx) log F{e^;c,p) 1 /p, 

as X -hoo, for all c, 0 < c < 00 (if a and 7 are slowly varying functions, 
only (d/dx) log F(e^; c,p) = 0(1) may be required). Then 
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lim sup 

r—^oo 



a( log M(r, /)) 

mir)Y) 



a{n/p) 

™"'/3{[7(ei/^>|a„|-i/n)]P} ' 



When p = 1, a{r) = (3{r) = logr, 7 (r) = r, we obtain the Hadamard formula 
for calculating the order, and when p = p, a{r) = (3{r) = 7 (r) = r, the 
formula for calculating the type value. 

It should be noted that there exist formulas which relate the decrease of 
the coefficients an directly with M{r,f). We will quote the following result 
by Sheremeta (1973). Let / be an entire function, (on) be the sequence of its 
Taylor coefficients, and be the function inverse to logM(e^, /). If 

lim sup(log log r)“^ log log M(r, /) = oo , 



then 



limsupn^*(n)(— log |an|) ^ = 1 . 

n—^oo 



The restrictions on the growth of M(r, /) in this theorem cannot be weakened. 
Thus, a simple universal formula is given which is applicable to all entire 
functions except a subclass of functions of zero order. 

A proximate order p(r) of a function a may be chosen such that not only 
cr*[a] = 1, but also > a(r) for r > ro, and for some sequence T oo 
the relation would hold. Since L{r) = is slowly varying, 

one can choose sequences T oo and i 0 such that L{r) / L{rn) < 1 + 
for r„/a„ < r < r„a„. Then a(r) < = r^L(r„)(r/r„)'’(L(r)/L(r„)) < 

a{rn){r/rn)P{l + Sn) on this interval. It is often sufficient to use this inequality 
satisfied only on some sequence of intervals. Here it is unimportant that the 
exponent of the power major ant equals p = p[a], the global characteristic of 
the growth of the function a. This leads to the following definition: a sequence 
(^n)? oo, is said to be a sequence of Polya peaks of order p G M+ for a 

function a if there exist T oo, | 0 such that 



a{r) < a{rn){r/rnY{l + ^n), ^n/^n <r < Vnan . (1) 

The exact upper and lower boundaries of Polya peaks orders for a given 
function a will be called the Polya order and the Polya lower order of a, and 
be denoted by p* and A*, respectively. Edrei (1965) proved that the set of 
Polya peaks orders covers the interval [A, p] where A and p are the lower order 
and order of the function a, respectively. Thus, A* < A < p < p*. It was he 
who introduced the term “Polya peaks” , since this notion (though implicitly 
and in a weaker form) was used by Polya in 1923 in his study of the structure 
of infinite sequences. The set of Polya peaks orders is the interval [A*,p„c] for 
p* < oo or the interval [A*,oo) for p^ = oo (Drasin and Shea (1972)). The 
Polya order and the lower order can be determined using the formulas (Drasin 
and Shea (1972)): 



p* = sup{p : limsup a{Ax) / (APa{x)) = oo} , 

x,A—i‘Oo 
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A* = : liminf a{Ax) / a{x)) = 0} , 

p* = limsup(logA)”^{loga(Ax) - loga(x)} , 

x,A—^oo 

A* = liminf (log {log a(Aa:) -loga(x)} , 

x,A^oo 



Note that the inequality p* < oo is equivalent to a(2r) = 0{a{r)). 

Let / be an entire function, (r^) be a sequence of Polya peaks of order p 
for the function a(r) = log M(r, /). Let us denote by Up the union of intervals 
where an are the numbers from (1), and let Q : Up ^ be the 
function defined in [vn/cLn^rnan] by the equality Q{r) = (r/r^)^ log M(rn, /). 
Edrei (1970) called the function 



hp{0, f) = limsup 

r— »oo 
r£Up 



log I /(re' 
Q{r) 



)l 



a local indicator of the function /. By means of a local indicator one can 
study the behavior of a function of finite Polya lower order. It turns out 
(Edrei (1970)) that for any p G [A*,p*] (p G [A*,oo) if p* = oo) the function 
hp{9^ f) is p-trigonometrically convex (or constant, if p = 0). 

For any entire function / the function log M(r,/) is important not only 
as a tool to measure the growth of an entire function. Many properties of 
/ are related to it. That is why the properties of log M(r,/) were studied 
independently of growth measuring problems. As early as 1896 Hadamard 
discovered that the function ^(x, /) = logM(e^, /) is convex on R (the three 
circle theorem). Therefore, M(r, /) is a continuous function on R_j_ having 
derivatives everywhere, with the possible exception of a countable set, where 
it has one-side derivatives. 

If 'ip{x) is a non-decreasing convex function on R, then u{re'^'^) = -0(logr) 
is a subharmonic function on C. Therefore, if u is a subharmonic function and 
if B{r,u) = max{'u(re^‘^) : 0 < p < 27 t}, one cannot say in the general case 
anything except that B{e^,u) is non-decreasing and convex. There has been 
still no exhaustive description of B(e^,log|/|) = logM(e^,/) for the case of 
u{z) = log|/(z)|, / being an entire function. Strelits (1962), p. 61, having 
expanded Blumenthal’s result (1907), showed that the function M(r, /) is 
piecewise-algebroid on each segment from R+. In particular, it follows from 
this that M(r, /) has continuous derivatives of all orders at all points where the 
first derivative exists. Let us assume that ^"(x, /) = -hoo at the discontinuity 
points of ^'(x,/). Then the Hadamard theorem states that ^"{x,f) > 0 for 
all X G R. Hayman in 1968 substantially refined this theorem by showing 
that the relation q = limsup 2 ,_^oo ^"(x, /) > 0.180 holds for every entire 
transcendental function /. Bojchuk and Gol’dberg (1974) proved that if all 
Taylor coefficients of / are non-negative , then q > 0.25 (Hayman showed 
the estimate to be exact). Without the assumption as to the coefficients, this 
estimate is not exact (Kjellberg (1973)), since q < 0.25 is possible; on the 




12 



A. A. Gol’dberg, B.Ya. Levin, LV. Ostrovskii 



other hand, Kjellberg improved Hayman’s result by showing that q > 0.24 in 
every case. 

Though, as we have said above, it is not possible to find for every 
non-decreasing convex function ^ on M, an entire function / such that 
logM(e^,/) = '0(x), it can be done up to the factor 1 + o(l), provided that 
^ 0{x) for X oo. Moreover, / can be chosen in such a way that 
logM(r, /) ~ m(r, /) ~ '0(logr) (Clunie (1965)). For ^(logr) of finite order 
it was shown by Valiron (1914), p. 130. Erdos and Kovari (1956) showed that 
for any entire function / there exists an entire function g with positive Taylor 
coefficients such that 

1/6 < M(r, /)/M(r, g) < S, r > 0 . 

The constants 1/6 and 3 cannot be replaced by exp(— 1/200) and 
exp(l / 200) , respectively. 

We shall mention another problem which remains open for around 80 years. 
If / is an entire function, 

/iW = e^^V(e^^^^), f2{z) = ^2 G R , 

then, obviously, M{r,f) = M(r, /i) = M(r, / 2 ) for all r € R+. Is the inverse 
statement true, i.e., does M(r, F) = M{r, f) imply that F = /i or F = / 2 ? If 
M(r, F) = M(r, /) for 0 < r < a or 6 < r < oo, then the relations F = /i or 
F = /2 may not hold. The counter-examples were given by Hayman in 1967: 
M(r, F) = M(r, /) with F = (1 — z)e^ ^ f = exp{z‘^/2) for 0 < r < 2 and with 
F = exp(z — z^), / = exp{z‘^ -h 1/8) for r > 1/4. 

The classical Weierstrass theorem is well known on the representation of 
an entire function with a given set of zeros in the form of an infinite product 
of so-called Weierstrass primary factors. In works by Borel and Hadamard 
on entire functions of finite order, the Weierstrass theorem was significantly 
improved: it was shown that the genus of the primary factors could be one 
and the same, and in the representation of an entire function only a finite 
number of parameters is not defined by the set of zeros. These results are 
given in any (even the shortest) textbook on entire functions, so they will not 
be formulated here. As early as the turn of this century the theory of factor- 
ization of entire function was regarded as fully completed. However, in the 
series of works started in 1945, M. Dzhrbashyan obtained profound general- 
izations of the Jensen-Schwarz formula and, making use of them, constructed 
a new factorization theory. M. Dzhrbashyan and his successors (Abramovich, 
Badalyan, Bagdasaryan, Zakharyan, A. Dzhrbashyan, Mikaelyan and others) 
focussed their attention on classes of functions meromorphic in a disk or in 
a half-plane. The factorization in these clgisses found applications not only 
in complex analysis, but also in operator theory, the theory of discrete time 
systems and other branches of mathematics (Megrabyan, Do Kong Han and 
others). Functions meromorphic in C appeared to be outside the focus of 
these studies, but some new results were obtained here as well. We shall cite 
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the strongest theorem by M. Dzhrbashyan (1970), confining ourselves to the 
case of an entire function /. This theorem covers all functions of arbitrary 
growth. In addition, the factor unrelated to zeros is similar to the correspond- 
ing factor employed to factorize functions analytic in the unit disk. For the 
sake of simplicity, we shall assume that /(O) = 1. Let u; be a continuous 
non-increasing function on R_|_, o;(0) = 1, uj{x) = 1 + 0(x) for x 0, and 
cj(x)dlogx < oo. We shall introduce the following notations 



L^(lf(re^ni)==^(r)loglf(re^ni ~ f loglf(xe^niM^) , 

Jo 



rriu 



1 



An{r) = n f u{x)x'^ ^ dx, n G N, 

Jo 



5(z) = l + 2^2V^fc(oo), 
k=l 



Wr{z,C,)— I ‘^{x)d\ogx- 

Jk\ 



oo 



-E 



^k{r) 






a;(x)x^ ^ dx 



■t 



poo 



Lj{x)x 



-k-1 



dx 



}■ 



Ar{z, z/Q exp{-M^r(2, 0} • 

If (jj{x) = 1, then rriuj{r,f) = m(r^f). It is important to note that for any 
entire function a function u may be found such that /) = 0(1). In this 

case a sequence | oo can be chosen to ensure that the limit 

lim f L^{\f{rke^‘^)\)d(f = (T{e) 

Jo 

does exist and defines a(0) to be a function of bounded variation on [0, 27 t]. 
Then 

f{z) = expi^ f 5(e“*®z)da(0)| lim Ar^{z,a^) , 

where (a^) is the sequence of zeros of /. 




14 



A. A. Gol’dberg, B.Ya. Levin, I.V. Ostrovskii 



Another approach, also based on M. Dzhrbashyan’s ideas, but applicable 
not to every entire function, was suggested by Badalyan (1968). 

M. Dzhrbashyan (1978) also investigated the problem of convergence of an 
infinite product 0 < |ai| < |a 2 | oo, uniformly and 

absolutely on compact sets of C. If a{x) = (logcj(e'^))' [ — oo as x ^ +oo and 
a{x)/x does not increase for x>xq^ then the condition 



oo poo 

/i=l 



(jj{x) dlogx < OO 



is necessary and sufficient for the required convergence. 



§2. Relation Between Growth and Decrease 

Let us introduce the notation /i(r, /) = min{|/(z)| : \z\ = r} where / 
is an entire function. It can be easily checked that //(r, /) ~ M(r, /) for 
polynomials. This relation cannot hold for all entire transcendental functions, 
since if / has an infinite sequence of zeros (a^), then //(|an|,/) = 0 . If / 
has no zero, then /x(r, /) = 1/M(r, 1//) — > 0. The case when / has a finite 
number of zeros is reduced to the previous one. However, on a certain sequence 
Tk ^ oo it is possible to estimate the decrease rate of /i(r, /) through the 
growth rate of the function /. As early as 1893, Hadamard showed that, 
for any entire function / of order p < oo and for any finite e > 0, the set 
{r e E+ : log//(r, /) < has a finite measure; in 1897 Borel showed 

that the set {r € M+ : log//(r, /) > — (log M(r, /))^“''^} is unbounded for any 
entire function. The set {r G R+ : log/x(r, /) > —(1 + e) log M(r,/)} is not 
bounded for any entire function without zeros as proved by Wiman in 1918. 
Later such inequalities were made much more precise; moreover, estimates 
were obtained for the size of the set where the inequalities hold. 

The most precise estimates were obtained by Hayman (1952). Before pre- 
senting them, we shall introduce some notions, which we shall often have 
occasion to use hereafter. Let E C M-|_ be a measurable set. The upper (resp. 
lower) limit of r“^mesETl [0, r] is called the upper (resp. lower) density of 
the set E, and is simply called the density if both of them coincide. The upper 
(resp. lower) limit of 




is called the upper (resp. lower logarithmic density of the set E, and simply 
the logarithmic density) if both of them coincide. 

If an entire function / has a finite order p, which is larger than some abso- 
lute constant > 1, then the set {r € M+ : log /z(r, /) > — 2.4(log p) log M(r, /)} 
has a lower logarithmic density larger than some other absolute positive con- 
stant. If, in the braced inequality, logp is replaced by log"^ log"^ log“*" M(r, /), 
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then the statement will be valid for any entire function /. For the case A[/] > 0 
the lower logarithmic density can be replaced by the lower density. On the 
other hand, there exists an entire function of infinite order for which the set 
{r G R-j- : log /i(r, /) > —0.09 log“^ log~^ log“*" M(r, /) - log M(r, /)} is bounded. 
There exist entire functions of arbitrarily large finite order p such that the 
set {r G R+ : log/i(r, /) > — ^logp • log M(r,/)}, where A is an absolute 
constant (0 < A < 2.4), is bounded. 

These results determine the correct order of the actual decrease of log /x(r, /) 
as r ^ oo, for sufficiently large p. For p < 1 some non-improvable results 
were obtained; they will be presented against another background in Chap. 5, 
Sect. 11. In the general case, p(r, /) may tend to 0, as r oo, more fast than 
it is permitted to |/(re^‘^)| with a fixed (p. Note that for any fixed e > 0 and 
6 G [0, 27t) the set {r G R-j. : log |/(re^^)| > — (1+e) log M(r, /)} is unbounded 
(Beurling (1949)). 

In 1893 Hadamard showed that for an entire function / of finite order p it 
is true that log \f{z)\ > — for any e > 0 outside the set £" C C, which 
can be covered by a system of disks with a finite sum of radii (we have already 
mentioned a corollary to this result). The inequality can be made much more 
precise, if we exclude wider sets from C. Let us introduce some definitions. 
Let 0 < a < 2. The set £* C C will be called a C^-set if it can be covered 
by a union of disks of the form {z : \z — Zj\ < Vj} satisfying the condition 
Yl\zj\<r ~ o{r^). It is obvious that if E* is a Cq - set for some a > 0, then it 

is also a C^-set for a < /3 < 2}. The converse is, generally speaking, false. If 
E is a Cq - set for any a > 0, then it is called a Cj-set. Further, instead of Cq 
we will write simply Cq. If a set E may be covered by a union of disks with 
'^{rj/\zj\) < oo, then it is said to be visible at a finite angle. 

Ushakova (1970) showed that, for any entire function /, for any e > 0, and 
for ^ > 1 the inequality log |/(^)| > —Cqm{q\z\., f)\A^ is true, outside some set 
E, which is visible at a finite angle, where Cq is a positive constant depending 
on q only. As Fridman (1980) showed, for any function A{r) t oo one can 
find B{r) j 1 such that the inequality log|/( 2 ;)| > —A{\z\)m{B{\z\)\z\,f) 
is satisfied outside some Co-set. Here one may not replace the function A 
by a constant or take B{r) = 1. These theorems by Ushakova and Fridman 
are also valid for meromorphic functions, if we replace m by the Nevanlinna 
characteristic T(r, /) (for the definition see Chap. 5, Sect. 1). It should be 
noted that Fridman made substantial use of theorems by Govorov of 1968 
and Kudina of 1971 on estimates of functions analytic in a disk. 

The slower a function grows, the closer it is to polynomials (as to the 
properties) and the less likely it will acquire values with small moduli. If 
logM(r,/) = O(log^r), then log|/( 2 ;)| ~ logM(| 2 ;|, /), z ^ oo, outside some 
set visible at a finite angle (Hayman (I960)); Valiron (1923), p. 134, proved 
the same relation, but outside some Co-set. 

The question of how the growth of an entire function / in C is related to its 
decrease inside the angle, was studied by Arakelyan (1966). He constructed 
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/ ^ 0 with a fixed growth in the plane and decreasing most rapidly within 
a given angle. Let 0 < a < 27 t, p = max{7r/a, 'k!{2'k — a)}, the function 
p : [1, oo) E+ satisfies the conditions | 0 and 

/ oo 

r“i“^/"p(r) dr < oo. 

Then there exists an entire function / of normal type and order p, for which 
the inequality 

-ifi|zr/“<log|/(z)|<-5Rz’^/“-p(|2|), Ki>K, 

is satisfied in M^(0, a/2) for \z\ > 1. For an entire function of a lower growth 
category, the inequality log \ f{z)\ < — already implies that f = 0. 

This result is important for the theory of asymptotic approximation by 
entire functions. It is much stronger than that of Keldysh (cf. Mergelyan 
(1952)), who proved the existence of a function / such that — oo < log \f{z)\ < 
+ 0(log \z\), z G IF(0, a/2), z oo. 

In the theory of approximation of continuous functions on the real axis 
by linear combinations of functions exp(iAfex), \k G R, it is important to be 
able to construct entire functions of exponential type (EFET) that decrease 
with maximal rate on E as |x| oo. This construction was first performed 
by V.Marchenko (1950). Let a function (p : E — ^ R satisfy the conditions 

ipix) 

dx <oo , 

and let an arbitrary e > 0 be fixed. V.Marchenko suggested a way to construct 
an EFET /, a[f] < e, satisfying the inequality |/(x)| < Cexp{— (p(ax)}, 
a, C > 0. The condition J[(p] < oo is necessary, since for any nontrivial EFET 
/ ^ 0 bounded on E it is true that J[log |/|] > — oo. The construction of 
an EFET / was performed by Ronkin (1953) and Mandelbrojt (1962) under 
other restrictions imposed on the function (p (the condition p{x-\-y) < (f{x) -h 
p{y) is replaced by the condition that (p is even and monotonic on E+). The 
strongest result was obtained by Beurling and Malliavin (1962). They proved 
that every entire function of the Cartwright class, i.e., every EFET satisfying 
the condition J[log“^ |/|] < oo, has an e-multiplier for any e > 0. This means 
that there exists an EFET cr[ipe] < such that |'0e(x)/(x)| < const < oo, 
X G E. The proposition remains valid if we omit the requirement that / 
is EFET, and if we assume only that the function log“^ |/(^)1 is uniformly 
continuous on E and Jpog'^ |/|] < oo. Later, Koosis (1981,1983) gave another 
proof of this theorem, based on the properties of superharmonic minorants. 

The Beurling and Malliavin theorem is stronger than similar theorems 
proven earlier. This follows from the result obtained by V. Katsnelson (1976), 
who constructed the function of the Cartwright class poss essing no majorant 
p satisfying , on the one hand, the above-mentioned conditions, and on the 
other hand, the condition J[p] < oo. A simpler example was constructed by 
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Koosis (1977). It is worth noting that the EFETs constructed by V. Katsnel- 
son and Koosis belong to the Cartwright class, while their primitives do not. 
The excellent and up-to-date presentation of problems related to the Beurling 
and Malliavin theorem and to the Cartwright class can be found in the books 
by Koosis (1992 and (in preparation)). 

The following general problem (see Gelfand and Shilov (1958), Chap. IV) is 
of an interest in the theory of generalized functions and Fourier Transforms. 
Let m and / > 0 be even convex functions on M. We consider the class of 
entire functions / estimated as follows: 



log \f{x + iy)\ < /(I 2 /I) - m{\x\) + 0(1) . 

In other words, we require / to decrease fairly rapidly on lines parallel to the 
real axis, but to increase not too rapidly on the whole complex plane. What 
are the conditions under which an entire function / ^ 0 exists in the indicated 
class? 

For the case m{x) = a|a:|^/", l{x) = b\x\^^^^~^\ where a, 5, a, 1 — /3 are 
positive constants, the question was answered by Shilov (see Gelfand and 
Shilov (1958), Chap. IV, Sect. 8). He obtained the following criterion: it is 
necessary and sufficient that one of the two conditions 



l)aH-/3>l, a>0, 0</3<l; 2)/3 = 0, o>l 



be fulfilled. M. Dzhrbashyan (1957) proved, when investigating the general 
problem, that if l{x) and m{x) are even and convex with respect to log|x| 
and if 



limintfW 




m{t) 




for any ^ > 0, then the above-mentioned class is trivial, containing the iden- 
tical zero only. Babenko (1960) proved that the latter condition is close to an 
unimprovable one. He assumed that for some A; > 0 the function 



r 



-k 




dt 



is non-increasing, and that for at least one 9 the condition 



r I!® *)>_„, 

r-^oo \ r Jl ' 

is fulfilled. Using a construction which generalizes that of V.Marchenko (1950), 
Babenko showed that there exists an entire function / ^ 0 satisfying the 
inequality log \f{x-\-iy)\ < l{a\y\) —m{b\x\) with a, b being constants. Similar 
results were independently obtained by Mandelbrojt (1969), Y. Katznelson 
and Mandelbrojt (1963). We shall describe one of results from the latter 
work. 

Let c be a function non-negative and non-decreasing on E_|_, and let 
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/ oo 



dt < OO , 



with p> 1. Then there exists an even entire function / ^ 0 such that 
log|/(x + iy)| < Kp(^\y\ j c{t)t~‘^dt+ \yY' j dt^ ~ c{\z\) , 



where Kp depends on p only. 

Krasichkov (1965) obtained some estimates from below for the modulus of 
an entire function. He did this while generalizing and answering a question 
posed by Leontiev in 1956. Let / be an entire function of order p, 0 < p < oo, 
p(r) being its proximate order. Let us denote by nz{t), z G C, the number of 
zeros of / in the disk {^ : |C ~ < ^}. Let G be a so-called linearly dense 

set (Krasichkov (1965)). In particular, any non-bounded connected subset of 
C is a linearly dense set. A Go-set E and a constant A = A{f) > 0 exist such 
that log \f{z)\ > for z e G\E if and only if 

r\z\ 

lim limsup / nz{t) dlogt < oo . 

— Je\z\ 



Krasichkov also considered a family of sets G. His general results imply, in 
particular, the following proposition. 

If / is an entire function of non-zero proximate order p(r) with real zeros, 
then 

inf{lim inf log |/(re^^) | : (p G (0, tt) U (tt, 27t)} > — oo 
if and only if 



lim limsup|x| 

^-^+0 I^Hoo 



r\x\ 

Je\x\ 



nx{t) dlogt 



< oo . 



In 1960-1961 Matsaev proved a number of theorems showing that certain 
estimates from below imply some restrictions on the growth of functions. He 
applied these theorems to the theory of linear nonselfadjoint operators (see 
Gohberg and Krein (1965), Chap. IV). His main results are as follows. If an 
entire function / admits the estimate log |/(re*‘^)| > — Gr" | sin (p|“^, a > 1, 
/? > 0, G being a positive constant, then the growth of / is not higher than 
of order a and normal type. If log \f{x -\-iy)\ > — G|y|“"^, 0 < 7 < 1, then the 
growth of / is not higher than of exponential type. This result was extended 
to some classes of meromorphic and subharmonic functions by Sergienko 
(1974,1982). 
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§3. Relation Between the Indicator of an Entire Function 
and Singularities of its Borel Transform 



Let 



be an EFET. The function 



OO 



k=0 



k\ 



OO 

= 'Y^akZ~'°~^ 
k=0 

is called the Borel transform of F. It is a holomorphic function of 2 ; for |> 2 ;| > 
a = a[F]. One of the most important theorems concerning EFETs is the Polya 
theorem of 1929 which asserts that the smallest convex set outside of which / 
is a holomorphic function coincides with the mirror reflection of the indicator 
diagram of F in the real axis. 

This convex set is called the conjugate diagram of the function F. The 
proof of the Polya theorem is based on two formulas: 

/(C) = f e-^^F{z) dz , 5R{Ce'”) > h{d, F) ; 

where = {z : dkVgz = 1 ?}, and C is a contour surrounding the conjugate 
diagram of the function F. 

The Polya theorem is widely applied in determining the location of singu- 
larities of a power series on the circle of its convergence, in the theory of inter- 
polation, in the study of inflnite order differential equations, and other similar 
problems. Therefore, the obvious direction of the research here is to generalize 
this theorem to entire functions of arbitrary flnite order. The first result in 
this direction is due to Subbotin (1916,1931). The investigations in this area 
were continued by V. Bernstein (1933), Mattison (1938), A.Macintyre (1939), 
and others. The study was completed by M. Dzhrbashyan and Avetisyan in 
1945-1955. The results are presented in details in the book by M. Dzhrbashyan 
(1966). We shall briefly describe them. 

A domain is called an elementary p- convex domain (p > 0, p ^ 1) if it 
contains the origin and is bounded by a curve whose equation in the polar 
coordinates is r^cosp((p — '&) = where and u are fixed, while — 
(f\ < max(7T, 7 t/ ( 2p)). All the domains which are limits of elementary p-convex 
domains will be also called elementary convex domains. The intersection of a 
set of closed elementary p-convex domains is called a p-convex set. Thus, each 
p-convex set contains the origin. The p- supporting function Kp{'&) is defined 
in the obvious way; evidently this function is non-negative. 
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Let 






CnZ'^ 



5R/i > 0 , 



be an entire function of the class [p, oo). The function 



/(^) = E 



— n— 1 



n=0 



(E) 

(B) 



is said to be its generalized Borel transform. The smallest p-convex set outside 
of which the function / is holomorphic is called the conjugate diagram of the 
function F. By means of the formulas 

m = pf e-^<yz>^PF{z)dz, 

F{z) = ^J^mEp{z(:>p)d<:, 

where Ep{z\ p) is a function of the Mittag-Leffler type and C is a con- 
tour surrounding the conjugate diagram, the following fact can be estab- 
lished, and can be regarded as an analog of the Polya theorem. The formula 
F)}~^ = Kp(—dy F) is valid where Kp{'d, F) is the p-supporting function 
of the conjugate diagram of the function F. 

Evgrafov (1976) extended the Polya theorem and its above-mentioned gen- 
eralization to entire functions of arbitrary proximate order p(r) p > 0. He 
introduced an analog of the function /"(I H- C/p) by means of the integral 

poo 

fj.(0= / sftC>0, 

Jo 

where z/ is a function holomorphic inside the angle 



{z : \a,Tgz\ < min(7r,7r/(2p))} , 

that satisfied the asymptotic equality v{re^^) ~ (in fact, Evgrafov 

introduced a slightly more general class of functions u). Such a function can, 
for instance, be constructed as follows: 



u{z) = |ca J log(l + z/t) dn(t)| , 



where a > p, n{t) = and Ca is a constant. The function p satisfies 

the asymptotic formula 



log /x(C) = Clog m(C) -C p Mog(ep) + o(ICI) , | axgCl < 9 < tt/2 , 



where m is the function inverse to C^^(C) for and the indicator of the 

function 
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n=0 



relative to the proximate order p(r) is the same as that of the function Ep{z] /i) 
of the Mittag-Leffler type relative to the order p. In other words, h{'d,^) = 
cos pi? for |i?| < min(7T, 7r/(2p)), and h(i?, = 0 for 7r/(2p) < |i?| < tt. 

Let 



oo 



F(z) = E 

n=0 






be an entire function of the class [p(r ) , a ] . The function 



/(z) = 5]c„2-"-i, |z|>aVP, 

n=0 

is called the generalized Borel transform of F. Using the formulas 

/(C) =/ e-''^^^^F{z)dz, 

F{z) = ^l^m^{zOdC, 

where C is a contour surrounding the conjugate diagram of the function /, 
one can derive the relation {h((p, F)}“*" = Kp((p, F), where Kp{(p,F) is the p- 
supporting function of the smallest p-convex set outside of which the function 
/ is holomorphic. 

Thus, the relation between the indicator of the entire function F and the 
location of singularities of its generalized Borel transform is fully described for 
h((p, F) > 0. Entire functions with indicators which acquire negative values 
present additional difficulties. This problem was investigated by Maergojz 
(1985,1987). 

Maergojz investigated entire functions F of the class [p, oo) having the 
form (E) with p = 1/p. We shall confine ourselves to a simpler case when p is 
a natural number, and describe Maergojz’s results qualitatively, since exact 
formulation would require many auxiliary notions. Let I{F) be a domain on 
the Riemann surface of the function z^^^ which is “covered” by the moving 
half-plane 

n{e) = {z&C: ^{ze^>^^)>h{e,F)} , 6»e[-7T,7r], iT(-7r) = i7(7r) . 



Such domains had been considered before by V. Bernstein 1936. Let us denote 
by 7 (F) the projection of the boundary of /(F). It is obvious that if p = 1, 
then 7 (/) is the boundary of the mirror reflection in the real axis of the 
indicator diagram of F. A rational function 



a{z) = z^ + diz^ ^ + ...-\-dnZ^ 
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may be associated with F, where n is a non-negative number depending on 
F and dn ^ 0; p = 1, then n = 0. The function a generates a (p, o;)-convex 
set which is a generalization of a p-convex set. Using the condition /3(oo) = 1, 
let us single out a branch of the function 

P{z) = (1 -h d\z ^ -h . . . + dfiZ 

in the neighborhood of oo. Let us set fo{z) = f{zP{z)) in the neighborhood of 
oo; here / is defined by (B). Let K{fo) be the smallest (p, a)-convex compact 
set to whose exterior the function /o is directly analytically continued. Then 
a{dK{fo)) = 7 (F). For p = 1 this equation coincides with the Polya theorem 
discussed above. 



§4. Wiman-Valiron Theory 

Let F be a polynomial of degree n > A; > 1. It can be easily seen that, as 
z — > oo, the following asymptotic relations are valid: 

P(ze^) ~ , pW(^) ~ n{n - 1) ■ ■ -Jn - k + 1) ^ 

where r is any bounded function of z. At the beginning of this century Wiman 
and Valiron found analogous relations for entire transcendent functions. These 
analogs proved to be rather useful for studying asymptotic properties of entire 
functions. In particular, the analog of the second relation in (1) became one of 
the main tools for investigating entire solutions of differential and functional 
equations. 

Let 

oo 

= ( 2 ) 

k=0 

be an entire transcendent function. The quantities 

fi{r, f) - max{|a„|r" : n = 0 , 1, 2, . . .} , 
v{r, f) = max{n : \a„\r'^ = f)} 

are called the maximal term and the central index, respectively, of series (2). 
The Wiman-Valiron theorem establishes the validity of the following relations: 

fize-^) ~ , ( 3 ) 

/<*>M ~ . (4) 

as 2 ; OO along the set 

{z:\f{z)\>M{r,f){i'{r,f)y^}, r = \z\ ^ E , f dlogr < oo ( 5 ) 

JE 
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while 

r = 0((i/(r, /))-“) , r^oo. 

We shall not impose any restriction on the numbers a and j3; we shall only 
remark that P is an arbitrary number from [0, A], where A is an absolute 
constant, while a depends on the choice of /? and lies in the interval (0, 1). 
To prove this theorem, a method of investigating the asymptotic behavior of 
power series was developed. 

At present, the term “Wiman-Valiron method” has two meanings. The 
first pertains to the above-mentioned method of investigating power series, 
including its later modifications. The second denotes a method of investi- 
gating asymptotic properties of entire functions (including entire solutions of 
differential and functional equations) using (3), (4) and their generalized and 
refined versions. 

The Wiman-Valiron method in the first meaning is presented in Valiron 
(1954), Chap. 9, and also in the articles by Hayman (1974) and Fuchs (1977). 

The key role in the method is played by estimates of the ratio of terms of 
series (2) to the maximal term. To obtain the estimates, two positive number 
sequences {an} and {pn} are considered, such that 

0 < Po < OLQ/ai < Pi < . . . < an-i/oLn < Pn < an/an+i < . . . ( 6 ) 

The value r > 0 is said to be normal if there exists an integer u >0 such that 
for all n > 0 the inequality 

(|a„|)r”)/(|a,|r'^) < MMM) (7) 

is fulfilled. It follows from (6) that oluIolv < p^~^ ^ n)^ thus it follows 

from (7) that i/(r, /) is the central index. The set of all r > 0 which are not 
normal is called exceptional. It can be shown (see Hayman (1974)) that if the 
sequence {pn} is bounded, then the exceptional set E is of finite logarithmic 
measure, i.e., dlogr < oo. It follows from (7) that for the normal values r 
the inequality 

\anK < 

is fulfilled. Choosing the appropriate sequences {an} and {pn}, it can be 
shown that the sum 

\n—iy{rj)\>k 

for k > 6 > 0, is small compared to p{r,f). Hence, it follows 

that 

f{z) = {l + o{l)) = + (9) 

\n—i/{rj)\<k 

where P is a polynomial of degree at most 2k. The relations of the type (3) 
and (4) are derived from this asymptotic equation. The following result by 
Wiman and Valiron is also deduced: for any e > 0 the inequality holds 
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M{r,f) < ^(r, /) {log /i(r,/)} 2 r ^ oo, r ^ , 



/ dlogr < oo. (10) 

JEe 

Fuchs (1977) suggested an approach making it possible to estimate the ratio 
of the terms of series (2) to the maximal one; these estimates are sufficient to 
prove the relative “smallness” of sum (8) and the validity of relations (3), (4), 
(10) without using the auxiliary sequences {a^} and {pn}- 

Rosenbloom (1962) found fundamentally another approach to the proof of 
the relative “smallness” of sum (8) based on the Tchebyshev inequality well- 
known in the probability theory. This approach seems to yield the simplest 
proof of relation (10). The Wiman-Valiron method, however, continues to 
play the main role in investigating the relation between M(r, /) and //(r, /) 
for various subclasses of entire functions. 

Using the Wiman-Valiron method, Hayman (1974) proved that, for any 
entire function of finite order p and for any e > 0, the inequality 

M{r,f) < (p + e)/i(r,/)(27rlog/i(r,/)}5 , r ^ , 



lim sup 

r^oo logr 



L 







P 

p + e 



( 11 ) 



holds. 

Fenton in 1976 obtained a similar result for entire functions of finite lower 
order. Various refinements of (11) pertaining to functions of zero order were 
obtained by Hayman (1974). 

Gol’dberg gave the first example of an entire function / whose set in (10) 
cannot be empty. Shchuchinskaya (1976), in whose work Gol’dberg’s result 
was published, applied the Wiman-Valiron method to find the conditions for 
the coefficients in (2) for which ^ may be taken in (10) or (11). It 

should be noted, as Lockhart and Strauss in 1985 established, that there is 
no function such that the estimate M{r^f) < 'ip{r, f)) is fulfilled 

for any entire function / for all sufficiently large r. 

The Wiman-Valiron method plays an essential role in studying entire func- 
tions representable by lacunary power series. Here the argumentation is based 
on the following result by Turan (1953). Let P be a polynomial, with d being 
the number of non-zero coefficients. Then the inequality 



M(r,P) < (^)‘"max{|P(z)| : 



r, I argz| < (5 < tt} 



holds. Applying this inequality to the polynomial P from (9) it is possible to 
obtain estimates for M(r, /) via 



= max.{\f{z)\: \z\=r, |argz|<5}. 

The most precise result here was obtained by Sheremeta (1980). Having sup- 
plemented the Wiman-Valiron method with certain new arguments which took 
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into account the lacunarity of the series, he established that, if < oo 

where kj are the numbers of nonzero coefficients in (2), then the inequality 

logM(r,/) < (1 -fe) log M(r,/; (5) , r ^ Es^e , [ dlogr < oo , (12) 

dEs,e 

is fulfilled for any e > 0, ^ G (0, tt]. This result strengthens the previous results 
obtained by Polya, Turan and K5vari and is, in a sense, final. Under additional 
assumptions on the growth of the function /, the inequality log M(r,/) < 
(1 -f e) log M(r, f;6) holds under weaker restrictions on kj, but on a smaller 
set of r values (see Sheremeta (1980), Sons (1970)). 

Kovari (1961) and Sons (1970) applied the Wiman-Valiron method to elu- 
cidate the conditions on the set {kj} of the numbers of nonzero coefficients 
in (2) under which an entire function / has not Picard, Borel or Nevanlinna 
exceptional values (for corresponding definitions see Chap. 5, Sect. 1). 

Sheremeta (1983) applied the Wiman-Valiron method to investigate the 
asymptotic (as n — > oo) behavior of the quantity 

A„(/) = inf{max{|y^-^| : x > 0} : p G il„} , 

where II n is the class of polynomials of degree < n, and / is an entire function 
with non-negative coefficients a^. The investigation of the quantity Xn{f) is 
of interest since it is related to Pade approximation theory (see Erdos and 
Reddy (1976)). 

The first works on application of the Wiman-Valiron method to the Dirich- 
let series appeared in the late twenties (Sugimura, Amira). Strelits (1972), 
Sheremeta (1978 a,b, 1979 a,b), Skaskiv (1985), Khomyak (1982, 1983) ex- 
tended the Wiman-Valiron method to the Dirichlet series 

CXD 

/(-^) = ’ 0 < Ao < Ai < A 2 < ... /'oo , (13) 

k=0 

absolutely convergent in C. Here the main difficulty arises because the se- 
quence of the exponents {A^} can grow slowly and irregularly. The conditions 
were described under which the analogs of relations (3), (4), (10) and (11) 
hold. 

As an example, we shall present a result obtained by Skaskiv (1985) who 
described the conditions on the sequence {Xk} under which one can prove a 
relation that is similar to, though somewhat weaker than, (10), viz. 

log M(r, /) ~ log /i(r,/), r 00 , k^E, / dlogr < 00 . 

Je 

For a function representable by series (13) we set 

jl{x, f) = max{|an| exp(Anx) : n = 0, 1, . . .} , 
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M{x,f) = sup{|/( 2 ;)| : dtz = x} . 

Every function / of the form (13) with a given sequence {A^} satisfies the 
relation 

logM(a;, /) ~ log/i(x, /), x — ^ +00, X ^ E, / dx < oo ^ 

JE 



if and only if 



CX) . 



fc=i 



< oo . 



Relations (3) and (4) describe the asymptotic behavior of an entire func- 
tion and of its derivatives at the points 2 ; where \f{z)\ is close to M{\z\^f). 
Relations that provide such a description in other terms were obtained by 
A. Macintyre in 1938. These relations differ from (3) and (4), since they (as 
well as (5)) contain, instead of the central index z>'(r, /), the quantity 



Here, if the derivative does not exist, we take the right-hand derivative. Cer- 
tainly, A. Macintyre’s relation combined with (3) and (4), immediately implies 
that 

~ ? r — > 00 , r ^ E, / dlogr < 00 . 

JE 

However, A. Macintyre’s relation is somewhat more convenient, since it yields 
more precise asymptotics. Moreover, the size of the set, where the asymptotics 
are valid, turns out to be slightly larger than in (5). Some refinements and 
generalizations of A. Macintyre’s relation were suggested by Ostrovskii in 1962 
and Strelits (1962, 1972). An advantage of A. Macintyre’s method is that it 
is not based on the representation (2) by a power series, and, as a result, it 
admits an extension to functions analytic in the half-plane and even to multi- 
valued functions. Generalizations of (3) and (4) to such functional classes were 
given in the monograph by Strelits (1972). 

Let us now pass to the Wiman-Valiron method in the second meaning of the 
term. We shall give it an even wider interpretation by including here studies 
of asymptotic properties of entire functions by means of A. Macintyre’s rela- 
tions and their refinements and generalizations. In this section, however, we 
shall not consider applications to investigating entire solutions of differential 
equations, since this theme will be considered in Chap. 6. 

One of the simplest applications of the Wiman-Valiron method is the proof 
of the following proposition due to Wiman. 

Theorem. Let f be an entire function. Set 



B{r J) = max{3?/(^) : |^| = 



Then the relation 
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B{r,f)~M{r,f), r ^ oo , 



r^E, 




r < OO, 



(14) 



is true. 

To prove this proposition, it is sufficient to select 2 : in (3) such that |/(^)| = 
M(r,/), and set r = -i{axgf{z))/i'{r,f). 

As Saxer showed in 1923, the Wiman -Valiron method makes it possible to 
prove the Picard Theorem on exceptional values of a meromorphic function. 
As is well known, this theorem is equivalent to the proposition that there exist 
no non-constant entire functions fi and /2 such that 

exp fi{z) + exp f2(z) = 1 . (15) 

The functions fi and /2 will be assumed to be transcendent, since otherwise 
the statement is trivial. 

We choose a point 2 : on every circle Cr such that ^fi{z) = B(r, /i). First, 
we shall show that 



Rh{z) - B{r, / 2 ) - 5(r, /i), r ^ OO . (16) 

Since difi{z) = B{r^ fi) -hoo as r 00 , it follows from (15) that ^fi{z) ~ 
5R/2(2;), r 00 . Hence B{r,fi) = (1 + o(l))5R/2(2:) < (1 + o(l))H(r, / 2 ). 
By interchanging the roles of fi and /2 we conclude that jB(r, / 2 ) < (1 + 
o(l))H(r, /i), whence we obtain (16). 

Further, we remark that 

fj{z) , r^oo, [ dlogr < 00 , j = l,2. (17) 

Je 

Indeed, combining (16) and (14), which is established by the Wiman Theorem, 
we see that 

^ ^ r ^ OO , / dlogr < 00 , j = l,2. 

JE 

Since ^fj{z) < \fj{z)\ < M{r,fj), we obtain ^fj{z) = o{M{r, fj))^ r — > 00 , 
r ^ E. Hence (17) follows. Using (17), we can further apply (3) at the point 
^ to both fi and / 2 - 
We shall show that 

t^(r, fi) ~ J^(r, /2) , r-^oo , r^E, (18) 

where E is the same set as in (17). Supposing the contrary, we shall consider 
the sequence of values r = Vk, Vk ^ E^ rk oo for which there exists the limit 
c = limA;-.oD I'ivk, fi)/j^{rk^ / 2 ) 7^ 1- Without loss of generality, we can assume 
that c ^ OO, since otherwise we can interchange fi and / 2 . We fix 0 G M and 
apply (3) at the point 2 ; to the functions fi and /2 with r = i6/u{r,fi). We 
obtain 
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fiize'^) ~ e'’^M{r, /i) , f 2 {ze^) ~ h) , r = rfe -» oo . 

It can be seen now from the above that for a sufficiently small |0| we shall 
have ^fj{ze'^) — > oo. Therefore by virtue of (15), ^fi{ze'^) ~ r — 

Tk oo. Since (16) and (17) imply that M(r, /i) ~ M(r, / 2 ), r oo, r 0 E*, 
we conclude that cos 6 = cos{0c) for all sufficiently small \0\. Thus, c ^ 1 is 
impossible, and (18) is proved. 

We shall apply (3) to the functions f\ and /2 with r = /i). Taking 

into account (17) and (18), we will obtain 

fiize'^) -M{rJi) , f 2 (ze'^) ^ -M(rj 2 ) , r ^ oo, r^E. 

Hence, expfi{ze‘^) + exp f 2 {ze'^) ^Oasr— >oo, r0E, which contradicts 
(15). 

Using the Wiman-Valiron method, it is not difficult to obtain the following 
result, first noticed by Bloch in 1925. The Riemann surface of arbitrary non- 
constant function contains schlicht disks of arbitrarily large radius. The proof 
is based on the remark that the function w = considered as a 

function of r, is a univalent function which maps the square 

{r : |3?r| < 7r/i/(r, /), |Sr| < 7r/i/(r, /)} 

onto the cut annulus 

{w : e~'^\f{z)\ < |u;| < e’"|/(z)|, | argw; - axg/(z)| < tt} . 

This annulus contains a disk of radius 

i(e--e-)|/(^)|^cx. 

as r OO. Combining (3) and the Rouche theorem, it is not difficult to prove 
that the map w = f{ze'^), with a sufficiently large r, gives the schlicht covering 
of a disk of at least two times smaller radius. 

The Wiman-Valiron theory makes it possible to obtain various generaliza- 
tions of the Picard theorem, with account taken of the distribution of values 
of derivatives (see Hayman (1974)). Basing on this method, Skaskiv (1986) 
generalized the Picard Theorem in a somewhat different manner. 

Theorem. There exist no non- constant entire functions f\ and f 2 such that 

oo 

exp/i(z) +exp/ 2 (z) = , 

j=o 



if the exponents kj grow so rapidly that, 



lim 

j^oo 



^ 

j lug j (log logjf)2+^ 



= OO 



for some 6 > 0. 
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This result had been conjectured by Ostrovskii (with substantially stronger 
restrictions on the exponents kj). 

Ostrovskii (1968) applied the Wiman-Valiron method to study entire func- 
tions which satisfy the inequality 

\f{z)\<M{\^z\,f). (19) 

This class of entire functions is of interest, in particular, because it in- 
cludes all entire characteristic functions of probability distributions (for the 
growth and distribution of zeros of entire characteristic functions see Chap. 7, 
Sect. 3). Ostrovskii (1968) established that if a function / satisfies (19) 
and is representable in the form f{z) = F{g{z)), where F and g are en- 
tire functions and F ^ const, then either is a polynomial of degree < 2, 
or limsupr~^ log M(r,^) > 0. Ostrovskii’s proof is based on his result which 
complements (3) written in A. Macintyre’s form, i.e., with z/(r, /) being re- 
placed by K{r, /). 

Let / be an entire function of order p < oo, z being a point on Cr with 
\f(z)\ = M(r, /). Let us set 

Kn log f{z), n-2,3,..., Ki = K{r,f). 

Then there exists a sequence of r oo such that ior 0 < 6 < 6p, \r\ < 
6{K{r, n = 1, 2, . . . , the relation holds 

/(^e^) = f{z) exp{A:ir + • • • + Knr'^}{l + z)) , (20) 

where uon is estimated as 



|wn(r,2)| < A(n,p)0”+^ . 

It is important here that, in the RHS of (20), the polynomial K\t + . . . + 
KuT'^ stands instead of one term ATir, which yields much more precise asymp- 
totics. 

Applications of the Wiman-Valiron method for studying superpositions of 
entire functions may be found in the monograph by Gross (1972). Applications 
are also suggested for investigating the limit behavior (as n oo) of n-fold 
iterations of an entire function (Eremenko) and for studying the distribution 
of zeros and poles of the Fade approximations (see Edrei (1986)). 
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Chapter 2 

The Connection Between the Growth of Entire 
Function and the Distribution of Its Zeros 

§1. Classical Results 

Classical results on the connection between the growth of an entire func- 
tion and the distribution of its zeros mainly describe the connection between 
log M(r,/) and the zero-counting function n(r, 0, /). If / is a polynomial, 
then obviously limn(r, 0, /) = n ^ log M(r,/) ~ nlogr. No simple connec- 
tion exists between the asymptotic behavior of log M(r,/) and n(r, 0, /) for 
entire transcendental functions. An example of an entire function without ze- 
ros illustrates that an arbitrary fast growth of log M(r,/) is possible even 
if n(r, 0, /) = 0. It is true, however, that the growth of n(r, 0, /) cannot be 
much faster than that of log M(r, /). This is seen from the following theorem 
essentially due to Hadamard dated back to 1893. If /, /(O) = 1, is an entire 
function, then n(r, 0, /) < log M(er,/), r > 0. A more precise relation be- 
tween n(r, 0, /) and / was obtained by Jensen in 1899; it can be written in 
the form 

n{r^ ^ ^ . 

The Hadamard theorem directly implies that the growth category of the 
function n(r, 0, /) is not higher than that of log M(r,/) and, in particular, 
p[n(r, 0, /)] < p[f]. It is easily seen that the number p[n(r, 0, /)] coincides 
with the convergence exponent pi{{ak}) of the sequence {ak} of zeros of the 
function /, the exponent being defined as 

inf ^ lofeT'" < ooj . 



Hence, pi{{ak}) < p[/] • 

An important class of entire functions for which log M(r, /) is estimated 
from above through n(r, 0, /) is represented by the Weierstrass canonical prod- 
ucts. They are entire functions / that admit the representation 

oo 

= p)- m 



where p is a non-negative integer (called the genus of the canonical product), 



E{u,p) 



' 1-u, P = 0, 

(1 - u)exp |u + + . . . + p > 0, 




I. Entire and Meromorphic Functions 



31 



is the Weierstrass canonical factor and {ajfc} is a sequence of complex numbers 
satisfying the conditions 

^|afcr^ = oo, < oo . 

k k 



The Borel-Valiron inequality 



log M(r, /) < Cp |rP ^ ^ 



n{t, 0, /) 

tp+2 




is valid for the functions of form (1) where Cp depends on p only. This inequal- 
ity combined with the above-mentioned Hadamard theorem implies that for 
the canonical products / we always have p[f] = p [n{r, 0, /)] = pi{{ak}), and, 
if p [/] is not an integer, then the categories of / and n(r, 0, /) also coincide. 
Examples show that if p [/] is an integer, then the category of n(r, 0, /) can 
be smaller than that of /. (In particular, for 



oo 



k=l 



we have n(r, 0, /) ~ r, log M(r, /) ~ r logr). 

By virtue of the Hadamard factorization theorem (see Levin (1980), p-24), 
an entire function / of order p admits the representation 

f{z) = , 



where m is a non-negative integer, P is a polynomial of degree < [p], h 
is a canonical product of genus < [p]. It follows from this theorem that 
log M(r,/) = log M(r,/i) + 0(rf^^). Therefore, if p is not an integer then 
the category of / coincides with that of h, and hence with the category of 
^(^? O7 /) = ^(^? 0? h). For the functions / of integer order p > 0 one must de- 
termine the category of / by taking into consideration not only the category 
of n(r, 0, /), but also the behavior of the quantity 

dir, f) = qp + - ^ ^ , 

0<|afc|<r 



where Qp = ^}z=o and ak are zeros of the function /. 

The precise formulation of the condition is provided by the Lindelof theo- 
rem proved in 1905 (see Levin (1980), p.28), which we shall not formulate 
here. We shall only mention as examples the canonical products /i, /2 of 
genus 1 with zeros {±2k}"^_^ and respectively. For these we have 

n(r, 0, /i) ~ n(r, 0, f 2 ) ~ r, d(r, fi) =0, d{r, /2) ~ logr with /i belonging to 
the normal and f 2 belonging to the maximal types. 
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§2. Entire Functions of Completely Regular Growth 

A systematic study of the connection between the indicator of an en- 
tire function and the distribution of its zeros began in the thirties. Levin 
and Pfluger, independently of each other, singled out and studied a class 
of entire functions for which this connection is expressed as asymptotic equa- 
tions. Functions of this class were called functions of completely regular growth 
(CRG) or, in short, CRG functions. They were described in details in Levin’s 
monograph (1980). 

Let / be an entire function of proximate order p{r). A ray S{(p) is called a 
CRG ray for / if there exists the limit 

lim* log |/(re^‘^)| , 

where the asterisk at the limit sign means that r tends to infinity without 
taking values in some set E^p C M-j- such that limr“^mes(F?(^ fl (0, r)) = 0. 
The set of CRG rays is closed (Levin (1980), Chap. 3), and an arbitrary closed 
set of rays is a CRC set for some entire function (Azarin (1969)). A function 
/ is called a CRG entire function if each ray is its CRC ray. This definition 
can be shown to be equivalent to the following one: A function / is said to be 
a CRC entire function if the quantity log |/(re^‘^)| tends, as oo, 

to the indicator h{(p, f) uniformly with respect to (p E [0,27t), without taking 
values in some Co-set (defined in Chap. 1, Sect. 2). Azarin (1979) showed 
that another equivalent definition would be obtained if the Co-set is replaced 
by a Co-set for any 0 < a < 2 (see Chap. 1, Sect. 2). Krasichkov (1978) 
showed that each Co-set can be covered by another Co-set consisting of non- 
intersecting disks. This result holds when a Co-set is replaced by a Cq - set 
(0 < a < 2). 

It is evident that a sequence of disks 

Ck{6) = {z: \z- < 6rk}, 6 > 0, rk 1 oo , 

cannot be covered by a Co -set. Thus, if for certain 6 > 0, e > 0 and an entire 
function / of proximate order p(r) the asymptotic inequality 

log |/(re'^)| < /) - e, € Ck{6), k oo , 

holds, then / is not a CRC function. Azarin (1966) proved the inverse theorem: 
if / is not a CRC entire function, then there exists a sequence of disks Ck{6) 
on which the above-indicated asymptotic inequality holds. For 6k = 0 = const 
this becomes the criterion of the irregular growth on the ray S{6). 

In order to describe the distribution of zeros of a CRC entire function, 
a concept of an angular density is introduced together with the concept of 
a regularly distributed set. Let A = {ck} be a set of points of the plane C 
(points Ck may contain repetitions). Let us denote hy ntr,i6^d) the number 
of points from A lying in the sector {z : \z\ < r^ '6 < arg < 6} (taking into 
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account their multiplicities). Let p{r) be a proximate order. The set A is said 
to have the angular density for the exponent p{r) if for all < 6, except, 

perhaps, some not more than countable set (the same for values 6 and values 
d) there exists the limit 

A{'d, 6) — limr“^^^^n(r, 6) . (2) 

The notion of a regularly distributed set for the exponent p{r) coincides with 
the notion of a set having an angular density if lim p(r) ^ N. In the case where 
lim p{r) = p € N, the set A is called regularly distributed if (2) holds and if 
for some qp E C there exists the limit 

+ l . (3) 

^ 0<\ck\<r 

The main theorem of the theory of CRG entire functions is as follows: 

An entire function f of proximate order p{r) has completely regular growth 
if and only if its set of zeros is regularly distributed for the exponent p{r ) . 

At present, many and various properties are known which are necessary and 
sufficient for completely regular growth. These properties will be discussed in 
more detail in Chap. 3, Sect. 3. 

For a CRG entire function one can demonstrate a formula relating its in- 
dicator with the distribution of its zeros. The countably additive measure A 
on a circumference T defined by (2) on intervals {d,9) (except, perhaps, those 
which have at least one end-point in some set, not more than countable) will 
be called the angular density of a regularly distributed set A for the exponent 
p{r). Denote by cos^r pO a function which is a 27r-periodic continuation of the 
function cos p6 onto M from the segment [— 7r,7r]. The indicator h{(p,f) of an 
entire CRG function / of a proximate order p(r) — p ^ [p] is expressed via 
the angular density A of the set of its zeros by the formula 

Hv, f) = ■ ^ [ cos^ p{(p-e~ n)A{d9) . (4) 

Sin 7rp Jj' 

In the case p = [p] > 0 the formula for the indicator also includes the quantity 
Tf equal to limit (3) where 

(m being the order of the zero of / at the point > 2 ; = 0). This formula has the 
form 

^(<^> Tr)A{cW) + |r/| cos(pv? + argr/) , (5) 

where /c is a 27r-periodic continuation of the function (p sin pip onto M from the 
segment [— tt, tt]. It can be shown that the angular density A of the zeros of a 
CRG function of order p = [p] > 0 satisfies the condition 
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/ A{de) = Q , 

JT 

which ensures the 27r-periodicity of the expression in the RHS of (5). 

In the case where an entire function / has no completely regular growth, 
one can estimate the indicator and the lower indicator (see the definition in 
Chap. 3, Sect. 2) via the upper and lower angular densities of zeros. These 
densities are, generally speaking, non-additive measures on T which coincide 
on the intervals (t?, 6) with the upper and lower limits, respectively, as r — > oo, 
of the expression 0). In order to estimate the indicators, one has 

to introduce the notion of an integral with respect to a non-additive measure. 
This was done by Gol’dberg (1962-1965), whose results will be described in 
more details in Chap. 3, Sect. 3. The most complete updated description of 
the connection between an asymptotic behavior of non-CRG entire function 
and the distribution of its zeros is given by the theory of limit sets which will 
be described in Chap. 3. 

Let us now consider some special results on CRG entire functions. 

A complete description of the set of values of € C, on which the 
uniform limit relation 



r log |/(re*'^)| f) (6) 

holds, was obtained by Kolomijtseva (1972). This set consists of points 2 : = 
for which, given any e > 0, there exist 5 > 0 and > 0 such that for 
0 < h < ^, | 2 ;| > we have 

hr 

riz{t)d\ogt < , (7) 

where nz{t) denotes the number (with account taken of the multiplicities) of 
zeros of the function / in the disk {C: |C~' 2 :|<t}. The following particular 
case of the regular distribution of zeros ak of an entire function / of proximate 
order p{r) is especially important. This is the case where the set {a^} satisfies 
at least one of the following conditions of separation: (a) for some d > 0 the 
disks {z : \z — ak\ < do not intersect; (b) the zeros are located 

on a finite number of rays and the disks {z : I 2 ; — a^l < do not 

intersect. Such sets are called R-sets. If the zeros of a function / form an 
R-set, then the uniform limit relation (6) is satisfied (Levin (1980), p.475) 
outside the union of disks {z : I 2 : — a^l < 'ip(ak)} where the function -0 J, 0 is 
such that I log'^(r)| = o(r^^’^^). 

The class of CRG entire functions of proximate order p{r) is, as can be 
easily seen, closed with respect to multiplication. The sum of CRG entire 
functions, however, is not necessarily a CRG function. For instance, let gi 
and Q 2 be two entire functions of a proximate order p(r), with g\ being a 
CRG function and ^2 not being one. In addition, let h{(p,gi) > h{<p,g 2 ) for 
all if e [0, 27 t). Then the functions fi= gi-\- g 2 and /2 = -gi~\-g 2 are of com- 
pletely regular growth, whereas the function /i + /2 = 2g2 is not. Gol’dberg 
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and Ostrovskii (1982) showed that a linear combination f + ag of two CRG 
entire functions / and g is not a CRG function for the set of values of a with 
zero capacity. This characteristic of the smallness was significantly refined by 
Eremenko, Gol’dberg and Ostrovskii (1983). Gol’dberg and Ostrovskii (1973) 
showed that a primitive of a CRG function also has the completely regu- 
lar growth. Differentiation, generally speaking, does not preserve completely 
regular growth. However, the derivatives of CRG entire functions / preserve 
completely regular growth if these functions have the indicator /i((/?, /) such 
that the set {(^ : /i((p, /) = 0} has no inner points. Gol’dberg and Ostrovskii 
(1973) gave a complete description of the sets of rays on which the derivative 
of a CRG entire function may have no completely regular growth. Epifanov 
and Korobejnik (1987) described a broad class of linear differential opera- 
tors of infinite order over entire functions which preserve completely regular 
growth. 

Gol’dberg and Korenkov (1978, 1980) studied the asymptotic behavior of 
the logarithmic derivative of a CRG entire function. They established that, if 
p = lim p(r) is not an integer, then, as oo outside some Cq set (with 

1 < /X < 2), the uniform limit relation 

7 ^ - 1 o)^m . ( 8 ) 

holds, where A is the angular density of zeros of the function / and K is 
some explicitly written kernel. If p in the RHS of (8) is an integer, one more 
term is added where r/ is the limit of (3). The requirement p> 1 

is essential: the example of f{z) = cos^/J, p = ll2^ shows that relation (8) 
can be not fulfilled outside a Co-set. For converse propositions, see the end of 
Sect. 7. 

Formulas (4) and (5) can be inverted, thus yielding the expression for the 
angular density A{'d, 6) of zeros of a CRG entire function via its indicator: 

A{d±Q,e±0) = ^^{h'{6± 0, /) - h\-d ±0,f) + hit, f)dt}. 

It can be easily seen that the angular density is zero in some angle if and 
only if /i((p,/) = A cos p(p B sin p<p in the same angle, which means that 
the indicator is p- trigonometric. However, if the indicator is p-trigonometric 
inside some angle {z : a < aigz < (5} of opening greater than 7r/p, then, 
according to the Cartwright theorem (see Levin (1980), Chap. 4, Sect. 2), 
an entire function has the completely regular growth inside this angle and at 
(p = a, since the set of CRG rays is closed. In particular, if 1/2 <p< 1 and 
/i(7T,/) = h{0^ f) cos pTT (the p-trigonometric convexity of the indicator implies 
that the decrease of entire function / is the most fast along the negative ray), 
then the indicator /i(cp, /) is p-trigonometric for |(p| < tt, and, according to the 
above-mentioned Cartwright theorem, / is a CRG entire function. If p = 1/2, 
then the equation /i(7r, /) = 0 does not imply that / is of completely regular 
growth. However, if one requires additionally the integral 
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/ 



oo 



r ^/^log|/(-r)|dr 



to converge, then / is a CRG function. 



§3. Entire Functions of Exponential Type 
with Restrictions on the Real Axis 



If / is an entire function of exponential type (EFET) and if its indicator 
diagram is a segment parallel to the imaginary axis, i.e., h{0, f) + h{'K, f) = 0, 
and, in addition, the integral 




lQg|/(^)/(-^)l 

1 -f 



(9) 



converges, then the function /i(C) = fiVC)f{—VC) satisfies all the require- 
ments mentioned at the end of the previous section and is a CRG entire 
function. The same is true for the function = f{z)f{—z). It appears, 

however, that more can be asserted, since the following theorem by Pfluger 
(see Levin (1980) Chap. 5, Sect. 4) is true. An EFET / is of completely regular 
growth and its zeros A = {X} satisfy the condition 

I^(1A)I < oo . (10) 

AG^l 

if and only if its indicator diagram is a segment parallel to the imaginary axis 
and integral (9) converges. 

It follows from this theorem that all functions of the Cartwright class and, 
in particular, all EFETs bounded on the real axis or belonging to L^(— oo, oo) 
are of completely regular growth. Moreover, as regards entire functions of the 
Cartwright cleiss, it is possible to assert more than just their completely regular 
growth. Hayman (1956) and Azarin (1965) (see Levin (1980)) established that 
the asymptotic formula r~^ log |/(re^'^)| ^h((/?, /) holds in this case outside an 
exceptional set which can be covered by a system of disks visible at a finite 
angle from the origin. 

Since the Cartwright class is very important, it is interesting to investigate 
the distribution of zeros of functions belonging to it. This problem^ was dealt 
with by Beurling and Malliavin (1967) whose results will be set out here in the 
form proposed by Krasichkov in 1988. First, let us introduce some notions. 
A partitioning P = {(^T^-cx) finite non-intersecting 

intervals Ui is called fine if the centers of the intervals have no finite limit 
points and 



^ The excellent up-to-date presentation of the ideas and results related to the prob- 
lem can be found in the books of Koosis (1992) and ( in preparation) 
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+ ^< 00 , 

i=—oo 

where \ui\ is the length of the z-th interval and Ri is the distance from its 
center to the origin. Let yl be a sequence of complex numbers such that (10) is 
satisfied, while the number of points from this sequence (with account taken 
of multiplicities) lying in a disk Dr is 0(r) as r — ^ oo. Let a sequence of real 
numbers 

A* = {Sii : A € yl, 5RA O} 

be brought into correspondence with the sequence A. Define the measure [1a 
on E setting b ] ) to be equal to the number of points from the sequence 

A* on a half-interval (a, b]. Denote = /Xyi(a;)/|ci;|, where uj is an arbitrary 

interval on E. A set A is called regular with a density a if there exists a fine 
partitioning P = such that lim|i|_^oo I^aM = 

A{fjL*A) = inf{6 : 3 a fine partitioning P = {cji}, < b} . 

Theorem 1. If f is a function from the Cartwright class and cr = cr [/] > 0, 
then the set A is regular and A{yi*j^ = g/'k. 

Theorem 2. If A{iPj^ = ct/tt < oo, then for an arbitrary k > a there exists 
a function f from the Cartwright class such that a[f] = k and f{A) = {0}. 
For k < a such a function does not exist 

It follows from these theorems that the system of functions {e^^^ : X e A} 
is complete in L‘^{a,b) when b — a< 27rA(/i^) and, is incomplete when b-a> 
27rA{fi*^), 

A class of comb-like entire functions, introduced by V.Marchenko and Os- 
trovskii (1975) when investigating spectra of differential operators, is an im- 
portant subclass of the Cartwright class. An entire function is called comb-like 
if it has the form f{z) = cos0(z), where w = 0{z)^ 6{oo) = oo, is a function 
conformally mapping the half-plane C-|_ = {z : 9^; > 0} onto the domain 
which is obtained from the half-plane C+ (or from the quadrant {w : Rw > 
kn, Qw > 0}, or from a half-strip {w : kn < Rw < ttitt, Qw > 0},A:,m € Z) 
by removing the segments {w : Rw = n7r, 0 < Qw < hn < oo}, n € Z. It 
is easy to verify that a comb-like function belongs to the Cartwright class. 
V.Marchenko and Ostrovskii (1975) proved that the class of comb-like entire 
functions coincides with the class of real entire functions assuming the values 
-hi or -1 on the real axis only. V. Katsnelson (1984) proved that every entire 
function from the Cartwright class is representable (but, generally speaking, 
not uniquely) in the form / = C 1 /+C 2 / 2 , where fi and /2 are comb-like entire 
functions and c\ , C 2 are constants. If, moreover, / belongs to Krein’s class (see 
below), then this result is equivalent to that of Ostrovskii (1976). 

Let us consider the following theorem by M. Krein (1947): If f is an entire 
function and log |/| has positive harmonic majorants both in the upper and in 
the lower half-planes, then f belongs to the Cartwright class. 
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M. Krein pointed out that an important corollary follows from this theorem: 
If the set A = {An} of zeros of an entire function f satisfies condition (10), 
and if the representation 



1 

W) 



«+-+ E + EW< 



OO 



An#0 



( 11 ) 



holds, then f belongs to the Cartwright class. Entire functions which admit 
representation (11) are called entire functions of Krein’ s class. This class of 
functions was introduced by M. Krein to solve the problem of the structure of 
the Nevanlinna matrices which play an important role in the moment problem, 
in the theory of the continuation of Hermitian-positive functions and in the 
spectral theory of differential operators. 

The Nevanlinna matrix is a matrix function 



( hl{z) fl 2 {z)\ 
\f 2 l{z) /22(4y 



where fjk are entire functions satisfying the conditions 



cv. ^ fn{z)t + fi 2 {z) 

hl{z)t + f22{z) 



^ 0, t G M 5 



fn(z) fi 2 {z) 
f 2 l(z) f 22 {z) 



= 1 . 



M. Krein (1952) showed that an entire function can be an entry of some 
Nevanlinna matrix if and only if it has real zeros only and belongs to Krein’s 
class. Various generalizations of M. Krein’s result for functions of form (11) 
are given in Gol’dberg and Ostrovskii (1970, Chap. 6, Sect. 2). Ostrovskii 
(1976) proved that every comb-like entire function belongs to Krein’s class. 
In the latter reference the criterion is given for a set A = {An} C M to be a 
set of zeros of an entire function from Krein’s class. The criterion consists in 
the existence of a conformal mapping w = 0(z), 6{oo) = oo of the half-plane 
C+ onto a comb-like domain 



c+\U In = = niT, 0 < Qw < hji < Oo} , 

n 

such that An belongs to the pre-image of the segment In- 



§4. Exceptional Sets 

Grishin (1968, 1969) studied the regularity of the asymptotic behavior at 
infinity of a function u subharmonic in the whole plane C. It is assumed that 
u has the formal proximate order p(r), i.e., r~^^‘^^u{z) < M < oo, and the 
function 

Uh{z) = r~^^'^'^{u{z -h hz) - u{z)} . 

is studied. A set C is called exceptional if Uh{z)~2^{) ioi z, z h ^ C os h 0. 
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If fi is the Riesz mass corresponding to the function u then, as can be easily 
seen, a notion of the regular distribution of the mass may be introduced, simi- 
lar to the notion (introduced in Sect. 2) of the regularly distributed zero set of 
an entire function. Here the formulas similar to (4) and (5) will hold if we re- 
place h{(p,f) with h{(f,u) = \imsupr~^^'^^u{re^^) and 

as tends to oo omitting some Co-set. It can be seen that the latter asymp- 
totic formula will also hold if we replace the Co-set by an exceptional set C. 
Therefore, the smaller an exceptional set, the greater regularity of the growth 
of the function u. 

Let C be a system of disks {z : \z — Zj\ < rj} covering the set C. The 
following classification of sets C is introduced: 

(a) C has an arbitrarily small upper linear density, i.e., p*{C) < e where 

p*(C) = limsupr”^ ^ rj ; 

\zj\<r 

(b) C h£LS the zero upper linear density, p*{C) = 0; 

(c) C is visible from the origin at a finite angle, i.e., < oo; 

(d) Ej -Tj < oo. 

Each subsequent class of exceptional sets is obviously a part of the preced- 
ing one. 

In order to describe the regularity of distribution of the Riesz mass, the 
following functions are introduced: 

1. The density function, 

^{a) = \imsup p{C{z,ar)), r = \z\, 0 < a < 1 , 

z—^oo 

where C{z, ar) = {<;■: \<; — z\ < ar}. If ^(a) tends to zero slowly as a 0, 
then there exists a sequence of points Zn oo in whose neighborhoods large 
masses are concentrated, i.e., here the distribution of mass is irregular. 

2. Some more precise characterization of the regularity of the mass distri- 
bution is given by the function 

sup r~ p{C{re'^^ ,ar)) - B{a) , 
e 

where B is some non-decreasing function continuous from the right and sat- 
isfying the condition ^(a -f 0) < B{a - 0). It can be proved that the function 
e^(r, a) = max{eB(r, a), 0} tends to zero, as r oo, uniformly with respect 
to a, 0 < a < 1. Hence, the function e(r) = sup^>^ supo<<^<i ej(t, a) tends to 
zero monotonically els r oo. 

The main theorem that establishes the dependence of the growth regularity 
of a subharmonic function on the distribution of its Riesz mass is formulated 
as follows: 
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Let u he a function subharmonic in C and of formal proximate order p{r), 
let p be its Riesz mass and let C be an exceptional set. 

Then: 

1. There exists C of the class (a); 

2. If ji satisfies the condition 

log(l/a) d^{a) < oo, ^(0) = 0 , (12) 

then there exists C of the class (b); 

3. If ji satisfies condition (12) and, for each e > 0, 




e \ diJ,{C{Q,2r)) 
e(r) / 



then there exists C of the class (c); 

4- If p satisfies condition (12) and, for each e > 0, 



/ 



oo 



r exp 



( 



e \ dp{C{0,2r)) 
e(r)/ 



then there exists C of the class (d). 

It is easy to see that, if an exceptional set belongs to the class (b), then 
linia^o^(ck^)log(l/Q:) = 0. Sodin (1985) introduced the density function 



T^{a) = lim limsupr 

77^0 z—^00 



-p{r) 



f 

Jt] 



t ^/jL{C{z,t\z\)) dt 



and proved that u belongs to the class (b) if and only if linia-.o ^{(^) = 0. 

Favorov (1979, 1986) suggested that exceptional sets be estimated by means 
of the logarithmical capacity cap (•) and introduced the notion of the upper 
relative capacity C{E) = limsup^_oo t~^ca.p {E fi Dt). He proved that if u = 
log I/I, where / is a CRG entire function of a proximate order p(r), then for 
every > 0 the inequality 

C({2 e C : u(^) < > 0 



holds. On the other hand, if a subharmonic function u is of minimal type with 
respect to a proximate order p(r), then r~P^'^^u{z)^0, z 00 , outside an 
exceptional set E of zero relative capacity. It was shown that any closed set 
of zero relative capacity is the “lowering” set for some harmonic function u of 
given order p and of minimal type, i.e., u{zr~P) — > — 00 , r 00 , z E E. 
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Logvinenko (1972) and, somewhat later, Agranovich and Logvinenko (1985, 
1987) considered the relation between the asymptotics for zeros of the form 

n(r, -i?, 9) = 0)r^^ + A2{9, 0)r^^ -f (/?(r, i?, 6) , (13) 

and the asymptotics for log |/| of the form 

log |/(re'^)| = + H 2 (e)rf^ + 9) , (14) 

where 

= f oosirpj{e-r)Aj{dr), 

smiTpj Jt 

Aj is the measure on the circumference T coinciding with Aj{'d,0) on the 
intervals {'9,9). Here pi > P 2 > [pi], and the functions (p and -0 are growing 
more slowly, in some sense, than The most complete results were obtained 
in the study of conditions which jointly with (13) imply (14). 

Theorem (Agranovich and Logvinenko (1987)). Let us assume that [pi] < 
p 2 < pi CL't^d that the zeros of an entire function f of order pi obey relation 
(13) in which the remainder term p satisfies the condition: for some q > I 
and any T > 0 the estimate 



p'd-\-T p2r 

/ d9 \p{t,9,9)\^ dt = o{r^^^~^^) 

J'd Jr 



is valid. Then (14) holds where 'ijj{r,9) = o{r^^) as re^^ — ^ oo outside some 
C^-set. If the zeros are located on a finite system of rays, then the CQ-set can 
be replaced with Co-set. 

Let us remark that, in the general case, the Cg-set, cannot be replaced by 
a Co^^-set, whatever small e > 0 is given. 

As regards the conditions under which (14) implies (13), we know less here. 
The results obtained deal with the case where zeros are located on a finite 
system of rays, and some additional restrictions are imposed on p\ and p 2 , 
but (14) is assumed to be valid only for the rays that actually support the 
zeros. Here is the result for a system consisting of one ray only. 

Theorem (Agranovich and Logvinenko (1985)). Let us assume that either 
[pi] < P2 < Pi < [pi] ^ or [pi] ^ < P2 < Pi, ond that an estimate 






(15) 



holds for the function ip with some q > 1. If all zeros are located on the ray 
5(0), and if (14) holds for 9 = 0 (the measures Aj are concentrated at the 
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unique point 6 = {)), then (13) holds, and the remainder term (which can he 
regarded as independent of d and 9 ) satisfies the condition 

2r 

\ip{t,d,9)\^dt = o{rP^^^^) (16) 

for any q> 1. 

The restrictions imposed on pi and p 2 are necessary to some degree, since it 
turns out that, for any pair of numbers pi, p 2 such that [pi] < P 2 < [pi] + \ < 
pi, there exists an entire function / such that, if 0 = 0, (14) and (15) are 
satisfied, whereas (13) and (16) are not satisfied. 



§6. Approximation a Subharmonic Function by the 
Logarithm of the Modulus of an Entire Function 

The class of functions subharmonic in C is broader than that of the form 
log|/|, where / is an entire function. It follows naturally that to construct 
a subharmonic function with desired asymptotics is easier than to construct 
an entire function with desired asymptotics of log |/|. In this connection, the 
problem arises of approximating subharmonic functions by the logarithms 
of the moduli of entire functions. This problem was studied for some special 
cases by Keldysh in 1945, Kennedy in 1956, Arakelyan (1966a). Azarin (1969) 
obtained the following general result. 

Theorem. Let v he a function suhharmonic in C and of finite order p > 0. 
There exists an entire function f of order p such that the relation 

- log 1 /( 2 ) I = oilzlP) , 

is satisfied as z ^ 00 outside a certain Co-set. 

Yulmukhametov (1982, 1985) found the most precise rate of approximation. 

Theorem (Yulmukhametov (1985)). Let v he a function suhharmonic in C 
and of finite order p > 0. There exists an entire function f of order p such 
that 

v(z) - log \f{z)\ = 0(log \z\) , 

as z ^ 00 outside a set Ea- This set Ea, ol> p, consists of disks {z : \z—Zj\ < 
rj} such that 

E • 

\zj\>r 

Lyubarskij and Sodin (1986) and also Yulmukhametov (1987) obtained 
more precise results under the additional assumption that n(re*'^) = h{(p)r 
where h is the support function of some convex domain. 
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§7. The Relation Between the Growth and Distribution 
of Zeros and Fourier Coefficients 



The relation between Fourier series and complex analysis is well known: it 
is based on the fact that a power series considered on a circumference becomes 
a trigonometric series. Until recently, however, it was believed that the only 
interesting case is when the circumference is the boundary of the convergence 
disk. Investigation of the relation between Fourier series and the boundary 
behavior of a function produced significant results. It seems, at first, that 
one cannot obtain non-trivial results in the case where a circle lies inside the 
convergence disk. In fact, however, this proved to be false, but, instead of 
/(re*^), one must expand the function log |/(re^'^)| into the Fourier series. 
Then the formulas for the Fourier coefficient generalize the Jensen formula 
(see Chap. 2, Sect. 1), which can be regarded as the one for the zero Fourier 
coefficients. This approach was first applied by Akhiezer (1927) to prove the 
well-known result due to Lindelof. The systematic development of the Fourier 
series method for studying entire and meromorphic functions began with the 
results of Rubel and Taylor (1968), which were announced in 1965. One of 
the important advantages of this method is that it makes it possible to study 
functions of infinite order, as well as functions whose growth is rather irregular. 

Let /, /(O) = 1, be a meromorphic function with zeros {an} and poles 
{bm}‘ By Cfc(r, /), A; € Z, r > 0, we shall denote the Fourier coefficients of 
log |/(re^'^)|. We have 

«(.,/)= E log 






1 



ln\<r 



(17) 



\bm\^T^ 



Cfe(r,/) =c_fc(r,/), fc€N, 
where ak are determined by the expansion 

oo 

log f{z) = 

k=l 

in some neighborhood of zero. These results can be easily derived from more 
general ones (see, e.g., Gol’dberg and Ostrovskii (1970)) which were obtained 
by F. Nevanlinna in 1923 and later were rediscovered more than once. The 
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formula for co(r, /) obviously coincides with the Jensen formula; the formulas 
for other coefficients Ck{r,f) can be regarded as its generalizations. Study- 
ing the asymptotic behavior of the coefficients Cfc(r, /), as r — > oo, one can 
investigate the growth and distribution of values of the function /. 

Here we present some results obtained by this method. 

Let F be a function non-negative and continuous on such that V{r) | 

00 as r t oo. A function / is said to be of finite V -type if, for some a, 6, > 0 

and for all r > 0, we have the inequality^ T{r,f) < aV{br). The class of all 
such functions is denoted by A = A(F), Ae denoting the subclass of entire 
functions from A. It can be easily seen that the class Ae can be defined as the 
class of entire functions / satisfying the conditions log"^ M(r,/) < aV{br), 
r > 0, for some a, b > 0. It can be shown (see Rubel and Taylor (1968)) that 
the equivalent definition of is obtained if in the LHS of the last inequality 
log"^ M(r, f) is replaced by the norm of the function log |/(re^^)| in [— tt, tt] , 

1 < g < oo. With the usual operations of addition and multiplication, the class 
Aje; is a ring and A is a field. 

Theorems 1 and 2 below are due to Rubel and Taylor (1968). 

Theorem 1. f £ A if and only if there exist constants A, H > 0 such that 
\ck{rj)\ < AV{Br)/{\k\ -f 1) for allr>0,ke Z. 

The set {an}, 0 < \an\ < |an+i|, n G N, is said to be V-admissible if, for 
some a, 6 > 0, for all ri, r 2 > 0 and for A; = 1, 2 ... , the inequality 



E 

ri<\an\<r2 



< ar^'^Vibri) + ar^''F(6r2) 



holds, and, in addition, 

^log+^<an&r). 

„ l«n| 

The following theorem describes the set of zeros of entire functions of finite 
V-type. 

Theorem 2. The set {an} is the set of zeros of some function f £ Ae if 
and only if it is V -admissible. 

The class A is the field of quotients of the ring Ae- 

Theorem 3. For any function h £ A there exist functions f,g£AE such 
that h = f Ig. Moreover ^ the functions f and g can be chosen so that T{r, f) + 
T{r,g) < AT{Br,h), where A and B are absolute constants. 

Theorem 3 was proved by Rubel and Taylor (1968) under some additional 
assumptions, and by Miles (1972) in its final form. It is worth noting that, 
if one requires the entire functions / and g from the representation h — f fg 

^ For the standard notations and definitions of the theory of meromorphic functions, 
see Chap. 5 
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not to have common zeros, then only much worse estimates can be obtained. 
For example, Gol’dberg (1972) showed that / and g can be chosen so that 
log“^ T(r,/) + log'*’ T(r,^) = o{T{r,h)), as r ^ oo outside a set of finite 
logarithmic measure, and these estimates, in a sense, are not improvable. 

Under some additional assumptions regarding the function V (e.g., that 
logU(e^) is convex), Rubel and Taylor (1968) proved that for any function 
f E Ae there exists a family of functions {/r E Ae : 1 < R < oo} that 
possesses the properties: 

1) the zeros of /r coincide (with account taken of their multiplicity) with 
the zeros of / lying in the disk Dr; 

2) lim^-^cx) fn = f uniformly on compact sets; 

3) there exist constants A, > 0, independent of R, and such that for all 
jR > 1 and r > 1 

T{r,fn)+T{r,f/fR)<AV{Br). 

In the case where V{r) = r^, a family {/ii} can be obtained by writing the 
canonical representation of the initial function / according to the Hadamard 
theorem and then omitting the factors corresponding to the zeros lying outside 
the disk Dr. That was why Rubel and Taylor (1968) called the family {/r} 
the “Hadamard generalized representation”. They used this representation 
when considering questions of spectral synthesis. 

Here we present several results pertaining to the distribution of values 
of meromorphic functions, the results being obtained by the Fourier series 
method. We remark that the majority of the results described in the second 
half of Chap. 5, Sect. 10 are also obtained by this method. 

Let mg(r, /) (m^(r, /)) denote the norm of the function log |/(re*‘^)| 
(log"*" |/(r*e^‘^)|) in [— 7r,7r] divided by 27 t. 

The following theorem is due to Miles and Shea (1976). 



Theorem 4. If the lower Polya order A* of a meromorphic function f is 
finite, then 






Trx 1 1 + I sin27ra:|/(27ra:) 



m2{rj) 

I sinTrxl r 2 



‘(i 



>. 1/2 
J ’ 



where p* is the Polya order of the function f. The estimate is sharp in the 
class of all meromorphic functions with given A* and p* . 



This theorem lies at the core of the proof of inequality (39) given in Chap. 5, 
Sect. 11. 

For entire functions with zeros on a finite system of rays Miles (1979) proved 
that A/'(r, 0, /) = o(m^(r, /)), r — ^ oo, g > 1. However, for g = 1 this does 
not hold: there exist functions / for which iV(rn,0, /) T{rn,f) on some 
sequence rn T oo- It is always true, however, that iV(r, 0, /) = o(T(r, /)) as 
r — > oo outside a set of zero logarithmic density. 
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Miles (1986) also proved that entire functions of finite order with zeros on 
a finite system of rays have a finite Polya order, i.e., T(2r, /) = 0(T(r, /)). 
This is not true for meromorphic functions with zeros and poles on a finite 
system of rays. 

Using the Fourier series method, Kondratyuk, in a series of works begun 
in 1978, substantially generalized the theory of entire CRG functions, and 
extended its basic results to meromorphic functions. Here we give a brief 
description of his results whose detailed presentation can be found in the 
monograph by Kondratyuk (1988). 

We shall assume that, in addition to the conditions mentioned above, the 
function V satisfies the condition V{2r) < MV{r) for some M > 0 and all 
r > 0. A meromorphic function f e A is said to have the completely regular 
growth if, for any rj and there exists the limit 

lim J log |/(re*'^)| d(p . 

The class of such functions will be denoted by while by we shall denote 
the subclass of entire functions from A^. It can be shown that for V (r) = 
where p(r) is a proximate order, the class A^ coincides with the class of CRG 
functions in the sense of Levin-Pfiuger. 

The application of the Fourier series method in studying the classes A^ and 
A^ is based on the following fact, which in the case of V{r) = f G A^, 
was proved by Azarin (1975). 

Theorem 5. Let / G A. Then / G A® z/ and only if for any k E Z there 
exist the limits 

= (IS) 

Since the coefficients c^(r, /) are expressed via zeros and poles of the func- 
tion /, then condition (18) of the existence of limits can be regarded as a 
condition of some “regularity” in the distribution of zeros and poles. It can 
be also regarded as a generalization of the condition of regular distribution of 
zeros from the Levin-Pfiuger theory, since both conditions are equivalent if / 
is an entire function and V (r) = r ^^^^ . 

It is easy to show that Ck(f) = 0(1/|A:|), A: — ^ oo, implying that the series 

oo 

h(<p,f)= X] (19) 

fc= — OO 

converges in the norm of [— 7r,7r] for any q > 1. The function h((p, f) is 

said to be the indicator of the function / G A^. This term is justified by the 
following theorem. 

Theorem 6. If f E A®, then the quotient log |/(re^‘^)|/U(r), as r ^ oo, 
tends to h{(p, f) in the norm of [— tt, tt] for any q G [1, oo). If the function 




I. Entire and Meromorphic Functions 



47 



/ is entire and if, as r oo, this quotient tends to some function h in the 
norm of [— 7r,7r], for some q G [l,oo), then f G and h = h almost 

everywhere. 

In particular, it follows from this theorem that, for V{r) = and / G 
yl^, the indicator h{ip,f) defined by (19) coincides almost everywhere with 
the usual indicator of the function /. This indicator, as is well known, is a 
p-trigonometrically convex function {p = limp(r)). In order to formulate the 
analog of this property in the general case, let us denote by and the 
upper and lower limits of the ratio 



YV) 

/o^{/o log'll ^ log < 

It can be shown that, if p and A are the order and lower order of the function 
V, respectively, while p^ and A* are its Polya order and Polya lower order, 
respectively, then 



0<k<A*<A<p<p*<o;<oo, 
and at any point in the chain the inequality may be rigorous. 

Theorem 7. /f/ G then the indicator h{(p,f) coincides almost every- 
where with a function which is x -trigonometrically convex for any k <x <w, 
and if f G yl^, then the indicator coincides with the difference of two such 
functions. 

Having redefined the indicator h{(p, f) on a set of zero measure, we may 
drop “almost everywhere” from the statement of Theorem 7. It appears (Kon- 
dratyuk (1988)) that Theorem 6 remains valid if the convergence in the norm 
is replaced by the uniform convergence as re^"^ oo outside some C^-set (see 
the definition in Chap. 1, Sect. 2). Representation (19) may be regarded as an 
analog to the well-known (in the theory of entire CRG functions) expression 
for the indicator via the angular density of zeros. 

It is worth noting that Lapenko in 1978 studied some properties of functions 
/ G yl^ in the case V{r) = rP^'^\ Gol’dberg and Strochik (1985) showed 
that, to ensure f ^ with V{r) = it is sufficient for the asymptotic 

behavior of the logarithmic derivatives to possess a certain regularity. If we 
assume additionally that co(r, /) ~ KV{r), then it is possible to eliminate 
the requirement V (r) = r^^^^ . The necessity of this condition was proved by 
Gol’dberg, Sodin and Strochik (1992). 
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Chapter 3 

Limit Sets of Entire and Subharmonic Functions 

§1. Principal Notions and Theorems 

The theory of CRG functions established the dependence between the 
asymptotic behavior of an entire CRG function and the distribution of its 
zeros. The notion of a limit set makes it possible to establish such a relation 
for any entire function of finite order. The main results relating to limit sets 
of entire and subharmonic functions of finite order were obtained by Azarin 
(1979). At almost the same time, similar considerations were used by Anderson 
and A. Baernstein (1978) in their study of the distribution of values of entire 
and meromorphic functions. Even earlier Hormander (1963) had proved the 
compactness theorem (see also Hormander (1983), Chap. 4, Theorem 4.1.9). 
In the same work, he also introduced a notion similar to that of a limit set 
(see Hormander (1963) and (1983), Chap. 16, Definition 16.3.2), which was 
applied to a study of the asymptotic behavior of the Fourier transform of 
functions in with a compact support. 

For the sake of simplicity, we shall confine ourselves to considering entire 
functions / of non- integer order p(> 0) and normal type. The case of integer 
order was studied by Sodin (1983), and the case of non-integer proximate 
order was studied by Azarin (1979). 

Let V' = X>'(C) be the space of Schwartz distributions, i.e., the space of gen- 
eralized functions on the test space “D(C) of infinitely differentiable functions 
with compact supports, and let (-)t be the transformation of a subharmonic 
function u{z) = log \f{z)\ defined by the equation 

{u)t{z) = u{zt)t~^ . ( 1 ) 

The family of subharmonic functions {ut : t > 0} possesses an important 
property: it is precompact in the sense that, for every sequence — > oo, there 
exists a subsequence oo and a subharmonic function v such that Utr v 
in the T>'-topology. This we shall write as ?; = V'- lim._oo Ut'. . 

It can be shown that the convergence of Ut>. — ^ v takes place not only in 
T>'(C), but also in V\Cr) on any circumference Cr. 

The limit set of a function / is defined by the equation 

Ft f = {v : {3tj — ^ oo)(i; = V'- lim Ut.)} . 

j—^OO 

In other words, the limit set is the set of all limit points of the family {ut} as 
t oo. 

The limit set elements characterize the asymptotic behavior of the function 
log \f{tz)\ depending on the various ways in which t tends to infinity. We shall 
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describe some properties of Pr/. To this end we shall define the classes of 
subharmonic functions v by the equations: 

U[p,(j] = {v : v{0) = 0 A (Vz € C)(i;( 2 :) < cr\z\^)} , 

U[p,cx>) = IJ U[p,a] . 

(T>0 

Let us emphasize that these classes are defined by non-asymptotic conditions. 

Theorem 1 (Azarin (1979), Azarin and Giner (1982)). Fr / is closed in V , 
connected in T>' , contained in U[p^a\, a > cr[f], and invariant with respect to 
the transformation (-)t. 

The set Fr / characterizes the asymptotic behavior of log |/|. Now we intro- 
duce a notion characterizing the asymptotic behavior of zeros of / in a similar 
way. 

Let n(E'), C C, be an integer- valued measure in the plane and let this 
measure have the finite upper density 

4 [n] = lim sup n(Dr)r“^ . 

r— >00 

If n{E) is the number of zeros of / in E, then we call n the distribution of 
zeros of / and denote it by n/. 

We shall define the transformation {-)t by the equation 

{n)t{E) = n{tE)t-^ , (2) 

where tE is the homotety of a set E. 

The family {rit : t > 0} is also compact in P', and the set of measures u 
of the form 

Frn = {z/ : {3tj oo){u = T>'- lim nt )} 

j^OO ^ 

is called the limit set of n. 

We introduce the classes of measures u by the equation: 

[ p, Z\ ] = {u : iy{Dr) < Ar^, r > 0} , 

SH[p,oo) = y m[p,A] . 

A>0 

These classes, as well as the classes C/[p, a], f/[p, oo], are defined by non- 
asymptotic conditions. A theorem similar to Theorem 1 is valid for Fr n: 

Theorem 2 (Azarin (1979), Azarin and Giner (1982)). Frn is closed in 
T>' j connected in P', contained in DJI [p. A] for A > A[n], and invariant with 
respect to the transformation (-)t. 

Thus, the problem of the relation between the asymptotics of / and the 
asymptotics of distribution of its zeros n/ in terms of the limit sets is reduced 
to finding the dependence between Fr / and Frn/ . 
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Let p = [p] and z/ G [p, oo). The canonical potential 

= j^H{z/C„p)v{dQ , 

where 

p ^ 

H{u,p) = log|l -m| + 5t Y X = log|jE^Kp)| , 

converges and is a subharmonic function in C with the Riesz measure equal 
to z/; here /(• , v) G C/[p, oo). In what follows, we shall denote by z/^ the Riesz 
measure associated with a subharmonic function v. 

Theorem 3. Let f be an entire function of order p, and let Uf be the dis- 
tribution of its zeros. Then 



II 


veFif} , 


( 3 ) 


II 


: V G Frn/} . 


( 4 ) 



We shall prove this theorem later, but now we shall only remark that if Fr n/ 
consists of a unique measure z/q, then Pr/ also consists of a unique function 
vq, and vice versa. The class of entire functions, for which these conditions are 
satisfied, coincides, as will be explained later (see corollary from Theorem 7), 
with the class of CRG functions. 

Proof of Theorem 3. We shall remind the reader that a subharmonic func- 
tion can be considered as a P'-function because it is locally summable, the 
Laplace operator A can be applied to every subharmonic function in P', and 
the associated measure pu of a function u is given by the formula 

One can verify by direct calculation that 

• 

Let us also recall that the Laplace operator, as any other differential oper- 
ator, is continuous in the P'-topology. 

Let z/ G Frn/, i.e., u = for some sequence tj ^ oo. Let us 

consider the corresponding subsequence Ut^ tending to v e Ft f. To prove (3) 
one needs to establish that v = Vy. This follows from the equations 

V = = ^A{T>'-liinutj) = -^Av = Uy . 

Thus, relation (3) is proved. To prove (4) we shall need the following simple 
statement. 
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Lemma. Let H = v\ — V2 where V\^V2 G U[p^oo) with p being not integer, 
and let H he a harmonic function. Then H = 0. 

To prove (4), let v £ Ft f, i.e., v = V'-limuty Consider the corresponding 
sequence ritj V' . Let us show that — /(• , z/) is a harmonic 

function. We have 



Av = A{V' -\\mutj) = = 27tz/; AI{- ,y) = 27tz/ . 

Hence, AH = 0 in !>', i.e., H differs from a harmonic function perhaps on a 
set of zero measure. 

However, a subharmonic function and, therefore, the difference of sub- 
harmonic functions is determined uniquely by its values almost everywhere. 
Hence, is a harmonic function everywhere and, according to the lemma, 
H = 0. 

§2. Limit Sets and their Relation to Other Characteristics 



Important characteristics of the growth of an entire function are the in- 
dicator h(*,/) and the lower indicator h(-,/). The latter is defined by the 
equation 

= sup {liminflog|/(re‘‘^)|r-'’} , 
e€£o 

where £o is the class of sets E C [0, oo) of zero density ( see Chap. 1, Sect. 2). 
The following theorem expresses h and h via Fr /. 

Theorem 4 (Azarin (1979), Azarin and Podoshev (1984)). The following 
relations are valid: 



f) = sup{u(e*'^) :veFrf} , (5) 

hi‘P,f) = : V € Ft/} . (6) 



We shall remind the reader that a distribution of zeros, n{E), is said to be 
regular if the angular density exists, i.e., if there exists the limit 

A{0,n) = lim n{KQr)f'~^ 5 

where Ko^r = {te^'^ : 0 < t < r, G 0 } for any interval O on the circum- 
ference whose ends do not belong to some countable set. 

Theorem 5 (Azarin (1979)). A distribution of zeros n{E) is regular if and 
only if Fin consists of a unique measure uq. In this case vq has the form 

u{r dr dO) = pr^~^dr 0 S{d(p) , 



( 7 ) 




52 



A. A. Gol’dberg, B.Ya. Levin, I.V. Ostrovskii 



Le., it can he represented as a product of the measure pr^ ^ dr on the positive 
ray and of a measure S{d<p) on the circumference . 

We shall omit the proof and shall explain only how to obtain equation (7). 
For the sake of simplicity, we shall assume that the measures u under consider- 
ation are absolutely continuous with respect to the two-dimensional Lebesgue 
measure m 2 {E). Transformation (2) of u becomes the following transforma- 
tion of 'ip = du/dm 2 : '0t(r, (^) = 'ip{tr^p)t^~f^ , Since z/q ^ is the unique 
measure, then, according to Theorem 2, it must be invariant relative to the 
transformation (-)t, i.e., the relation 

'ipo{tr, = ^po{r, (f) 

is fulfilled for -00 = dv^jdm 2 ^ Setting r = 1, we obtain 'ipoit^ ip) = p)t^~"^, 

which is equivalent to (7). 

In the theory of the growth of entire functions one must often describe the 
asymptotic behavior of functions outside some exceptional set. This descrip- 
tion makes it possible to exclude from consideration neighborhoods of zeros of 
/ where the asymptotics fail. We often use the so-called Co-sets as exceptional 
sets (see Chap. 1, Sect. 2). 

We shall show how to obtain, using the limit sets, the main theorem of 
the CRG theory (see Chap. 2, Sect. 2) for the case p(r) = p. In this case the 
theorem can be formulated as follows. 

Theorem 6. The distribution nf of zeros of entire function f is regular if 
and only if the relation 

l^r'’log|/( 2 )| - h{axgz,f) = o(l) (8) 

is satisfied uniformly as z oo outside some Co-set. 

The regularity of n/ has already been expressed in terms of Frn/ in Theo- 
rem 5. We shall now show how to express relation (8) in terms of Fr /. Here is 
a result that relates the asymptotic behavior outside exceptional sets to the 
convergence in P'. 

Theorem 7 (Azarin (1979)). Let u\ and U 2 be subharmonic functions of 
order p. To ensure 

{ui)t - {u2)t 0 (9) 

in V' , it is necessary that the relation 

[ui{z) - U 2 {z) ] \z\-P = o(l) (10) 

be satisfied as z oo outside some Co-set, and it is sufficient that it be 
satisfied outside some Corset 

This theorem forms the basis of the proof of (5) and (6). Using this theorem, 
the characterization of CRG functions is obtained in terms of limit sets. 
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Corollary. The function f satisfies (8) if and only if Fr / consists of the 
unique function vq, and in this case 

vo(z) = h{(p,f)r<’ . 

Proof Let Ft f consist of the unique function vq. From the invariance of 
Ft f with respect to transformation (1) it follows, as in Theorem 5, that 
vo{z) = h{(p)r^, and relation (5) implies that h{(p) = h{(p, f) (= h{ip,f)). 
Setting U 2 = vq and u\ = log |/1 in Theorem 7, we obtain (10) and therefore 
relation (8) is fulfilled even outside the Cg-set. 

Conversely, let (8) be fulfilled. Since the Co-set is a Cg-set, relation (10) 
is satisfied, and hence relation (9). However, the latter means that vq is the 
limit function for every sequence tj — ^ oo, i.e.. Ft f = {uq}, Q.E.D. 

Thus, we have established that the class of CRG functions coincides with 
the class of functions that have an one-element limit set. 

As seen from the proof of the corollary, the Co-set in relation (8) for CRG 
functions may be replaced by a C§-set. However, as shown by Favorov (1979), 
it is impossible to replace the C^-set by a “substantially” smaller one, however 
regular is the function growth, e.g., for f{z) = sin 2 :. 

Let us now discuss to what extent the properties of Pr/ and Frn/ stated 
in Theorems 1 and 2 are characteristic for such sets. 

Theorem 8 (Azarin (1979)). Let U € !7[p, 00 ) be a closed convex set in- 
variant with respect to the transformation (-)t. There exists an entire function 
f such that Ft f = U. 

It should be noted that the convexity condition is not necessary here, and 
the condition that U is connected, implied by the convexity, is not sufficient. 

Let V E C[p, 00 ). The smallest closed connected invariant set containing v 
has the form 

Tv = clos{vt : t G (0, 00 )} , (11) 

i.e., this is the closure of the orbit of the transformation (*)t passing through v 
(clos stands for the closure in the P'-topology) . In order to state the conditions 
under which Tv is a limit set, we shall consider, for v G C/[p, 00 ), two limit 
sets defined by the equations 



Ftqv = {w : { 3 tj 0 )(w = V'- lim Ut,.)} , 

j^oo 

Ftoo^ = {'^ • i^tj — > oo){w = V'- lim Vt.)} . 

j-*oo ^ 

Theorem 9 (Azarin and Giner (1982)). The set Tv is the limit set for some 
entire function f if and only if 



Ftqv n FTocV ^ 0. 



( 12 ) 
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Condition (12) is a generalization of the closedness of an orbit, since, in 
particular, it is satisfied if 

FtoV = Froo't’ = lim Vt = lim Vt . 

t— >0 t-^oo 

It can also be regarded as a generalization of the periodicity of the function 
Vt relative to r = log t. If a period of Vt with respect to r equals P, then 

Fro^; = Froo-i^ = {t't : 1 < ^ < . 

In this case the set Tv will be called periodic. Many specific examples of entire 
functions constructed for various reasons belong to this class (Azarin and 
Giner (1982), Balashov (1976), Grishin and Sodin (1992), Eremenko (1986), 
Eremenko et al. (1986), Kjellberg (1948)), . 

Let Uji ^ [/[p, oo). If the conditions 

a) {vj e Urij ) A {T>'- lim vj = v) => v e U , 

h) V eU ^ 3vn e Un, 'D'-\imVn = V , 
are fulfilled, then we shall write 



U = V'- lim Un . 

n— ►oo 

Theorem 10 (Giner (1987)). Let Ft f be the limit set of an entire function 
f. Then there exists a sequence fn of entire functions with periodic limit sets 
such that 

V'- lim Ft fn = Fr f . 

n— >^oo 

We shall continue the previous discussion in Sec. 4 of this chapter. 



§3. Application of Limit Sets 

The general principle of the application of the notion of limit sets is that 
an asymptotic statement on an entire function is reduced to a non-asymptotic 
(global) statement about a function (or a family of functions) from U[p, oo). 

We shall demonstrate this by an example. Let us denote the Fourier coef- 
ficients of log |/(re*'^)| as 



1 

Cfc(r,/) = ^jf log|/(re*^)|e-*"'^d^, keZ. (13) 

Theorem 11. ^ The limits 

^ This is a particular case of Theorem 5 from Chap. 2, Sect. 7. 
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lim Cfc(r, /)r ^ VA: G Z , (14) 

r—*oo 

exist if and only if f is a CRG function. 

Proof Let / be a CRG function, hence Fr/ = /)}. Setting u = 

log 1/1? we consider the sequence tj — > oo. We have 

Ckitj, = -f U,. dip . 

Since Ut^ — > /i(* , /) in P'(T), then for any sequence tj — ^ oo 

lim Ckitj, f)tj P = — h{ip, dtp , 

J-^oo I'K yo 

i.e., limit (14) exists. 

Conversely, let limit (14) exist for k £lj. We shall show that Pr/ consists 
of unique function v. Let v £ Ft f , tj oo and Ut. v. Then for all r > 0 
and /c G Z 

— p p2TT 

lim Ckirtj, f){rtj)~P = — / v{re^‘^)e~^’"‘^ dip . 

j^oo 2 tt Jq 

Since the LHS of this equation is independent of the sequence {t^}, the proof 
is reduced to the following trivial statement. 

Lemma. A function v G C/[p, oo) is uniquely determined by its Fourier 
coefficients on every circumference Gr- 
in other cases, asymptotic statements of theorems are reduced to less trivial 
statements relative to the functions from Z7[p, oo). 

Theorem 12 (Cartwright, see Levin (1980), Th.6, p.l88). Let an entire 
function of order p have a trigonometric indicator inside an angle of opening 
larger than 'k/ p. Then f is a GRG function inside this angle. 

This theorem is reduced to the following statement: 

Lemma (Sodin (1983a)). Let v G Z7[p, oo) and let v{z) < 0 inside an angle 
of opening larger than 7r/p. Then v=0 inside this angle. 

Theorem 13 (Levin (1980), Th.7, p.l64). Let f have a trigonometric indi- 
cator inside an angle {z : arg 2 G (a,/3)}, and let it be a GRG function on 
the ray S{a). Suppose also that there exists the derivative h'(a, /). Then f is 
a GRG function inside the angle {z : dxgz G [o;,/3]}. 

This theorem is equivalent to the following non- asymptotic statement: 

Lemma (Sodin (1983a)). Let us assume that v G U[p,oo) satisfies the con- 
ditions: v{z) < 0 inside the angle {z : oigz G (a,/3)} and 
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lim sup = 0 . 



Then u = 0 inside the angle. 

We shall now present some new results obtained using the method de- 
scribed above. In Giner et al. (1984) the conditions are studied under which 
the equality 

hi<P,f9) = h{ip,f) + h{ip,g) (15) 

for all entire functions g implies that / is a CRG function on a ray S{(p). 
Two theorems are proved in this work which we shall formulate here. 

Let us denote by ^reg,<^ the class of entire functions that have completely 
regular growth on the ray S{yp). Let Ef be a set of e'^^ such that (15) holds 
for all entire functions g. 

Theorem 14. / £ ^reg,(/?o rarefied at the point 6^^^° . 

We shall remind the reader that rarefied sets are well studied in the theory 
of potential. There exist criteria which make it possible to verify that sets 
are rarefied sets. We note, in particular, that Ef can have zero measure on a 
circumference and be not rarefied at each point of the circumference. 

Theorem 15. For each set E which is rarefied at every point of a circum- 
ference there exists a function f such that Ef = E, whereas f 0 Areg,(p for all 

(p. 

It is worth noting that E can be dense everywhere on the circumference. 
The proofs of Theorems 14 and 15 are based on the following non- 
asymptotic property of Pr /. 

Theorem 16. Equation (15) holds for any entire function g if and only if 
f satisfies the condition 

lim inf v{re^'^) = h((p, f) Vu G Pr / . 

T— >-l 

Theorem 16 was also used by Podoshev (1985). In particular, he showed 
that the equations 

Yim\rdhk{r,fg)r~^ = limini bk{r, f)r~^ -Y limini bk{r, g)r~^ VA: G Z, 

r— ♦■cx) r—*oo r—^oo 

where 

f^Ck, k=0,l,..., 
bk = { 

iQcfc, k=-l,-2,..., 

for a fixed / and all g, imply that / is a CRG function. 

This result and Theorem 11 admit generalizations which we shall now de- 
scribe. 
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A family of functionals {^(r, u) : r > 0} defined on subharmonic functions 
u of order p is called a growth characteristic if the following conditions are 
fulfilled: 

(1) continuity: T{r^Uj) T{r,u) if Uj u uniformly on compacts or if 
Uj i u; 

(2) positive homogeneity: 

!F{r, cu) = cT{r^ u), c > 0 , 



(3) invariance: 

T{r, u{-)) = u{r-)) + u{ 0 )o{r^) . 

Here we shall list some widely used functionals that satisfy these conditions; 

H^{r,u) = u{re^^); 

T{r,u) ^ — J u'^{re‘'^)d(p-, 

Ma{r,u) = max{u(re®’^) : \'ip\ < q} ; (16) 

B{r,u) = MT,{r,u); Ia 0 [r,u\ = / u{re^‘^) dip •, 

J a 

p 2 n 

I [r, lA, = / 'ip{<p)u{re^'^) dip, ^ G [0, 27t] . 

Jo 

Let a{t) and ae{t) be the “hats” defined by the equations: 

where c is chosen such that f ae{C)'^ 2 {dC) = I? and averaging ReU is defined 
by the equation 

{Reu){z) = [ u{zC)ae{C)m 2 {d(;) , 

Jc 

where, similar to Sec. 2, m 2 is the two-dimensional Lebesgue measure. Let 
us introduce the asymptotic characteristics of growth of an entire function / 
using the equations 



T[f] = lim limsupJ^{r, Reu)r ^ , (17) 

e >^0 ip — ^.Qo 



£[/] = lim liminf J^(r, i?e'u)r ^ , (18) 

e— >0 1 — ►oo 

where u = log \f\. Using Theorem 7 it can be shown that, if J^{r, u) = Hcp(r, u), 
then the RHS of (17) coincides with the indicator, while the RHS of (18) 
coincides with the lower indicator of the function u. For all other functionals 
from list (16) one may replace R^u by u and omit lime_,o in (17) and (18). 
The following statement, similar to Theorem 4, is valid. 
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Theorem 17. The following relations 

T{f] = sup{^(l,u) : V e Pr/} , 
Z[f]= inf{^(l,t>) : u € Pr/} 



are true. 

A family of growth characteristics • ct € A} is called total if 

the equation 

^a{r,vi) = J^a{r,V 2 ) , r > 0, aeA, 
implies that vi = V 2 for vi,V 2 G U[p,oo). Here are examples of total families: 

Xh = ■): ip e [ 0 , 27 t ]} ; ( 20 ) 

Xi = {4,/3(^ •) : a, /? e [0, 27 t] , a < /?} ; (21) 

Xr{ck{r, ■) = I [r, • ,-ipk] ■■ keZ} , ( 22 ) 

where ipo = 1, '0A: = coskp^ ip-k = sink(f, k e N. It is easy to deduce from 
(19) the following statement. 

Theorem 18. Let • a E A} be a total family of characteristics. 

An entire function f is a CRG function if and only if 

To. [/] =£«[/], Va G A . (23) 

A family of growth characteristics is called additive if it consists of additive 
functionals. For instance, such are families (20)-(22). 

Theorem 19. Let a family {Tot : a E A} be additive. For relation (23) to 
imply that f is a CRG function, it is necessary that the family be total. 

Let us consider a total family of characteristics of the form 

€ !P} , 

where is a set in L^[0, 27 t]. Por instance, such are the families xi \jr. 
Podoshev (1985) proved the following statement. 

Theorem 20. A function f is of completely regular growth if and only if at 
least one of the following conditions is satisfied 

a) ^[/p] =^[/] +^[5], VJPexvo 

b) £[fg] =Z[f]+£[g], VJ^exv- 

for all entire functions g. 

Using families of the form xo'? one can always confine oneself to a count- 
able set ^ Theorem 20 is valid for a family of the form xh (this follovrs 
from Theorem 14 and the results obtained by Azarin (1966); see also Favorov 
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(1978)), but one cannot confine oneself to considering a countable subset of 
such characteristics as can be seen from Theorem 15. 

We shall now describe a result that was applied to the theory of interpola- 
tion by entire functions (Grishin (1984), Grishin and Russakovskij (1985)). 

Let / be an entire function of order p and normal type. A set jE C C is 
called an CRG set of a function / if there exists a mapping T{z) defined on 
E such that 

- ^) = 0 ; ^lir^ {log |/(z)| - /i(argz, /)} = 0. 

zeE zeT{E) 

li E is a, set of rays originating from zero, then this definition becomes a 
conventional one. 

Theorem 21 (Grishin (1984)). Let E be a subset of zeros of f , and let E be 
a CRG set. Then there exists an entire CRG function F such that h{(p^ F) = 
/i(cp, /), and F\e = 0. 

After passing to limit sets, this theorem is reduced to the following state- 
ment. 

Lemma (Grishin (1984)). Let w = vi— V 2 ; vi,V 2 G f/[p, 00); — I^v 2 f 

w > 0. Then the charge v\nj restriction of the charge v to the set 

N = {z : w{z) = 0}, is a measure. 

As examples show, the proof of the statements to which asymptotic prob- 
lems are reduced may be rather difficult, but these statements make it possible 
to use the well-developed techniques and terminology of the theory of poten- 
tial. 

Sodin (1985) used limit sets to estimate the “asymptotic” continuity mod- 
ulus of the function hr{^) = log |/(re^^)| through asymptotic character- 
istics of the distribution of zeros (see also Xing Yang (1993)). 

For similar problems studied by other methods see works by Levin (1980), 
Gol’dberg (1963, p. 414), Krasichkov (1966-1967), Grishin (1968). 

Limit sets are convenient in constructing examples of entire functions, be- 
cause Theorem 8 and 9 can be applied. We shall demonstrate this by the 
following statement. 

Theorem 22 (Azarin (1972)). Let hi and /12 be two p-trigonometrically 
convex functions. There exists an entire function f for which 

f) = max[/ii ((/?), h 2 {(f)], h{(p, f) ^ min[fti{(^), h 2 {(f)] . (24) 

Proof. Let us consider the set 

U = { [cihi{(f) -f- C2h2{(f)]r^ : Ci,C2 >0, Ci -h C2 = 1} . 

It is easy to verify that this set satisfies all conditions of Theorem 8, there- 
fore there exists a function / for which Ft f = U. Then we obtain (24) from 
Theorem 4. 
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Choosing an appropriate limit set in Theorem 8, it is possible to charac- 
terize completely the lower indicator and the pair: indicator - lower indicator 
(Azarin and Podoshev (1984), Podoshev (1986, 1991,1992)). 

Using Theorem 9 one can, in particular, construct functions with a given 
periodic limit set. It turned out that they can display extremely complicated 
asymptotic behavior depending on a choice of the function v in relation (11). 
Entire functions constructed by Eremenko (1987) (see Chap. 5, Sect. 2) have 
such limit sets. 

In estimating indicators it is convenient to switch to a limit set, and for- 
mulate statements in the corresponding form. Let us consider this approach 
in more details. 

Let DJI d 9Jl[p, oo) be a convex set of measures which is closed in V' and is 
invariant with respect to the transformation (-)t, and let A(9Jt) be a class of 
entire functions / for which Ft rtf C 5DT. 

Theorem 23 (Azarin and Podoshev (1984)). The relation 

h(cp, f) = sup{7(e"‘^, u) : u G ^)Jl} , V/ G A(9Jl) . (25) 

is valid. There exists f G A(dJl) for which the equality holds in equation (25) 
for all (p. 

This theorem is proved by combining (4), (5) and Theorem 8. 

For some dJl it is possible to calculate sup in (25) and thus to obtain explicit 
precise estimates of indicators in the respective class A(9Jl). As an example, 
we shall present an estimate given by Gol’dberg (1962), that generalized the 
first result of that kind obtained by Levin (1980, p.l71). 

We shall denote 



K{t,cp) 



^ 0, otherwise. 



Theorem 24. Let the distribution of zeros Uf of a function f be concentrated 
on a positive ray, and let A[nf] < oo. Then 



h{pj)<A r 

Jo 



t P P ^K{t,p>)dt , (p G [0, 27t), 



(26) 



and there exists a function f from the same class for which the equality is 
attained for all p>. 



This statement can be obtained from Theorem 23 for 



Tl = {u G DJl[p, oo) : supp u C (0, oo), u{t) < At^ Vt > 0} . 

Another precise estimate pertains to entire functions whose zeros ought not 
tu lie on a ray. 

Theorem 25 (Gol’dberg (1962-1967), Th. 4.1). LetA[nf] < A. Then 
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< Ap J ^Mp{l/t)dt , Mp{r) = max{H{re^'^ ,p); p G [0, 27t)}. 

There exists an f from the same class for which the equality is attained for 
all (f. 

This theorem follows if 

= {i/ G 9Jl [p, oo) : v'(Dr) < Ar^ Vr > 0} . 

To be able to obtain explicit estimates for more diverse classes of entire func- 
tions defined by restrictions on the density of zeros, Gol’dberg introduced 
an integral with respect to non-additive measure and obtained estimates for 
indicators in terms of one-dimensional integral (along a circumference) with 
respect to such a measure (see Gol’dberg (1962-1967)). Fajnberg (1983) de- 
veloped this approach by using a two-dimensional integral with respect to a 
non-additive measure which is some variation of the integral introduced and 
studied by Gol’dberg. This made it possible to extend significantly the set of 
classes of entire functions whose estimates expressed by a non-additive integral 
are precise. 

We shall present these results, but first we shall introduce the necessary 
definitions. 

Let 6(X) be a non-negative monotonic function of X C C, the function be- 
ing finite on bounded sets. For a given family of sets = {X} we shall denote 
by AT(5, X) a class of countable-additive measures defined by the relation 

AT(5,X) = {p : p(X) < 6(X), X G X} . 

For a Borel function / > 0 we shall define the quantity 

(3£) J fdS = sup ^ J f dp : p e N{6, X)| , 

called an {X)-integral with respect to a non-negative measure 6. For a Borel 
set EJ C C we set 

(X) J^fd6 = {X) j flEdS, 

where is an indicator of the set E. 

This integral possesses a number of natural properties: it is monotonic 
with respect to / and 6, positively homogeneous and semi-additive in E. 
If (5 is a measure, if X is a Borel ring, and if / is a measurable function, 
then (X)-integral coincides with the Lebesgue-Stiltjes integral. This fact and 
Gol’dberg’s initial construction based on constructing integral sums of a spe- 
cial form served as a reason for giving its name. The connection between the 
initial construction and the one presented here is based on the Levin-Matsaev- 
Ostrovskii theorem (see Gol’dberg (1962), Th.2.10) and is studied in detail 
by Fajnberg (1983). 
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Let 6(0) be a non-additive measure on a circumference, defined initially on 
the family of all open sets 0 C T. It can be naturally extended to all closed 
sets 0^ using the equation ^(0^) = inf{(5(0) : 0 D 0^}. 

Let xg be a set of open sets containing T. Let 

-Dr.e = ■ \z\ <r, &rg zG O}, Xz = {Dr,e : r > 0, O G x©}. 

The subscripts 0 and 2 ; at x indicate that the families under consideration 
are located either on a circumference or on the plane, respectively. 

Let us fix a non-additive measure 6z on Xz by the equations 

6z(Dr,e) = r^6(0) , 0^-,© ^ Xz • 

Now the integral (xz) f IC->P) d6z is defined. 

Let the angular upper density of zeros of an entire function / be defined 
by the equation 

Z\[n/,0] = limsupn/(jDr,©)^~^ • 

>OD 

Let us consider the class of entire functions yl(^, x©) defined by the equation 

A(S, xo) = {/ : 3 [n/, 0] < «5(0) V0 € xe} 

for a given non-additive measure 6(0) and a family x©- 

Theorem 26 (Fajnberg (1983)). Let 6(0) satisfy the condition 

6(0) = 6(0) V0 € X© (27) 

(a dash means the closure of a set). Then 

Kip, f) <(Xz) j dS, . (28) 

There exists a function f G yl(^, X©) such that the equality in (28) is attained 
for all ^ G [0, 27t) simultaneously. 

If 6(0) is a countably additive measure on T, and if x© consists of squarable 
sets 0 (i.e., 6(00) = 0), then estimate (28) cannot be improved (but the 
integral does not become the conventional one). This is one of the cases, for 
which a precise estimate of the indicator is obtained (Gol’dberg (1962-1967)), 
using the integral with respect to a non-additive measure on the circumference. 

Let us denote by x% fbe family of all open sets on the circumference. It is 
obvious that if 6(0) = A (V0 G X%)’> then ^(0) = A and, hence, (27) holds. 
The result presented below shows that, given a non-additive measure 6(0), 
one can slightly modify any given family x© C x% fo obtain a family Xe 
which (27) is already satisfied. 

A family x© C x© is said to be dense in x© C x% if for each 0 C x© ^rid an 
arbitrary small e > 0 there exists a set 0i C x© such that (0i\0)U(0\0i) C 
(00) e, where (00) e is the neighborhood of 00 defined by the relation 
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{d9)e = : (36^^^ G dO) (|e'^ - < e)} . 

Evidently, the relation “to be dense in” is reflexive and transitive. 

Theorem 27 (Fajnberg (1983)). For any non-additive measure 6{0) and 
any family X0 ^ Xe there exists a family Xe ^ Xe dense in xe (^'^d such 
that 6{Oi) = 6{Oi) for all Oi G x©* 

Estimates for indicators were also obtained in classes of entire functions 
with restrictions both on the upper and the lower density of zeros (Govorov 
(1966), Gol’dberg (1964, 1965), Kondratyuk (1967)), and with restrictions on 
the maximum density (Kondratyuk (1970) and others). 

There are works devoted to estimates of the lower indicator in various 
classes of entire functions deflned by restrictions on the asymptotic behavior 
of zeros (Gol’dberg (1962-1967)), Krasichkov (1965), Kondratyuk, Fridman 
(1972), Azarin and Podoshev (1984)). 

In terms of limit sets, such an estimate is given by the following proposition. 

Theorem 28 (Azarin and Podoshev (1984)). The relation 

hfif, f) > inf{/(e^^, V/ € A(97l)} , (29) 

is valid. For each (p there exists a function f(p(z) for which the equality is 
attained in (29). 

It is worth noting that, in contrast to inequality (25), generally speaking, 
there exists no function / for which the equality in (29) is attained simulta- 
neously for all p. 

Let us briefly consider an application of limit sets to the theory of value 
distribution. 

In the theory of the value distribution of meromorphic functions, the limit 
set is used for the family of the form 

<30, 

where tk are the Polya peaks for the Nevanlinna characteristic T(r, /) (see 
Chap. 1, Sect. 1) 

A combination of these techniques with the application of Baernstein’s 
operation * yields a simple solution of many well-known extremal problems 
and of many new ones (Eremenko et al. (1986), Sodin (1983), Anderson and 
Baernstein (1978)), Eremenko and Sodin (1991a, 1991b), Azarin, Eremenko 
and Grishin (1984). 

The proof of a result pertaining to the Littlewood conjecture (see Chap. 5, 
Sect. 7), which Eremenko and Sodin (1987) obtained by passing to a limit set 
of a family of form (1), is essentially reduced to the following statement on 
subharmonic functions. 

Lemma (Eremenko and Sodin (1987)). Let u > 0 be a subharmonic func- 
tion^ and let ji be its mass distribution. Then 
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{z : u{z) = 0} = LU E, fi{E) = 0, rri 2 {L) = 0} , 
where rri 2 is the planar Lebesgue measure. 

The notion of a limit set may be extended to functions / that are of normal 
type with respect to a given proximate order. Furthermore, the notion can be 
adjusted to study the asymptotic behavior of a function along helices. 

To this end, one introduces (Azarin (1979)), instead of (1), the transfor- 
mation 

ut = , 

where Pt = and p{t) is a proximate order. In this case, one-element 

sets correspond to the completely regular growth in the sense of Balashov 
(1976). 

A helical limit set Fiaf is related to the conventional Ft f = Pro/ by the 
following statement. 

Theorem 29 (Giner and Sodin). For any w G Pr^/ there exist v G Pr/ and 
7 G [0, 27t) such that w = v{ze^'^), the correspondence being one-to-one. 

In particular, if Fiaf is one-element limit set, then Ft f = P v (see (11)), 
where v = r^h{<p + alogr), and h is the indicator of /, which, as shown by 
Balashov (1973), satisfies the restrictions equivalent to the subharmonicity of 
V. We note that vt is a function periodic relative to logt of period 27r/a, i.e., 
Fr / is a periodic limit set. 

The notion of a limit set was generalized to functions of several variables 
and entire curves by Sigurdsson (1986), Giner (1985), Azarin and A. Ronkin 
(1985). 

Recently the limit sets have been applied to investigate the completeness of 
exponential systems in complex domains (see Azarin and Giner (1989, 1994), 
and to investigate the convolution equations in C’^ (Sigurdson (1991)). 

A limit set of functions analytic in a half-plane or subharmonic in a cone 
were studied by Ronkin (1991, 1994). 



§4. Limit Sets as Dynamical Systems 



The most full and effective description of an arbitrary limit set can be done 
in terms of dynamical systems. Recall (Anosov et al.(1985)) that a family of 
the form 



: M M, t G M , 



on a compact metric space M is a dynamical system (T^,M) if the maps T* 
are continuous with respect to (^, m), ^ G M, m G M, and satisfy the conditions 
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One can introduce a metric c?(*, •) on C/[p, oo) which generates a topology 
equivalent to X>'-topology (Azarin and Giner (1982)). According to Theorem 
1, Sec.l, any limit set Fr is a compact metric space. It is invariant with respect 
to the transformation (“r” is a subscript!) which can be obtained from (1) 
by the substitution t = e^: 



TrV = v{e^ z)e~^^ ^ v G Pr/. 

It is easy to check that (Tr , Fr /) is a dynamical system. Any homeomorphism 

: M ^ Ml 

of the compact M generates the dynamical system (T^ , Mi) on M\ with T{ = 

Theorem 30 (Azarin, Giner and Lyubich (1992)). Let (T^^M) be an ar- 
bitrary dynamical system on a metric compact set M. For any p > 0 there 
exists a set U (s C/[p, oo) closed and invariant with respect to Tr such that the 
dynamical system (Tr,U) is a homeomorphism of{T^,M). 

Not every dynamical system generates U which is a limit set. For example, 
it follows from Theorem 1 that M must be connected. Another example is 
given by the set (11) if the condition (12) doesn’t hold. 

Let m : [ao,oo) — > M be a map to M. The set {m{t) : t G [ao,oo)} with 
the ordering induced by [uq, oo) is called a pseudo-trajectory. We will say that 
”m(t) is p.t.” It means that m{t) is not required to be a trajectory, i.e., to have 
the form m{t) = T^mo for some mo G M. We shall call it an asymptotically 
dynamical pseudo-trajectory (a.d.p.t.) with the asymptotic if the condition 

d{m(t + r),T'^m(t)) ^0, t — > oo, 

holds uniformly with respect to r over any finite interval. A pseudo- trajectory 
will be called u-dense p.t. (or dense at infinity), if 

clos{m(t) : t G [a, oo)} = M Va > ao , 

where, as before, clos means closing in the D'-topology. 

The following theorem gives a necessary and sufficient condition for a set 
U ^ U[p, oo) to be the limit set of some entire function. 

Theorem 31 (Azarin and Giner (1988, 1990, 1992)). A closed invariant set 
U (£ ?7[p, oo) is the limit set of an entire function f of order p and normal 
type if and only if the dynamical system {Tr, U) has some piecewise- continuous 
uj-dense a.d.p.t. r^(*lt). 

The pseudo-trajectory v{-\t) describes the asymptotic behavior of an entire 
function f in the following sense: 
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With an appropriate choice of a p.t. one can obtain theorems 8 and 

9 from Theorem 31. 

The ct;-dense a.d.p.t. v{-\r) can be, in fact, replaced by a p.t. which is 
composed by pieces of trajectories of some dynamical system (of course, if it 
is not a trajectory itself) (see Hormander and Sigurdsson (1989), Azarin and 
Giner (1992)). 

Lyubich described the property of a dynamical system in other terms, more 
standard in the theory of dynamical systems. 

We shall give an account of his result after necessary definitions. 

A point mo G M is called non-wandering (Anosov et al. (1985)) if for any 
neighborhood O of mo and arbitrarily large number s G M there exist m £ O 
and t > s such that T^m G O. 

This means that the “returns” take place to an arbitrary small neighbor- 
hood of the point mo- 

We shall denote by i?(T*) the set of non- wandering points It is a closed 
invariant subset of M. 

The set A C M is called an attractor (Anosov et al., (1985)) if it satisfies 
the following conditions: 

a) for any neighborhood Od A there exists a neighbourhood 0\ Ac O' C 
O such that T^O' C O, where T^O' is the image of O'; 

(b) there exists a neighborhood Od A such that T^m A when t > oo 
for m G O. This means 

d{T'^m, A) — > 0. 

Theorem 32 (Azarin and Giner (1988), Azarin, Giner and Lyubich (1992)). 

If Q{T^) = M, then the dynamical system (T^,M) has an uj-dense a.d.p.t. 

If {T'^^M) has an attractor A ^ M, then there does not exist any uj -dense 
a.d.p.t. 

A dynamical system is called almost periodic on a compact set M 
(a.p.d.s.) if 

d{T^m,T^mi)^0 

as d{m, mi) — > 0 uniformly with respect to t G (— oo, oo). 

It is evident that for a.p.d.s. the condition f2{T^) = M is fulfilled and 
therefore M contains o;-dense a.d.p.t. 

The transformation Tr on a periodic limit set (see the end of Sec.2) gener- 
ates a periodic dynamical system that is, of course, an almost periodic dynam- 
ical system. However, the limit set of the form clos{TT-(?;H-tt;) : r G (— oo, oo)}, 
where TrV and TrW are periodic and have different and incommensurable pe- 
riods, is almost periodic but not periodic. 

Hormander and Sigurdsson (1989) have studied the structure of the limit 
sets for plurisubharmonic functions and gave a different description in terms of 
dynamical systems. Their description is equivalent to the existence of u;-dense 
a.d.p.t. 
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Chapter 4 

Interpolation by Entire Functions 



The classical interpolation problem consists in finding a function from a 
given class (such as a polynomial of degree smaller than n, an entire function 
with a restriction on its growth, etc.) that assumes the given values at the 
given points, which are called nodes of interpolation. Expressed in general 
terms, the problem consists in the following. 

Let a sequence of linear functionals {Ck}f^ be given on a linear space Q. 
For a given sequence of numbers one must find an element f ^ Q 

satisfying the conditions 

Ckif) = cfc, keN. (1) 

The space Q is called a uniqueness class for interpolation problem (1) if 
for Cfc = 0, G N, this problem has the trivial solution / = 0 only. 

A classic example of the uniqueness class for the interpolation problem 
f{zk) = Cfc, /c = 1,2, . . . ,n -f 1, with Zk ^ Zj is the class of polynomials of 
degree not exceeding n. 

Let us consider another example of the interpolation problem 

f{zk) = C,, keN, (2) 

where the sequence {zk}f^ has the convergence exponent pi{{zk})- According 
to the Hadamard theorem, the growth order of a nontrivial entire function 
cannot be smaller than the convergence exponent of its zeros. Hence, the 
class of all entire functions of order smaller than pi{{zk}) is the uniqueness 
class for problem (2). 

When solving general interpolation problem (1) in a linear topological space 
Q one usually applies the following procedure: construct a system of elements 
{'Pk}T biorthogonal to the system of functionals and then construct 

an interpolation series 

oo 

ckVk . 

fc=i 

If this series is convergent, then its sum solves problem (1). 

The interpolation series of an element f e Q is the series 

CX) 

(3) 

fc=i 

A linear subclass K C Qis called a convergence class of interpolation series (3) 
if the series converges for any f e K and 
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k=l 

Every convergence class is obviously a uniqueness class, but, as we shall see 
later, a uniqueness class can be broader than a convergence class of an inter- 
polation series. 

In what follows we shall mainly present results of studying interpolation 
problems in classes consisting of entire functions and containing all polyno- 
mials. Everywhere except in Sect. 6 we shall understand convergence as the 
uniform convergence on each compact set. 

The sequence Vk{z) is the sequence of polynomials of degree A; = 0, 1, 2, . . . 
if and only if 

= 0, m < k . 

This, perhaps, explains the fact that many works treat interpolation problems 
for which the latter conditions are fulfilled. 

Let us now move on to the most well-known interpolation series. 



§1. Newton’s Interpolation Series 

Let {zk}f^ be a given sequence of complex numbers. A system of divided 
differences 

- ^2 .4) 

£ (f) = I I fi^n) 

(Zi - Z2) . . . {Zi - Z„) (Zn - Zl) . . . (Zn - Zn-l) 

is associated with every function / assuming finite values on the sequence. 
The system of polynomials 

'Po{z) = 1, Piiz) = (z - zi), . . . , P„(z) = (z - zi) . . . (z - z„) 

is biorthogonal to the system of functionals (4). In this case interpolation 
series (3) assumes the form 



CX) 

ao + o„(z - zi) . . . (z - z„) (5) 

n=l 

and, according to the terminology now accepted, it is called Newton’s inter- 
polation series with nodes {zn}- Newton’s series with nodes Zn = n 

00 

Oo + ^ On(z - 1) . . . (z - n) , (6) 

n=l 



Stirling’s series: 
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^(an+a'„z)z(z^ -n^) , (7) 

n =0 

BesseVs series: 

Y^ian + a'^z) - (i) ) • • • (^^ “ (^ “ 5) ) > 

n =0 

and associated Gauss' series (see Norland (1924)) were studied in a series of 
classic works. 

For Newton’s series (6) there exists (see Bendixson (1887), Jensen (1884)) a 
finite or infinite number A, called the convergence abscissa, such that for all 2 ;, 
diz > A, series (6) converges, while for all z, < A, it diverges. The absolute 
convergence abscissa is defined in a similar way. If the convergence abscissa of 
series (6) is finite, then the series converges uniformly in any bounded closed 
domain lying entirely in the half-plane {z : > A}, and its sum is a function 

holomorphic in this half-plain. The convergence abscissa A is determined by 
the formulas 



n 







lim sup 

n— >00 


k =0 


logn 




00 

log 1 


lim sup 

n—^oo 


k=n 


logn 



which were published by Landau in 1906 and Pincherlet in 1908. The absolute 
convergence abscissa fi is determined by the same formula, but with (— l)^afc 
being replaced by ja^l. The numbers A and 11 are related by the inequality 
A < // < A -j- 1, where the difference /jL — X can assume any value between 0 and 
1 (see Bendixson (1887) and the paper by Nielsen of 1906). If a function / is 
analytic in the half-plane {z : > A} and is representable in it by Newton’s 

series, then we have the estimate proved by Carlson in 1915 

\f{a + re^"^)| < , rcos(f > a > A , 

with lime(r) = 0 and 



h{(f) = cos (p log(2 cos (p) -h (p sin ip . 

If, conversely, a function / is regular in the half-plane {z : ^z > a}, continu- 
ous on the line — a and satisfies in this half-plane the inequality 

|/(a + re^^)\ < (1 + , 

where lime(r) = 0, then (Norland (1924)) it can be expanded into Newton’s 
series (6) whose convergence abscissa does not exceed max{a,/? H- 1/2}. In 
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particular, if a function is holomorphic and of exponential type in the right 
half-plane, and if it has an indicator smaller than the function h{(f)^ then it 
can be expanded into Newton’s series (6). 

If Stirling’s series (7) converges in the whole complex plane, then (Norlund 
(1924)) its sum F is an entire function admitting the asymptotic estimate 

|F(re*'^)| <r5e’'9(‘^) , 

= cos ip log( a/ cos 2ip y/2cosip)'^ + sin 9? • 2arcsin(-\/2siny>) . 

On the other hand (Norlund (1924)), any entire function admitting the asymp- 
totic estimate 

\Fire^-^)\ < , e > 0 , 

can be expanded into Stirling’s series (7). 

The estimate of the growth of entire functions representable by interpo- 
lation series (6) and (7) is based on rather precise asymptotic estimates of 
the polynomials Y[k=ii^ ~ 11^=1 Extending this method, 

Gontcharoff (1930) considered a more general problem of expanding an entire 
function into interpolation series (5) under the assumption that the nodes of 
interpolation are not integers, but have angular density with a convergence 
exponent p > 0. For this case he introduced two functions i^^i(^) and H2{0), 
H2{0) < such that an entire function represented by series (5) belongs 

to the space [p, iJi(0)], and any function of the class [p,H2{0)) is expanded 
into series (5)^. In some cases Hi{0) = H2{0). One of such cases occurs if 
nodes are all complex integers: here p = 2, Hi{6) = H2{6) = tt/ 2. This result 
is precise in the sense that the class [2 , tt/ 2] is not a uniqueness class since 
it contains the Weierstrass cr-function of periods 1 and i. But if Zn = 
n G N, then, for p < 1, we have 

/•oo 

P log|l - cos6»<0, 

Hr(e) = H^ie) = \ 

P log|l cos 6»>0. 

If p > 1 and cos 6 < 0, then H{6) = oo in the previous relation. 

Bendixson (1887) was the first to obtain some results on the convergence 
of Newton’s series with arbitrary nodes having the unique limit point. He 
established that if a series of form (5) in which limn-^cx) Zn = a converges 
ai z = then it converges absolutely for any 2; such that \z — a\ < \b — a\. 
If 2:1 , . . . ^Zn^> •• are positive numbers, if limn-^oD Zn = 00,^ and if the series 
diverges, then, as above, series (5) has a finite convergence abscissa, 
and this convergence is uniform in any bounded domain whose closure lies in 

" f e[p{r),H(0)] (or / G [p(r),H(^)) ), if h{0J) < H{0) (< H{9))) for all 0, with 
the indicator h{9, f) taken with respect to . 

® In this case we assume that |2n| < |>^n+i| for all n > 1. 
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the convergence half-plane. However, if the complex numbers zi,. . . 
are such that limn-.oo = oo and the series \^n\~^ converges, then 

the convergence of series (5) at one point at least, which is not a node of 
interpolation, implies that the series converges uniformly on any compact set, 
and so it defines an entire function. If the latter series diverges, the conver- 
gence domain depends on the sequence {zn}- Gelfond (1967) showed that, 
given the proper choice of this sequence, the convergence domain can be any 
simply connected domain with the analytic boundary. In the same work the 
convergence domain of series (5) was studied under the assumption that the 
set {zk}^ has a finite number of limit points. 

In the general case, when no other regularity restrictions are imposed on 
the nodes, except for the restriction limn-.cx) \zn\ = oo, one cannot expect to 
obtain such precise conditions for the convergence of interpolation series. 

As follows from the Jensen theorem, the restriction lim{log M(r, /) — 
N{r)} = — oo, where N{r) = dt and n{t) is the counting func- 

tion of the sequence {zn}, singles out a uniqueness class of problem (2) with 
the system of functionals (4). Ibragimov and Keldysh (1947) found the fol- 
lowing similar sufficient condition for an entire function to be representable 
by interpolation series (5): 

Let \zn\ = Rn < -Rn+ij i?n OO? and let / be an entire function that 
satisfies the inequalities 



log M(r,/) < Xn{6r) (9) 

for some fixed 9 and A, 0 < ^ < 1/2, 0 < A < log ((1 - 9)/ 9), for a sequence 
of infinitely growing values 

r = Tk = 0~^Rni,, Tk<rk+ 1 , k = 0,l,... . 

Then the subsequence of partial sums Srik of series (5) converges to f{z) 
on any compact set. 

It is obvious that if inequality (9) is fulfilled asymptotically, then series (5) 
converges. This statement is precise in the following sense: whatever are a 
number 9 satisfying the inequality 1/2 < ^ < 1, and a positive e, there exist 
both an entire function satisfying the inequality 

log M(r, /) < exp(logr)^"^^ -f C 

and a sequence of nodes satisfying the condition log M(r, /) = o{n{9r))^ such 
that Newton’s series (5) for / diverges. 

A more precise convergence condition is given by the following statement. 

Theorem (Gelfond (1967)). Let \zn\ = Tn, liuin-^ooTn = oo and Tn < j3n- 
Ifn{r) is the counting function of the sequence {/3n} and if 

^ p^n Tl(f') dt 
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then for any i? > 0 the function f can be represented by series (5) convergent 
uniformly in any finite part of the plane. 

In particular, it follows from the above that if < An^, then Newton’s 
process is convergent in the class for 

CT = 2(2A)~i / {2 — t)~^t^~^ dt . 

Jo 

For any larger a this statement is invalid. 

We note that the proof of the above-cited statements on the expansion of 
functions into Newton’s series is beised on the estimate of the remainder in 
the Hermite formula 



n 

f{z) = Co + ^ Ck{z - z-i) . . .{z - Zk) 
k=l 




fiO Wiz-Zk) 

k=\ 



dc 






fc=i 



iC-z) ’ 



( 10 ) 



where the contour Cn lies in the domain of analyticity of / and surrounds the 
points z\, . . . , Zn- 

Ibragimov and Keldysh (1947) introduced a class of entire functions by 
means of the condition 



log M(r, /) - N{6r) < C, 0 < 0 < 1 , 



which is less restrictive than (9). This is a uniqueness class of problem (2). 
For any function from this class the polynomials 



n 



Pn{z) = i^f{XkY^ 



n(‘- 



O'^Xkjxj - z) \ 

\Xn? ^ 



converge uniformly to /, and the remainder can be estimated by a geomet- 
ric progression with an arbitrary small common ratio 6i G (0,1). Thus the 
sequence of the polynomials Pn solves the problem of reconstructing a func- 
tion / from its interpolational data (2). These polynomials obviously are not 
partial sums of Newton series (5). 

One of the most effective applications of Newton’s series pertains to study- 
ing arithmetical properties of entire functions. The first theorem in this field 
was obtained by Polya in 1924 (see Polya (1974)). 
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Theorem. If an entire function f satisfies the inequality 

|/(re^^)| < e(r)r“^2’', lime(r) = 0 , 

and assumes integer values at positive integers, then f is a polynomial. 

This theorem started the investigation of the link between the analyticity 
of functions and their arithmetical properties. 

Fukasava in 1926 proved that the Polya theorem is valid for any entire 
function admitting the asymptotic estimate {\z\ = r) 

log|/( 2 ;)| < (7 < 1.470..., e>0, 

and assuming integer complex values for all integer complex points. Gelfond 
showed (1973, p. 9-13), that the function 




may be taken as the RHS of the latter estimate. 

The proof of such theorems is based on the following simple argument. If 
the growth of an entire function is restricted as described above, then it is 
representable by Newton’s series (5) and the sequence {nla^} tends to zero. 
Since, on the other hand, these numbers must be integers, the series contains 
a finite number of terms and, therefore, / is a polynomial. 

Applying this scheme Gelfond (1967) showed that an entire function / 
which assumes integer values at the points of the geometric progression 
(q > 1 is an integer) and admits the estimate 

/( 2 ) = o(exp{^y^-ilog|z|}) , |z|^oo, (11) 

is a polynomial. This theorem is precise, since there exists an entire transcen- 
dent function which assumes integer values at the points {q'^} and satisfies 
condition (11), the only difference being that o is replaced with O. 

§2. Abel-Gontcharoff Interpolation Series 

AbeVs problem is the problem of reconstructing an entire function from the 
numbers 

n = 0,l,2... (12) 

Abel (1881), considering functions of the form 

f{x) = j e^^g{u) du , 

posed the problem of expanding f{x-\-y) in a series of functions f^^\y-\-nP), 
and solved it by using the formal series 
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/(:. + = /<->(!- + ng). (13) 

n=0 

On setting here 2 / = 0, /? = 1, one obtains the expansion of / into AbeVs series 

g; x(x-n)-- 

n=0 

which, again formally, solves problem (12). 

Halphen (1881) was the first to study the convergence of expansion (13). He 
proved that the number j3 for which representation (13) of an entire function 
/ is valid, exists if and only if there is a number a such that the sequence 
{a'^ fM (^x)} is bounded. He also established the relation between a and (3. 

Gontcharoff (1935) showed that every entire function representable by 
Abel’s series (14) belongs to the class [l,i7(0)], where H{6) is the support 
function of the convex domain which is the pre-image of the disk {w; \w\ < 1} 
with respect to the function On the other hand, every entire function 

of the class [l,iJ(0)] is expandable into series (14). 

A complete solution of Abel’s problem (12) was found by Gelfond (1967) 
in the form of a series 



F(z) = /(0)+^ 



(-1) 



n— l^n— 1 



n! 






n— 1 



00 

n=0 



E 



k=l 



‘Pk{z) '[ 

J 



where positive integers i^n satisfy the inequalities 

logn 

the functions (pn(^) are determined by the expansion 

^g-2:g2+(C-l)log(l-2:/C) _ ^ 

k=0 ^ 



and the numbers Cn satisfy the condition limn->oo ^|cn| = 0 but are arbitrary 
otherwise. 

Gontcharoff (1930) suggested a natural generalization of Abel’s problem: 
given a set of complex numbers {zn}, reconstruct an entire function / from 
the known numbers 



>Cn(/) = = C„, n = 0,1,2,... (15) 

To solve this problem, Gontcharoff constructed the biorthogonal sequence of 
polynomials 
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z Cl Ctv — 1 

dCidC2 ...dCn- (16) 

Zq Zi Zn-1 

The series 

oo 

n=0 

which coincides with (14) for Zn = n, is usually called the Abel-Gontcharoff 
series of the function /. 

Gontcharoff gave the following estimate of the remainder term of interpo- 
lation series (17) 

(18) 

ii„(^) = /(z)-^/W(^fe)n(z). 

k=0 






Here 

~ ■2'oj “1“ ? 

n 

Sn ^ ^ ^ 1 ^k\ -I 

k=l 

and Dn is the smallest convex polygon containing the points z^zq,... ,Zn- This 
general estimate, together with asymptotic formulas for Abel-Gontcharoff 
polynomials obtained under additional assumptions as to the set of nodes, 
made it possible to study in detail the classes of convergence and uniqueness 
of problem (15). 

It was established in the already mentioned work by Gontcharoff (1930) 
that, if 

p > 0, lim Snn~p = r, a = + a;)^“^ , 

n^oo 

where cj is a positive root of the equation = 1, then each function 

/ £ [p, cr] is representable by series (17). Evgrafov (1978) found a more precise 
value of a for the case 0 < p < 1. In Evgrafov (1956) theorems of convergence 
of series (19) were proved under the condition z^ = n-f o(l). Oskolkov (1973) 
obtained an estimate of the convergence indicator of series (17) for the case 

In the case of a p-periodic sequence of nodes {zn+p = Zn) oi entire period 
p > 1, the class [1, |Co|) is the convergence class of series (17); here Co is a root 
of the function 

det II exp , ujP = 1 , 

the most close to the point 0, and the class [1, |Co|] is not the uniqueness class 
(Gontcharoff (1932)). 
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If < Ij then the cletss [l,log2) is not the convergence class of series 
(17) (Takenaka (1932), J. Whittaker (1935), see also Ibragimov (1939,1971)). 
J. Whittaker (1935) conjectured that the uniqueness class of problem (15) 
under the condition \zn\ < 1 is broader than the class [1, log 2). This conjecture 
turned out to be true (S. MacIntyre (1947,1949)). The largest number W such 
that the conditions / G [1,W), f^^\zn) = 0, \zn\ < 1, imply f{z) = 0 is 
called Whittaker’s constant. The exact value of W is unknown. The history 
of this problem is described in detail in Varga (1982), where, in particular, an 
approximate value W = 0. 73775075 is given. Under the additional assumption 
that the sequence {zn}f' is real (Schoenberg (1936), S. Bernstein (1950)) or 
that its limit points are real (S. MacIntyre (1949)), the uniqueness class 

7T 

extends to [1, (7t/4)). The example of the function sin —{z — 1) shows that its 
further extension is impossible. 

Gelfond (1946) proved that the space of entire functions whose Taylor’s 
coefficients satisfy the condition 

Cfc = " j ’ k-^oo , 

is the convergence class for series (17) with Zn = if \q\ > 1, cr < j^ol, and 
Co is the root of the function 



oo 



^(c) = E 

k=0 




k(k + l) 
2 



the most close to the point 0. If \q\ = 1, then the convergence class in Gelfond’s 
(1946) theorem coincides with [1, |Co|)- S. Macintyre (1953) refined this result 
by showing that, for the convergence of series (17) with Zn = q^, \q\ = 1, it is 
sufficient to require that 



F{z) = 0(el*l^«?(|2|)) , 

where 

oo 

Vk\^{k)\ < oo . 

k=i 

Ibragimov (1971) studied series (17) in the spaces of entire functions defined 
by estimates of type (9). To be precise, he established that the convergence 
class of this series is the space of entire functions admitting the estimate 

log M/(r) < C{e)n{er) , 

where n(r) is the counting function of the sequence 

\zk ^k-i\^ 0 < 6 < C{0) < log — . 

k=l ^ ^ 
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In any functional space defined by this inequality, but with ^ > 1/2, there 
exists a function whose series (17) diverges at some points. 

A problem somewhat more general than Gontcharoff’s problem with 2- 
periodic sequence of nodes is the so-called two-point problem (Ibragimov 
(1971), J. Whittaker (1935)): 

Problem. Find an entire function f{z)^0 for which 

/("")(!) = 0, (0) = 0, (19) 



where {I'n} and {/in} are given sequences of natural numbers. 

Gelfond and Ibragimov (1947) studied this problem under the condition 

{I'n} n {/Zn} = 0 , {l^n} U {/in} = , 

i.e., in the space of entire functions of the form 

CX3 

n=0 

Under the assumption that 

|^n| ^ ’ 

where 

oo 

< oo , 

n=0 

As = miiiCTfe, 

k>s 

r » 1 

L (i/„ - ! . . . (i/i - i/q) ! z/fl ! -I 

they proved that (19) implies f{z) = 0. In particular, if = pn -f 1, where 
p is a natural number, then any function / 6 [l,pe“^) solving problem (19) 
equals zero identically. This result cannot be improved: whatever is a > 0, for 
all sufficiently large p there exists a non-trivial function in the class [1, ape~^) 
satisfying conditions (19). 

Another modification of the Abel-Gontcharoff problem was considered by 
Dzhrbashyan (1952, 1953). He studied the interpolation problem 

= a„ 

with given sequences {pn} and {A^} of natural numbers (pn < A^ < Pn+i) 
in the class of entire functions 



= |/( 2 ) = ^ 

n=l 



_1 

A„ 



} C [p,(t) . 
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Using the theory of the solvability of infinite systems of linear differential 
equations, Dzhrbashyan obtained the conditions under which the solution of 
the problem is unique, and suggested a method for reconstructing the function 
under these conditions. 

We shall consider another original problem of the form (19) , the well-known 
Lidstone problem (see J. Whittaker ( 1935)). It consists in reconstructing an 
entire function / from the conditions 

/(2")(0) = a„, /( 2 ")( 1 ) = 6„, n>0. (20) 

Lidstone in 1930 gave its formal solution as a series 

oo 

f{^) = '^{bnAn{z) + anAn(l-z)) , (21) 

n=0 

where {An{z)} is a system of polynomials uniquely determined by the relations 

A'^{z) = An-i{z), Ao{z) = z , An{0) = Anil) = 0 . 

Poritsky (1932) and J.Whittaker proved that every function / G [1,7t) can 
be represented by a convergent series (21). More precise convergence condi- 
tions were found by Boas (1943). He established that, for 

|/(^)| = 0(H-5e-N) , 

the series converges, while for f{z) = O(e^l^l) it can diverge. However, if the 
indicator diagram contains no single point of the imaginary axis outside the 
interval (—in, in), then the Lidstone series can be summed to / using the 
Mittag-Leffler method. On the other hand (Boas (1943), Schmidli (1942)), if 
/ has the form (21), then / G [1,7t]. 

As Schoenberg (1936) noted, an entire function satisfying the conditions 

y(2n)(0) = /(2^)(l) = 0 

is odd and periodic, which implies that the general solution of homogeneous 
problem (20) in the space [l,r] has the form 

m 

f(^) = E Ck sin kzn, ran < r . 

k=i 



A multi-point problem 

= i = l,2,... ,A:; n = 0,l,2,... (22) 

of the same kind as the one studied by Gontcharoff (1932), was considered by 
Poritsky (1932). He proved that the function / G [l,p) can be expanded into 
the Lidstone type series under the condition that p is the modulus of the root 
of the function 
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the most close to zero. 

More precise convergence theorems for problems of the type (20) general- 
izing the results of Boas and Schmidli, were obtained by Gurin (1948) who, in 
particular, investigated in detail the case where the numbers zi,. . . ,Zk lie in 
the vertices of a regular polygon. Kazmin (1965a,b) investigated the two-point 
problem 

F(P*+')(a) = a«, seZ+; 

n^ps + l; 

and the three-point problem 

= 0, 

F(”)(0) = 0, n^ps; 

= 0. 

A problem of the type (22), where the derivatives are understood in the sense 
of Gelfond-Leontiev, was studied by Kazmin (1966a, b, 1967b). He also inves- 
tigated the case of the multi-point problem 

F(2-)(0) = a2n , 

F(2«)(aw") = b2n . 



§3. Gelfond’s Moment Problem 

In 1937 Gelfond found a new approach (Gelfond (1937, 1967)) to interpo- 
lation problems for EFETs. He made use of the integral representation 

c 

where /(C) is the Borel transform of an EFET F{z), and C is a contour sur- 
rounding its conjugate diagram. Since the functionals Cn{F) are continuous, 
they may be represented in the form 

>Cn(F) = ^/c/„(C)/(C)dC, (23) 

c 

where Un{Q = C{e^^). In many interpolation problems we have C/n(C) = 
['*^(0]^ where u is a. holomorphic function. For example, if Cn{F) are the 
divided differences of a function F for 2;^ = ^ = 0, 1 , . . . , then f/n(C) = 

(e^ — l)’^, and if Cn{F) = F^’^)(n), then J7n(C) = (C^^)’^- In such cases the 
interpolation problem is reduced to a special moment problem. Here the mo- 
ments are the numbers 
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= u^iOfiO dC, 0, 1, 2, , (24) 

c 

where u is a. function holomorphic in some domain D which contains the 
conjugate diagram of the function F. It is necessary to establish whether F is 
uniquely determined by the moments {A^}, and if this is true, then to suggest 
a method for its reconstruction. 

The main theorem by Gelfond as to the interpolation problem with the 
system of functionals (24) is formulated as follows. 

Theorem. Let F be an entire function of not higher than first order and 
normal type; let numbers An of the form ( 24 ) be given, where the function u 
is regular in some domain Q, is a schlicht function in a closed Jordan domain 
D C i?, 0 G F, and maps this domain onto a domain Du of the plane w; let 
T = \{w) be the function which maps conformally the domain Du onto the 
disk {r : |r| < p}, A(0) = 0, A'(0) = 1, and let 6{r) be the function inverse to 
the function r = X{u{z)). 

Then, if the function f is holomorphic in C\D, then the function F is 
representable by the polynomial series 



oo 





F{0 = Y,CnVn{z), 


(25) 




n=0 




where 




(26) 


and 


&.= 2^/[^(«(C))]7(0<(C, CcS!\D. 


(27) 




c 




Moreover, 


there exist numbers Bn,p,m such that 






m 

Cn — lim ^ ^ Bfi p mAp . 

m-^oo ^ ^ 





p=0 



The system of the polynomials Vn{z) is biorthogonal to the system of func- 
tionals (23), and hence series (25) is the interpolation series for the moments 
problem determined by the function A(tx(C)). In particular, if u is the func- 
tion that maps D onto the disk {r : \r\ < p}, then X{w) = w, and series 
(25) is the interpolation series for the initial moments problem (24). In the 
general case, one can regard Gelfond ’s theorem as providing a linear method 
of reconstructing the function F from interpolation data (24) . 

One cannot omit the requirement that the function u should be schlicht, 
since without this requirement the currespunding space of EFETs is nut a 
uniqueness class. However, if one requires, in addition, that the domain D be 
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convex, then the necessary and sufficient condition for / to be represented by 
series (25) with coefficients Cn satisfying the condition 

lim sup < P 5 

n— +00 

is that / belong to the class [1, H{—0)) where H{6) is the support function of D 
(Gelfond (1967)). This result contains the above-quoted Norlund theorem for 
Newton’s series (6) and Gontcharoff’s theorem for Abel’s series. In addition, 
the moments method suggested by Gelfond permits the reconstruction of an 
EFET function F{z) whose indicator diagram is contained in the strip U = 
{z : |92;| < 7 t} from its values at integer points. Namely, it is sufficient to take 
u{Q = — 1 and to define A(u(C)) as a function which maps 77 onto the disk 

{z : \z\ < R} with 

^(^(0) = C + -f . . . . 

Under these conditions, series (25) converges to F. As the example of the 
function sinvr^; shows, here the convergence class is close to the uniqueness 
class. 

In connection with the moments problem (24) there arises a natural ques- 
tion: what must be the sequence to ensure that, for a given function 

u, it is possible to find a function F satisfying (24)? It turns out that the nec- 
essary and sufficient conditions of the solvability of the moments problem (24) 
is that the value 

lim sup ^\An\ 

n— >oo 

must be finite and the function must be holomorphic outside 

D. The necessity of this condition was established by Buck (1948), and the 
sufficiency by de Mar (1962,1965). The same criterion holds for a more general 
problem 

An=^_£l^"(0/(C)7(C)dC, 

investigated by Kazmin (1967) under the assumption that the function 7 is 
analytic and has no roots in D. 

Gelfond applied the method of moments to find solutions of a differential 
equation of the form 

00 

Y,anF^"\z)=^{z). ( 28 ) 

n =0 

As was shown by Gelfond (1937,1967), a number of interpolation problems 
can be reduced to solving (28). This method solves the problem 

jp(np+s)^^^ = Ans, 0<5<p-l, 71 = 0, 1,2..., 

where p > 1 is a given number, as well as the problem 

F^'^^\s) = Arts, 0<5<p-l, 71 = 0,1,2..., 
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and the more general problem 

^^UsiOC^fiOdC = ^ns , 1<S<P, n = 0, 1,.... 

Gelfond’s methods and results relating to the moments problem were de- 
veloped by Evgrafov (1954) who considered the interpolation problem in the 
space D) of functions whose generalized Borel transforms are holomor- 
phic outside a given domain D. If a function ^{zQ is representable by the 
convergent polynomial series 



= Y.'^n{z)Vu{0 , 

n=0 



where ~ {^n} is a given system of functionals, then the 

function 

can be expanded into an interpolation series in the polynomials Vn- By this 
approach it was established (Evgrafov (1954)) that, if fin > sup^>^ jA^I (or 
^ maxfc<n \Xk\ provided that \Xk\ oo as k oo), and if the conditions 



lim 

Mn+l 



^ M'°[log(l + l)] 

^ kl/Xn+l • • • 



< OO 



are satisfied, then the class of entire functions whose Taylor coefficients admit 
the estimate 

|cn| =0(—), rrin = nlfiQ . , . /j.n -1 ; cr<^logflH--) , 

V TTXj^ f V jjj / 

is the convergence class of the Abel-Gontcharoff interpolation problem with 
the nodes {An}i°. 

Evgrafov (1978), using his own earlier version of the Borel transform (Ev- 
grafov (1976)), studied the interpolation problem 

^ Kt)] " “P (t” (t)) f 

in the classes [p(r),oo) of entire functions. In this formula {A^} is a sequence 
of complex numbers, (7n(^)} is the sequence of functions which are regular 
in some common neighborhood of the point z = 0 and satisfy the condition 
n~^jn{z) — > 0 uniformly on each compact set, while u{z), u(0) = 0, ti'(O) > 0, 
is a schlicht function in the neighborhood of the point ^ = 0. By virtue of the 
Cauchy formula we have 
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>2; 



n 



1 



dz 



An 2; 
z 



and the Abel-Gontcharoff problem (15) is obtained from (29) if 



u{z) 



z 

1 -z’ 



7„(z) = -log(l-2) . 



Starting from the function u and the sequence {7n}, Evgrafov constructed 
a domain D and, using a proximate order p(r), introduced a function u{r) ~ 
which is continued as the function holomorphic inside the angle 



1^; : I arg 2 ;| < min 



7T, 



7T 

2p 



]} 



and satisfies the conditions listed in Chap. 1, Sect. 3. Then, using the function 
u{z) and the formulas from the same section, the function ^{z) is constructed. 
The difficulties involved here are due to passing from the conventional order 
to a proximate one, and from the sequence {n^/^} to a sequence {An}, where 
i^(An) Evgrafov overcame the difficulties by using new asymptotic meth- 
ods. 

We shall formulate two main results by Evgrafov (1978). 

If i/(An) ~ n and the condition 



n 

k(Am+i) - i^(Ato) - 1| = o(n) 

m=0 

is satisfied, then the system of polynomials {Vn{z)}, biorthogonal to the sys- 
tem of functionals (29), forms a basis in the space A{^,D) and, therefore, 
the corresponding interpolation series converges to F in the topology of this 
space. 

U u{Xn) ^ n and the condition 

n 

X] - I"(Am)| ~ n 

771=0 

is satisfied, then the interpolation series for each function F G A{^,D) con- 
verges to F uniformly on each compact set of the complex plane. 



§4. Lagrange’s Interpolation Series 



One of the first mathematicians to begin a systematic study and application 
of Lagrange’s series was Borel. In 1897, referring to his Thesis, he wrote (Borel 
(1897a)): 
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“It is known that in order to construct an entire function /, which assumes 
the values ci, C 2 , . . . for z = zi, Z 2 j ••• , one must calculate an entire function 
(p that is annulled at z = zi^zq, • . . , and set 



/(*) = E 

n=l 



Cn‘P(z) 

(Z - Zn)(p'(Zn) 



(30) 



The only difficulty pertains to the series convergence.” 

Series (30), in which cp is an entire function with simple roots at the points 
where z„ 7 ^ Zk, if n / fc, and |z„| 00 , is usually called the Lagrange 

series, or, sometimes, the cardinal series. It is the interpolation series for 
problem ( 1 ) with the system of functionals 

Cnif) = f(Zn). (31) 



The entire functions 



fn{z) = 



<^(^) 

{Z - Zn)p>'{Zn) ’ 



n= 1,2, ... , 



form the system biorthogonal to system (31) which, unlike the above-consider- 
ed cases, cannot be reduced to a system of polynomials. 

Borel (1897a) studied series (30) under the condition 



E 



Cn 

Zn^'{Zn) 



< OO , 



and (1898) under the condition that 

OO 

ic„i < OO 

n=l 

for p{z) = sinnz. In order to ensure the convergence of series (30), Borel 
(1899) suggested introducing into each term the factor {zjznY with an integer 
(I or, more generally, (Borel (1922)), considering, instead of (30), the series 

CnP>{z)Q{z) 

^^{z- Zn)p>'{Zn)0{Zn) 

with an appropriate entire function 6. Valiron (1925), starting from an entire 
function p with the roots {zn}, investigated in detail the properties of entire 
functions, admitting, in author’s terminology, “representation by Lagrange’s 
formula of rank /x” 



fM = E 

n=l 



Cn>fi{z) ( ^ Y 
(z Zfi)(p^(^Zn) \ZfiJ 
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in the cases: either (p{z) = sinTr^; or (p e [1/2,0], Qzn = 0. The properties of 
this series for ip{z) = sin7r2; and = 0 were studied as early as 1915 by E. 
Whittaker (1915). 

Borel used the Lagrange series to study the dependence of singularities of 
a power series on properties of its Taylor coefficients. Another application of 
series (30) concerns the problem of how the asymptotic behavior of an entire 
function on a set of points {zn\ affects its behavior on the whole plane, or 
inside an angle, or on a system of rays. The works devoted to this theme are 
listed in the monograph by Boas (1954). 

Levin (1940) considered the interpolation problem 

f 

with nodes forming an i?-set (see Chapt. 2, Sect. 2). In this case the excep- 
tional set is known outside of which the canonical function p constructed from 
the set {zn} satisfies the asymptotic equation 



It can be proved that under the condition 

log|c„| < {H{a.vgZn) - , e > 0 , 

Lagrange’s series (30) converges uniformly on each compact set and represents 
an entire function of the class [p(r), H{6)]. If It is some ii-set of points {zn}f^ of 
exponent p(r), then an entire function / € [p{r),H{0)] satisfying interpolation 
conditions (2) exists if and only if 



lim sup 

n— »-oo 



log I On I 

|2;^|p(l^n|) 



i/(arg Zn) 



< 0 . 



(32) 



Thus, for h(0, /) < H{6), the function / is represented by its own Lagrange’s 
series. Hence, [p{r),H{6)) is a convergence class. However, if the function / G 
[p{r),H{6)) vanishes at all points {^n}, and if the inequality h{9o, f) < H{6 q) 
holds at least for one value 0 = 6q, then f{z) = 0. Thus if the nodes form an 
R-set, then the convergence class of Lagrange’s series is only a little narrower 
than the uniqueness class. We remind the reader that for Newton series (6) 
the convergence class is substantially narrower than the uniqueness class. 

Leontiev (1948) was the first to consider the problem which was later called 
the free interpolation problem: find the conditions under which the sequence 
of nodes {zn}'^ , \zn\ oo^ on the complex plane is such that, for each number 
sequence {cn}i°, satisfying the inequality 



log log I Cn I ^ 
log|z„| 

there exists an entire function of the class [p, oo] satisfying (2). Using the 
generalized Lagrange series 
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oo 




ip{z) / Z \^^rt 

Zn)^'{Zn)\Zn) 



where /in a,re natural numbers, he showed that such conditions are the in- 
equalities p[n{r)\ < p and 



lim sup 

n— >oo 



1 

log I I 



log log 



1 



< P , 



where (p is Weierstrass’ canonical product corresponding to the set {zn}- 
Somewhat earlier, some sufficient conditions of the solvability of problem (2) 
in the space [p, oo) were found by Mursi and Winn (1933), and by A.Macintyre 
and Wilson (1934). 

If the sequence {cn} to be interpolated satisfies the condition 



log|Cn| ^ 

hmsup < oo , 

n— voo \Zn\ 



then the interpolation problem must be considered in the class [p, oo) . In this 
case, as Leontiev (1949) proved, the free interpolation in the class [p, oo) with 
a non-integer p is possible if and only if the conditions 



limsupn|^n| ^ < oo (33) 

n—*oo 



and 



lim sup 1 I ^log 

n-^oo 



1 

\^'{Zn)\ 



< OO 



(34) 



are satisfied, where p is Weierstrass’ canonical product. Without any restric- 
tions as to the order, Leontiev (1957) completely solved this problem in the 
class [p, oo) in other terms: the necessary and sufficient condition consists in 
fulfilling (33) and 

limsup I ;3nr^ log I — r < OO , 

n— >oo IVni 



where 

»7n = n (l - 

s^n 

and the product is taken over all ^ Zn for which 




(1 - 6)\Zn\ < l^sl < (1+ S)\Zn\ . 



In a more general class [p(r), oo) the problem of free interpolation (2) under 
the condition 

log|c„|=0(|z„r(l^"D) 

was solved by Firsakova (1958) in a form similar to (33) and (34). An as- 
sociated function pi is constructed using a system of nodes satisfying the 
condition 
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limsup \zn\ < oo . (35) 

n—*oo 

If p is not an integer, then a canonical product with simple roots at points 
{zji} may be taken in the capacity of ip , while if p is an integer, then points 
{pk} are added to {zn] so that, for the union of both sets, condition (35) is 
fulfilled as well as the Lindelof condition 

This will ensure that the distance from any point of the sequence {pn] to the 
points 

jzn exp I , fc = 0, 1, . . . , 2p - 1 , 

is greater than d\zn \^~ for some d G (0,1) and \pn-\-i\ — \Pn\ > 
with k > 0. An associated function always exists, but it is not 
unique. Let {c„,}i^ be an arbitrary sequence of numbers with the restriction 
log I Cn I = An entire function of the class [p(r),oo) correspond- 

ing to {cn} and solving interpolation problem (2) exists if condition (35) is 
satisfied, and if some associated function (pi satisfies the condition 

limsup log \ ■ < oo . (36) 

n^oo 



Conditions (35) and (36) are necessary. 

By virtue of condition (36) the points {zn} cannot approach each other 
very fast as n — ► oo. In the case where the nodes can be divided into groups 
“which come close to each other not too fast” , the free interpolation problem 
should be posed with restrictions not only on the growth of {cn}i°, but also 
on the growth of divided differences constructed for values inside each group. 
Interpolation theorems of this type were obtained by Babenko (1960) and 
Leontiev (1958). 

Firsakova (1958) extended Levin’s (1940) results to the case where the 
nodes have the property of regular distribution only. She established that for 
any system of numbers {cn}i° satisfying condition (32) the function solving 
problem (2) exists if and only if 



lim 

n— >cx) 



log 7 + -H'(argz) 

[^n)\ -I 



< 0 . 



Malyutin (1980) found new criteria for the solvability of problem (2) by 
considering a distribution of unit masses at the nodes {zn}- He suggested the 
family of functions^ 



^ Here riz{t) denotes the number of points from {zn} in {C : |C — -2^1 < t} (cf. Chap. 1, 
Sect. 2 and Chap. 2, Sect. 2). 
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as the main characteristic of this distribution. Starting from Leontiev and 
Firsakova’s results, he proved that problepi (2) is solvable in the class [p, oo] 
if and only if there exists a proximate order p(r), limp(r) < p, such that 

< (log 1/a) . 

The solvability criterion of the same interpolation problem in [p, oo] is the 
condition 

/.1/2 

sup / a da < oo ^ 

Z Jo 

while in the space [p{r),H{6)], under the additional requirement that the 
distribution of the nodes be regular, the criterion has the form 

lim sup / da = 0 . 

< 5-0 z Jo 

Moreover, as an addition to Firsakova’s result, Malyutin showed that if the 
latter condition is satisfied, then there exists an interpolating function of com- 
pletely regular growth. 

In the multiple interpolation problem the numbers 

= (37) 



are given, where {zn} are all or a part of roots of an entire function (p, and 
Pn is the multiplicity of the root 

It is easy to see that in this case the interpolation data determine uniquely 
the principal part of the Laurent expansion of the function //(p at each point 





^nj 

(z - ZnY 



where 



^nj 



Pn-J 

E 

k=0 



Cn,/c+l 



k\{pn - k- j)\ 



-Uz-ZnY-^-\z)]^^-J-'^K 



Studying problem (37), it is natural to replace the generalized Lagrange se- 
ries (30) by the series 



/(^) = E 





(38) 



which can be made uniformly convergent on compacts. Here the problem is 
that of choosing polynomials hn such that the series will converge and the 
function / will belong to the required class. One of the first to solve prob- 
lem (37) was Mursi (1949); he solved it in the class [p, oo] under some special 
assumptions about the nodes. Lapin (1965) extended Leontiev’s results on the 
free interpolation in the class [p, oo) to the multiple interpolation problem. The 
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theory of multiple interpolation in spaces of entire functions described by a 
proximate order p(r), and in families of such spaces, was further developed 
by Bratishchev (1976) and Bratishchev and Korobejnik (1976 a, b). 



§5. Interpolation Techniques Based on Solving the 
5-Problem 

As we have already noted, the main technical tool for investigating prob- 
lems (2) and (37) is the application of interpolation series (30) and (38). In the 
last decade there have appeared a number of publications in which these prob- 
lems are investigated using another technique, viz. Hormander’s solution of 
the d-problem. These techniques had been used before in multi-dimensional 
complex analysis. Berndtsson (1978) and Berenstein and Taylor (1979) ap- 
plied these techniques to investigate one-dimensional interpolation problem. 
We are going to give a brief description of this method. 

The function class Ap, where we are seeking the solution to the prob- 
lem (37), is given by the inequality 

\f{z)\ < Aexp{Bp{z)) , 

where A > 0 and jB > 0 are constants depending on /, and p is a positive 
subharmonic function possessing the properties: 

i) lim p“^(2;) log |2:| < oo; 

|zHcx) 

ii) if|C-^l<i , then p{Q < Cp{z)-^-D with constants C and D independent 
of z and 

Thus the class Ap can (for some p) contain entire functions of infinite order. 

The set {zn} of nodes is assumed to constitute the set of all or some roots 
of an entire function (p G Ap. 

It is obvious that if interpolation problem (37) has a solution in the class 
Ap, then the condition 



limsupp ^(2:„)log 

\Zrt\-^00 ' J- 



< 00 



(39) 



must be satisfied. Assume that the division is possible in Ap. It means that if 
/i ^ Ap, /2 G Ap, and /1//2 is an entire function then /1//2 € Ap. If the free 
interpolation is possible in Ap, then the necessary condition 



limsupp ^(zn)log 

n-^00 



pj- 



< 00 



(40) 



is fulfilled. In order to construct a solution f £ Ap corresponding to interpo- 
lation data (37), we define the neighborhood 
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= {z eC\ \(p{z)\ < eexp{-Cp{z))} 



of the set of roots of the function (p, where e and C are positive constants. 
Under some conditions imposed on the set e.g., under condition (40), 

if e > 0 is small enough and C > 0 is sufficiently large, this neighborhood 
splits into bounded domains, each containing only one root of (p. Further, it 
may be proved that a smaller neighborhood, S{<p, e', C") C S{(p, e, C), can be 
constructed such that there exists a function x ^ 0 < x < 1? which 

equals 1 on S{p, e', C"), 0 on C \ S{p, e, C), and satisfies the inequality 



dx{z) 

dz 



< A'exp(J5'p(^)) . 



On setting 



(^n{z) = p{z)Gn 



( 



1 







we obtain the function 

oo 

= XI > 

n=l 



where the series is obviously convergent for all z e C. The function oj is 
infinitely differentiable, holomorphic on S{(p, e', C') and satisfies interpolation 
conditions (37). Here 



PWI < exp{Aip{z) + Bi), 



doj{z) 

dz 



< exp{A2p{z) + H 2 ) . 



A solution of the ^-problem is used in order to “correct” the function uj 
possessing the required properties. The function 

v{z) = € C°° , 

which equals 0 on S{p,e',C'), satisfies the inequality 



\v{z)\ < exp{A^p{z) A B^) . 

According to Hormander’s theorem, there exists a solution of the equation 

du 

dz 

belonging to and obeying the condition 



/ \u{z)\^ exp[-C2p{z)) dz Adz < 00 . 

Jc 

The function a; = x^ + satisfies the equation 
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therefore, it is an entire function. It obviously solves the interpolation problem 
and belongs to the class Ap. 

Berndtsson (1978) applied the 9-problem techniques for solving problem (2) 
in the space of entire functions satisfying the estimate 

log|/(2)| < w(|2:|) , 



where uj{t) grows and uj{t)/t decreases, while the integral 

oo 

dt 

is finite, and where the nodes are natural numbers. 

Bratishchev and Russakovskij improved the 9-techniques and studied in- 
terpolation problem (37) in spaces of the form [p{r)^H{6)] and [p(r), i7(0)), 
i.e., in the spaces described by finer characteristics of growth. Russakovskij 
(1982) considered problem (37) under the condition that {zn} is the set of 
roots of a function (p £ [p{r),H{6)] and that 



lim sup 

n— >-oo *- 



l-p(knl) 



log niax 



kfe,; 



l<J<Pn (i — 1)! 



H{a.rgZn) 



< 0 . 



(41) 



He proved that the condition 



lim sup \zn 

n — ^oo L 



-pCI^^nl) 



log niax 






lS<;n |(^(P^)(^n)| 



-hif(arg^n) < 0 , (42) 



where pn is the multiplicity of the root Zn, is sufficient and, in the case of 
the complete regularity of the growth of (/?, is necessary for the solvability of 
problem (37) in the class [p{r)^H{6)]. Grishin and Russakovskij (1985) proved 
that the free interpolation problem under condition (41) has a solution if, and 
only if, the set {zn} of nodes, with the account taken of their multiplicities, 
can be included into the set of roots of a CRG function of the class [p, H{6)], 
and the latter function must satisfy condition (42) on the set of all its roots. 

Bratishchev (1984) found a criterion of the solvability of problem (37) in 
the class [p^H{6)] under the condition that, instead of (41), the inequality 



lim sup 

n—^oo L 



log max 

l<3<Pn 



O'-l)! 



- Fi(arg Zn) 



<0 



(43) 



is satisfied, where the p-trigonometrically convex function Hi{6) is, generally 
speaking, different from H{6). The same is true for the class [p, iJ(0)) with 
the data {cnj} satisfying the strict inequality (43). 

Dragilev et al. (1974) considered the general interpolation problem 



£(xn) = Cn, n = l,2, ..., (44) 

where is a given system of elements of a locally convex space X and C 

is a linear functional on it which is to be found. Dragilev and his co-authors 
established the following duality principle: 
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If ^ is a nuclear Frechet space with a system of semi-norms P = {p} and 
E' = {c= {cnlf : 3p 6 P, sup|c„|/||a;„||p < 00} , 

n 

then the existence of a solution to interpolation problem (44) is equivalent to 
the fact that the system is a basis in the closure of its linear span. 

In a number of natural analytic situations with an explicitly described 
duality between X and X*, problems (15), (2) and (37) admit an equivalent 
formulation in the form (44), which makes it possible to state the condition 
of their solvability in terms involving the ability of the system {t^f{znt)} to 
form a basis in some analytic function spaces.^ This approach was developed 
by Korobejnik (1975). 

Korobejnik (1980, 1981) linked the solvability of problem (2) to the ex- 
istence of a nontrivial representation of the function f{z) = 0 by a series 
generated by the system {€p{znt)}. In particular, he established that if G is a 
p-convex domain with a p-supporting function k{0), if £(A) is an entire func- 
tion with the indicator H{9,C) = k{—0), and if {zn}'^ is some subset of its 
roots, then problem (2) is solvable in the class [p(r),i7(0)] if and only if the 
numbers {cn}i^ satisfy condition (32) and 

oo 

^ ^ — 0 
n=l 

for any subsequence {5n}i^ such that 

^n^p{Znt) = 0 , t £ G , 

Korobejnik (1985) stated in similar terms a criterion of solvability of prob- 
lem (2) in the class [p,Hi{6)] with Hi ^ H 2 . 

A new approach to solving problem (44) in some families of Hilbert spaces 
was suggested by Korobejnik (1978). Each problem (44) is linked with a se- 
quence of quadratic forms 

n 

E (n) 

CiCj 

with the matrix inverse to the Gram matrix \\{xi,Xj)\\fj^-^. 

The necessary and sufficient condition for the solvability of problem (44) 
is that the latter sequence be bounded as n grows. 



® The connection between problems of expanding functions into interpolation series, 
and problems of representing functions by series generated by system {f(Xkt)}, 
where Afc G C and / is an entire function, was used earlier by Gelfond (1967) and 
Leontiev (1976). As to the duality of these problems, see Sect. 6. 
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§6. The Lagrange Interpolation Process 
in Some Normed Spaces 



Kotelnikov (1933) proved a theorem that can be formulated as follows: 

Theorem. If f is an EFET whose type value does not exceed tt, and which 
belongs to the space (M) , then f is representable in the form 




(-ir/(n) 

A — n 



sinAyr , 



(45) 



where the series on the right converges to the function f in the norm of the 
space L^(E). 

This theorem, which has various applications in radiophysics and informa- 
tion theory, was later rediscovered by Shannon (see Higgins (1985)). 

It is not difficult to verify that this theorem is equivalent to the following 
Paley- Wiener theorem. 

Theorem. An EFET whose type value does not exceed tt belongs to the 
space (E) if and only if it is representable in the form 

m = ^ dt , (46) 



where g E (E) . 

Indeed, by expanding the function g from (46), we obtain 

oo 

9i*) = T] -TT < t < TT , (47) 

n=—oo 



whence, substituting this series into (46) we obtain (45). On the other hand, 
by applying the Fourier transform to both parts of the equation (45), we 
obtain (46), where g has the form (47). 

Boas and Schaeffer (1949) found a formula 



/(A) = 



sinyrA 

TT 



E (-1) 



/(n) sin^o;(A - n) 
cc;^(A — n)^+^ 






(48) 



which is close to (45) and is valid for an EFET / with 
2 a = ^(2 ’ ~ 2yr , kuj <tt — a and |/(n)| < M < 00 . 

Using this formula, it is easy to obtain the following 

Theorem (Cartwright). If an EFET is bounded by a constant M at integer 
real points, and satisfies the condition 
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2a = /i(|,/)+/i(-|,/) <27 t, 

then it is bounded by a constant K{a)M on the whole real axis. 

Some estimates of the constant K{a) were found by Schaeffer (1953) and 
S. Bernstein (1948). 

In a number of works the Cartwright theorem was extended to the case of 
non-integer nodes. In particular, Duffin and Schaeffer (1945) proved that, if 

\Zn—'^\^L< OO, inf \Zn — Zm\= d> 0 ^ (49) 

n^m 

then the Cartwright theorem remains valid if 

\f(Zn)\ < M 

with, may be, another value of K{a). Of course, in this case, K{ct) depends 
also on L and 6. Akhiezer and Levin (1952) showed that the second condition 
in (49) can be omitted if the inequality \f{zn)\ < M, which is necessary in 
this case, is supplemented with the condition of the boundness of all divided 
differences for values of / at the points {zn} up to a certain order dependent 
on L. These results are based on a generalization of (45) and (48) for the case 
of non-integer points. 

Polya and Plancherel (see Polya (1974), p. 619-697) used (45) to prove the 
following 

Theorem. If an EFET satisfies the condition 

then the conditions f G Z/^(R) and G P are equivalent. 

This result can be regarded as an extension of the Cartwright theorem from 
the space to 

Levin (1962, 1969) introduced the nodes as a set of roots of some entire 
function who behaves, in a sense, as sin crA. 

An EFET 5(A) with the type value a is called a sine-type function if it 
satisfies the following conditions: 

a) all roots {zn} of 5(A) lie inside the strip 

|9A| < a < OO ; 



b) the estimate 



0<c< <C<oo 



is valid outside a strip 



|S>A| < a + e , 



e > 0 . 
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Let us denote by the space of all EFETs whose type values do not 
exceed cr, and which belong to L^{R). 

Levin (1962, 1969) proved the following proposition. 

Theorem. Let S be a sine-type function with simple roots^ {zn} satisfying 
the condition 

inf \zn - Zfcl > 0 . 

n^k 

If f E L'^ for some p, 1 < p < oo, then {f{zn)} € cind f is representable 
by the interpolation series 



«^) = E7rr 



f{Zn) 



n=l 



(A - Zn)S'{Zn) 



5(A), 



(50) 



converging in the norm o/L^(R). Formula (50) establishes an isomorphism 
between the spaces P and Lg. 

Here the ordering of points is not essential, but, in order to be specific, we 
shall assume |2;nl < |^n+i|- 

For p = 2 this theorem is equivalent to the following theorem on a Riesz 
basis formed by exponential functions 

Theorem. Under the assumption of the previous theorem, the functional 
system forms a Riesz basis in the space L^[— cr, cr]. 

It should be noted that without additional requirements as regards the 
points, the problem of interpolation by entire function of the class is 
equivalent to the problem of finding the conditions under which the system 
of functions 



= (27Tj/„)^/^sinh ^/^27ry„, 

is a Riesz basis in the space L^[— 7r,7r]. To be precise, this system is a Riesz 
basis in L^(— 7r,7r) if and only if each function / E L^(— 7r,7r) is representable 
by series (50) converging in the norm of the space L^(R), and if the equations 

Cn = f {Zfi)aji, 72 = 1, 2, . . . , (5f ) 

define an isomorphism between and P. 

In connection with the latter theorem, it is natural to ask what are more 
wide classes of functions S for which its assertion remains valid. The first 
results in this direction were obtained by Avdonin (1974). Later, Pavlov (1979) 
proved a theorem which we present here in terms of interpolation by entire 
functions. 

Theorem. Let {zn} be the set of all roots of an EFET with type value tt of 
the Cartwright class^^ , so that 

® This assumption is made to simplify the formulation of the theorem 
^°For the definition, see Chap. 1, Sect. 2 
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s(A)=j™ n ('-£)• 

\Zn\<R ^ 

and let 

5 > 0 . 

Then each entire function of the class is representable by series (50) 
convergent in and, according to (51), this interpolation series defines 

an isomorphism between and the space of all sequences {bn} such that 
{bnCin} ^ 'If o>'^d only if the following conditions are satisfied: 

1. Carleson’s condition (C) 



infll 

k^n 






^k 



> 0 ; 



2. Muckenhoupt’s condition (A 2 ) 

sup L ^ \S{t)f 15(01“^ dt<oo 

where sup is taken over all intervals I of the real axis. 

It follows from Nikol’skij’s (1980) results that condition C and A 2 are equiv- 
alent to the assertion that (51) defines an isomorphism between the spaces 
indicated in the preceding theorem. The same problems are treated by Vino- 
gradov (1976), V. Katsnelson (1971), Hruscev (1979, 1981). 

M. Dzhrbashyan and Rafaelyan (1981) studied the interpolation at integer 
points by EFETs whose type values do not exceed tt and which have a finite 
norm 



ll/ll = (y + dxj , p>l, ujeR. 

These functions form the Banach space . Rafaelyan (1983, 1984) gen- 
eralized the results of his joint paper with M. Dzhrbashyan (1981) to more 
general sets of interpolation points. He denoted by S,^{z) an EFET satisfying 
the condition 

0 < Cl < < C2 < 00 , 

where G R. For the sake of simplicity we shall formulate the main result of 
his article (1983) only for the case where all roots of are simple. 

Theorem. Let {>2^n}?°oo of roots of the function S^, —1 < Acp+u; < 

p — 1, and let {cn} G i.e., 

00 

5 ^|c„|P(l + |n|r <00. 



Then the series 
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E 



S'A^n){z-Zn) 



(52) 



converges uniformly on each compact set and in the norm of the space to 
some EFET f of the class such that f{zn) = Cn- Formula (52) defines 

an isomorphism between and . 

M. Dzhrbashyan (1984) investigated the classes and the interpolation 
problem where the nodes are roots of a special entire function of the form 
He obtained theorems on expansions in eigenfunctions of a boundary problem 
for an operator with fractional-order derivatives. 

Levin and Lyubarskij (1975) considered a space of EFETs, which is 
more general than the space Lg. The norm in the space is defined by an 
arbitrary bounded convex set D and by its support function h: 



poo 

\\f\\P= sup / \f{re^^)\Pe-P^^^^Ur, 1< p < oo . 

0<e<2n Jo 



If D is a segment of the imaginary axis [—in, in], then this space coincides 
with L'P. Levin and Lyubarskij defined the class Sd of EFETs, which plays 
the same role as sine- type functions in the space Lg. In the case where D is a 
convex polygon, they introduced the notion of the D/^-star. For each K > 0, 
let us define semi-strips 

HjiK) = {A : > 0; |3?Ae-*®^ I < AT} , 



where Oi, . . . ,6n determine normals to the sides of the polygon, and set 



DK = {j HiiK) . 

i=l 

The class is the class of all EFETs for which the inequality 
0<c< |5(A)e-"(^)| <C<oo 



is fulfilled for A 0 Dk and H{\) = |A|/i(argA) with some positive constants 
c, C and K (depending on the function S). 

An example of a function from the cleiss 5^ is given by 

5(A) = [ e^^da{t), 

JdD* 

where D* is the mirror reflection of the polygon D in the real axis, and the 
measure a has concentrated masses in all vertices of D*. 

If 5 G and its roots {zk} satisfy the condition inf/c^n \zk — Zn\ > 0, then, 
as proved by Levin and Lyubarskij, each function / G is representable by 
series (50) convergent in the norm of The operator 

T[f] = , 
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is an isomorphism between the spaces and P. For p = 2 this assertion 
is equivalent to the statement that the functional system is a 

Riesz basis in the Smirnov space E 2 {D*). 

The obvious analogue of the class Sd of sine- type entire functions, when 
L) is a convex domain whose boundary curvature K satisfies the condition 
0<c<RT<C<oo, was described by Lyubarskij and Sodin (1986). 

An EFET S belongs to the class Sd if- 
(1) its roots Xn are simple, 

inf |Afc-A„||Afc|-i/2>0; 



(2) for all e > 0 the relation 

|5(A)|exp(-ilD(A))xl 

holds, where Hd{X) = /i(argA)|A| and h{6) is the support function of the 
domain D. 

For each domain D whose boundary curvature K satisfies the above-stated 
restriction, Lyubarskij and Sodin constructed examples of functions belonging 
to the class Sd- Lyubarskij introduced the corresponding domains D of the 
EFET space ^ with the norm 

ll^llD.a = |J^'(A)|exp(-2^fc(A))|Ap“-i/2da;(A), a e M . 

The Lagrange series (50), whose nodes are roots of a function 5 G is 
related to each function E G Generally speaking, this series does not 

converge in the norm of the space L‘jj If \a\ < 1/2, then it converges to the 
function .7^ in a weaker norm of the space a-il4^ ^ method of summing 
exists for which series (50) converges to the function E in the norm || • ||D,a‘ 



E{z) 




HZn)S{z) 
S'{Zn){z - Zn) 



where a G C^[0, oo), a{x) = 1 for x G [0, 1), and cr(x) = 0 for x > 2. 

These theorems correspond to theorems on representability of functions of 
Smirnov’s class E 2 {D*) by series of exponential functions. 
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Chapter 5 

Distribution of Values of Meromorphic Functions 

§1. Main Nevanlinna Theorems. Nevanlinna Deficient 
Values and Deficient Functions 



The theory of value distributions derives from the famous Picard theorem 
dated back to 1879: any transcendental meromorphic function / has an infinite 
number of a-points for all a G C, except at most two values of a. 

If there is a finite number of a-points, then a is said to be a Picard ex- 
ceptional valuer the set of such a’s will be denoted by Ep{f). More pro- 
found investigations revealed that, for an overwhelming majority of a, a- 
points occur with about the same frequency. In order to give a precise quan- 
titative meaning to this qualitative statement, let us introduce some quan- 
tities. Let n(r, a) = n(r, a, /) be the number of a-points of a function /, 
which are counted allowing for their orders, and which lie in the disk 
let n(r, a) be the same number disregarding the order of the a-point, and let 
m{r^a) = n(r, a) — n(r,a). Let dcj(a) be an area element on the Riemann 
sphere. Then 

S{r, f) = 

is the area of the Riemann surface Fr = f{Dr) measured in the spherical 
metric, and A(r, f) — 5(r, /)/7 t is the average number of sheets for Fr. There 
are reasons that often make it more convenient to use the integral average of 
the number of a-points 

N[r.a,f)= r "(*'‘‘)-"("; .^ > -rf< + n(0,»)logr. 

JO t 



The functions Ar(r, a, /), 7Vi(r, a, /) are constructed in a similar manner. If 
{zj} is the sequence of a-points of /, then N{r, a, /) can also be written as 



N(r, a,f)= ^ log+ + n(0, a) logr . 



The quantity 



T{r, /) = 1 Jj_ N{r, a, f) dw{a) = j A{t, f)j = 

‘H f//e 



( 1 ) 



Riemann surfaces will be everywhere understood in the Stoilov (1958) sense of 
the term 




100 



A. A. Gol’dberg, B.Ya. Levin, I.V. Ostrovskii 



is called the Nevanlinna characteristic of the function f (in a somewhat dif- 
ferent form it was introduced by R. Nevanlinna in 1925; Shimizu and Ahlfors 
introduced it in the form (1) in 1929). The quantity T(r, /) characterizes the 
growth of the average number of a-points of a function / in Dr as r grows, 
or, which is the same, the mean number of sheets Fr. For a rational function 
of degree g, the relations 

T{r,f) = qlogr + 0{1) , r ^ oo , 

hold. For transcendental meromorphic functions we have logr = o(T(r, /)). 
The order, type value, type, class of convergence or divergence of a meromor- 
phic function / are defined using T(r, /). 

The main quantity that measures how close a function / is to oo on the 
circumference Cr is the Nevanlinna proximity function 

m{r, f) = m{r, oo, /) = - / log+ |/(r’e®‘^)| d(p = 

7T Jo 

= J log C [0, 27r]| . 

The quantity 

mir, a, /) = m(r, (/ - a)“^) 

measures how close the function / approaches the value a G C. 

Along with the metric Li(0, 27 t), another metric Loo(0, 27 t) is used: 

L{r, a, f) ^log^ M{r,{f - a€C, 

L(r, 00 , /) = log+ M(r, /) . 

It is remarkable that the characteristic T(r, /) describes not only the average 
number of a-points in Dr- The characteristic can be expressed via an integral 
over dDr = Cr- Let f = gi/ 92 , where gi and 92 are entire functions without 
common zeros. In 1929 H. Cart an proved the formula 

= max{log|5i(re*‘^)|,log|32(re*‘^)|}d¥’ + 0(l). (2) 

In particular, if / is an entire function, then / = //I, and this formula 
yields T(r, /) = m(r, /) -f 0(1) (according to the original definition of the 
characteristic we have T(r, /) = m(r, /)). 

In 1925 R. Nevanlinna proved two main theorems of the theory of value 
distribution, thus laying the foundation of the elegant theory of meromorphic 
functions, which, in particular, brought together already existing separate 
concepts. The first main theorem of this theory asserts that, for an individual 
a € C, the quantity A/’(r, a, /) can deviate significantly from the mean value 
T(r, /) only by being smaller; m.oreover, the difference T(r, /) - iV(r, /) tells 
us how close / is to a on Cr- 
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The First Main Theorem. For all a eC we have 

m(r, a, /) + N{r, a, f) = T{r, f) + 0(1) . (3) 

The second main theorem shows that, while T(r, /) majorizes AT(r, a) for 
each a, the sum of N{r, a) for three or more values of a majorizes T(r, /). To 
state this theorem in a precise form, we shall introduce some new notations. 
Let 



(r) = ^ Ni{r, a, f) = N{r, 0, f) + 2N{r, oo, /) - N{r, oo, f) . 

aeC 

The quantity N( (r) is constructed from n{(r) in the same way as iV(r, a) 
from n(r, a), where 

equals the sum of orders of ramification points on the Riemann surface 
By Q(r, /) we shall denote any function on R+ such that Q(r, /) = o(T(r, /)); 
here if / is a function of infinite order, then we may omit a set of finite measure 
in passing to the limit. 

The Second Main Theorem. If {ai, . . . , a^} C C, then 

^ m(r, aj , f) + N( (r) < 2T{r, f) + Q(r, /) . (4) 

J = 1 

Using (3), one can rewrite (4) in the equivalent form: 

(q - 2)T(r, /) < ^ N{r, aj, f) - N( (r) + Q{r, f) . (5) 

Applying (5) with ^ = 3, it is easy to obtain both the above-stated Picard 
theorem and a stronger Borel (1897b) theorem: 

Theorem. For any transcendental meromorphic function f the quantities 
n{r^a,f) have the same growth category as f (i.e., the same as T{r^f)) for 
all a G C, except at most two values of a. 

If the growth category of n(r, a, /) is lower than the growth category of /, 
then a is called a Borel exceptional value; the set of such a’s will be denoted 
by Fb(/). Obviously, Ep{f) c Fb(/). 

The introduction of the characteristic T(r, /) made it possible to define 
other quantities that characterize abnormal behavior of a-points in terms of 
the ratio AT(r, a)/T(r, /), and not by comparing the growth category N{r,a) 
and T{r^a). These new characteristics are the Nevanlinna deficiency 
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(5(a, /) = liminf 

r— +00 



m{r, a, f) 
T{r,f) 



= 1 — lim sup 

r— >■00 



N{r,a,f) 

T{r,f) 



and the Valiron deficiency 



A{a, f) = lim sup 

r— +-00 



mjr, a, f) 
T(rJ) 



= 1 — lim inf 

r-^00 



Njr, a, f) 
T{r,f) • 



It follows from (3) that 0 < 6{a, f) < A{a, f) < 1. If 6{a, /) > 0 or A{a, f) > 
0, then a is said to be a Nevanlinna exceptional value or a Valiron exceptional 
value, respectively, and the corresponding sets are denoted by Ejsf(f) and 
Ey{f). Nevanlinna exceptional values are sometimes called deficient values. 
The following inclusions hold: 



Ep{f) C Esif) C Evif) ; 
Ep{f) c EM c Evif) . 



In the general case, neither Esif) C Ejsfif) nor £'iv(/) C Esif) can be 
guaranteed as proved by Valiron in 1933. 

The quantity 



e(a, /) = liminf 

r— >-oo 



Niir,a,f) 

T(r,f) 



characterizes the existence of multiple a-points and is called the ramification 
index of the function f at the point a. It follows from the first main theorem 
that for any a G C 

0<6{a,f) + e{a,f) <1 . (6) 

From the second main theorem it follows that 



^{^(a,/) + e(a,/)}<2. (7) 

(xec 



Inequality (7) is called the deficiency relation, and it is one of the pivotal 
results of Nevanlinna’s theory of value distribution of meromorphic functions. 
In particular, it follows from (7) that the set 

{a G C : 6{a, f) + e{a, f) > 0} 



is at most countable. 

The seventy-year-old theory of value distribution has shown that, for the 
whole class of transcendental meromorphic functions, relations (3), (4), (6), 
(7) cannot be refined or substantially supplemented (though the founder of 
the theory, R. Nevanlinna, sometimes conjectured the contrary), but in broad 
and important subclasses substantial improvements can be obtained. 

In the proof of the second main theorem, as given by R. Nevanlinna himself, 
a key role is played by the 




I. Entire and Meromorphic Functions 



103 



Lemma on the Logarithmic Derivative. 

j) =Q{r,f) . 

This lemma is a highly significant result, having great importance in itself, 
especially in the analytic theory of differential equations. A number of studies 
were devoted to refining the estimate in the lemma on the logarithmic deriva- 
tive. The most precise and, in a sense, unimprovable estimate was obtained 
by Gol’dberg and Grinshtejn (1976): if f{0) = 1 and k > 1, then 

-log U-l r 1+°' 

It follows from the definition of Q(r, /) that, in the clatss of meromorphic 
functions / of infinite order, it is impossible to assert anything about Q(r, /) 
on some set of r’s of finite measure. Hayman proved that this disadvantage 
cannot be improved either in the lemma on logarithmic derivative (proven in 
1965) or in the second main theorem (see Hayman (1972)). 

For a long time it was an open question whether inequality (5) (for the 
sake of simplicity without the term N[ (r) in the LHS) holds if, together with 
the constants from C, aj also include meromorphic functions such that 

T{r,aj) = o(T(r,/)) , m{r,aj,f) = m{r,{f - aj)~^) . 

R. Nevanlinna (1929) proved it for g = 3, and Chuang Chi-tai (1964) proved 
it for any q and entire /. This improved version of the second main theo- 
rem was first proved by Osgood (1985) by number-theoretic methods. Soon 
afterwards Steinmetz (1986) gave a simple function-theoretic proof. If a is a 
meromorphic function such that T(r, a) = Q(r, /), then its deficiencies 5(a, /) 
and A{a, f) are defined exactly as for numbers, and if 6{a,f) > 0, then a is 
called a deficient function. It follows from the Nevanlinna-Steinmetz theorem 
that, for a given meromorphic function, the set of deficient functions is at 
most countable and X^S(a, f) < 2, where summation is over all the deficient 
functions a for /, including those which are constant. Deficient functions were 
systematically studied by Chinese mathematicians; their results are reviewed 
in a survey by Chuang Chi-tai and Yang Lo (1985). 

The inequality in the second main theorem was generalized in various di- 
rections, using derivatives. Here are typical generalizations of inequality (4) 
with q = S. Let a, 6, c € C, 5c ^ 0, 6 ^ c, then 

1) T(r, /) < N(r, f) + N{r, a, f) + N(r, b, /<'=)) + Q{r, f) , 

2) T(r, /) < N{r, a, f) + N{r, b, /('')) + N{r, c, /('=)) + Q{r, f) , 

3) T{r,f)<(l + ^)N{r,a,f)+ 

+ (l + l)iV(r,6,/W) + Q(r,/). 
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The inequality 1) was proved by Milloux in 1940, the inequality 2) by Hiong 
King-Lai in 1956, and the inequality 3) by Hua Xin-hou (1990) and Yang Lo 
(1991). The last inequality was proved by Hayman in 1959 with bigger factors 
in front of N. 



§2. Inverse Problems of Value Distribution Theory 

The so-called inverse problem of value distribution theory consists in finding 
a meromorphic function possessing a given distribution of deficiencies and 
indices. In the general form, the inverse problem is stated as follows: 

Let {ak} be a given finite or infinite sequence from C, and let non-negative 
numbers 6k and Ck correspond to each point ak such that 

0 < 6k + €k < + ^k} ^ 2 . 

k 

A meromorphic function f must be found such that 6{ak, f) = 6k, ^{ok, f) = ^k 
for all k, and if a ^ {dk}, then 6(a, /) = e(a, /) = 0. 

Of the greatest interest is the study of the distribution of deficiencies. Thus 
a narrow” inverse problem is posed which differs from the general one in that 
no restrictions are imposed on the indices. It is possible to look for a solution 
to the inverse problem among meromorphic functions from some class 1C. Then 
the inverse problem is said to be solved in the class 1C. 

In 1974 Drasin completely solved the inverse problem of the value distribu- 
tion theory (for the detailed presentation, see Drasin (1977)). This completed 
investigations by many mathematicians (R. Nevanlinna (1932); see also pa- 
pers by Ullrich of 1936, Le Van Thiem of 1949, Gol’dberg of 1954, Huckemann 
of 1956). It is especially worth noting that W. Fuchs and Hayman (1962) had 
solved the so-called “narrow” inverse problem in the class of entire functions. 

The solution of the inverse problem shows that (6) and (7) are the only 
relations linking deficiencies and indices, and valid for all meromorphic func- 
tions. 

The situation is quite different if we confine ourselves to functions of fi- 
nite order. In this case relations (9) and (7) can be supplemented by other 
important relations. As early as 1929 F. Nevanlinna formulated the following 
conjecture: if the order p of a meromorphic function is finite, and 

^6{a,f) = 2, 
ciGC 

then 2p G N\{1}, the number of deficiencies is finite, and for each a G Ejs[{f) 
we have p6{a, f) G N. This conjecture was proved by Drasin (1987).^^ 

Drasin ’s proof is one of the longest and most complicated in the theory of mero- 
morphic functions. Eremenko in 1989 found a shorter and simpler proof based on 
the potential theory, see also Eremenko (1994). 
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Thus, if J2k = 2 in the inverse problem, then its solution can be sought 
only if the number of terms is finite and all 6k are rational numbers. Under 
such restrictions the inverse problem was solved by R. Nevanlinna (1932). 

We would like to remark that for entire functions of finite order F. Nevan- 
linna’s conjecture was proved as early as 1946 by Pfiuger. 

We shall now assume that < 2. The inverse problem was solved by 

Gol’dberg in 1954 under the additional condition that the number of the 
deficiencies is finite. He used idea^ from earlier works by Ullrich of 1936 and 
Le Van Thiem of 1949. 

For meromorphic functions of finite order (and, more generally, for mero- 
morphic functions of finite lower order), together with relation (7), another 
condition: 

< oo (8) 

aec 

is fulfilled. This was proved by Weitsman (1972). A relation of type (8), but 
with an exponent 1/2, was first proved by W. Fuchs in 1958 and with an 
exponent 1/3 + e, e > 0, by Hayman (1964), who also proved that, with an 
exponent equal to 1/3 — e, series (8) can diverge. Thus, when solving the 
inverse problem in the class of meromorphic functions of finite order, the con- 
dition < oo must be added. Eremenko (1986) proved that, under the 

additional restriction max{6k} < 1, the “narrow” inverse problem is solvable 
in the class of meromorphic functions of finite order (without restrictions on 
the magnitude of the order). The condition max{6fc} < 1 seems to be essen- 
tial. Indeed, let 5(oo,/) = 1. Such functions are, in a sense, close to entire 
functions, and for entire functions of finite order Lewis and Wu have recently 
proved the existence of a small absolute constant ry > 0 such that 

<iGC 

This confirms the plausibility of Arakelyan’s conjecture of 1966 that 

^ {log(l/5(a,/))}“^ <oo. 

aeC 

But Eremenko (1992) proved that this conjecture is not true. He conjectured 
simultaneously that it will hold if the power —1 is changed to where r/ 

is any positive number. The inverse problem in the class of entire functions of 
finite-order has been solved only in the case where a finite number of deficient 
values is given, i.e., in a particular case of the above-mentioned Gol’dberg 
solution (proven by Gol’dberg in 1954). Moreover, the question of the structure 
of the set EN{f) for entire functions of finite order p hsis been clarified only 
recently. If p < 1/2, then we have E^if) = {oo}, and if 1/2 < p < oo, 
then, as Arakelyan (1966) showed, for any at most countable set E, such that 
oo £ E C C ^ there exists an entire function / of order p such that E C £'iv(/)- 
Arakelyan’s (1966,1968,1979) results disproved the well-known R. Nevanlinna 




106 



A. A. Gol’dberg, B.Ya. Levin, I.V. Ostrovskii 



conjecture that the set £^tv(/) is finite for entire functions / of finite order. 
Recently, Eremenko (1987) has improved this result by proving the existence 
of an entire function / of order p with Ejsf{f) = E. 

The following should be noted. The first example of a meromorphic func- 
tion with an infinite set £'iv(/) was constructed as late as 1954 by Gol’dberg, 
who showed (see also his paper of 1959) that, for any p and at most count- 
able set E € C, there exists a meromorphic function / with Ej^{f) = E, 
Gol’dberg’s examples, especially in Hayman’s (1964) version, are very simple. 
Contrariwise, Arakelyan’s and Eremenko’s examples, constructed by sophis- 
ticated methods of approximation theory and potential theory, are profound 
and complicated. Even the solution of the narrow inverse problem in the class 
of entire functions of finite order (which is the principal unsolved problem 
among inverse problems of the value distribution theory) would seem to in- 
volve overcoming significant difficulties, and will require new ideas. 



§3. The Ahlfors Theory 

Both main theorems of value distribution theory were first proved by 
R. Nevanlinna, who used purely analytic methods. Later R. and F. Nevanlinna 
and Ahlfors had recourse to methods of potential theory. 

A principally new geometric approach to the main theorems of value dis- 
tribution is contained in the paper by Ahlfors of 1935, where the theory of 
covering Riemann surfaces was developed. On the Riemann sphere a Riema- 
nian metric was considered which satisfies rather weak requirement. In fact, in 
addition to trivial restrictions, a weak variant of the isoperimetric inequality 
is required locally. This generality is important when maps more general than 
conformal ones are considered, but here we shall assume that standard spher- 
ical metric is given on the sphere, that the Riemann surface F is the image 
of C under mapping by a meromorphic function /, and that the exhaustion 
of F is done, as before, by Riemann surfaces Fr = f{Dr). By L{r, f) we shall 
denote the length of the boundary of Fr measured in the spherical metric. 

Let D he a. Jordan domain on the sphere, let Jo{D) be the area of D, and 
let 

A{r, D, f) = {Jo{D)}~^ n(r, a, /) cL>(a) 

be a mean number of sheets Fr over D. The first main theorem in the Ahlfors 
theory has the form 



\A{r, f) - A{r, D,f)\< hL{r, /) , 

where hy h = h{D), here and below, we shall denote positive constants, inde- 
pendent of r and / but dependent on D. In order to facilitate the comparison 
of this theorem with the first main theorem, we shall introduce some new 
notions. Let {Gj} be a set of connected components of an open set f~^{D). If 
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Gj C Dr, then f{Gj) C Fr is called an island. If Gj C\ Dr ^ but Gj Dr, 
then f{Gj) C F is called a peninsula. The number of sheets of an island f{Gj) 
is called its order, while this number minus 1 is called the island's multiplicity. 
The sum of the orders of all the islands will be denoted by n{r,D,f), while 
the sum of the multiplicities will be denoted by ni{r,D, f). The quantity 

A{r,D,f) -n{r,D,f) > 0 

will be denoted by m{r, D, /). This notation, resembling m{r, a, f), is adopted 
because the contribution to m{r, D, f ) is made by peninsulas only, as they also 
contribute to m(r, a, f) when 



D = {w : \w — a\ < 1} , a ^ oo , 

or when _ 

D = {w e C : \w\ > 1}, a = oo . 

In such notations the first main theorem of Ahlfors can be rewritten as follows: 

n(r,D,f)+m{r,D,f)=A{r,f) + 0{L{r,f)), r -mx) . (9) 

li Di, ..., Dq is a. system of g > 3 Jordan domains on the Riemann sphere 
whose closure do not intersect pairwise, then 

Q Q 

{q - 2)A{r, f) ~ 53 

j=i j=i 

This relation, similar to (5), is called the second main theorem of Ahlfors. 
Relation (10) is valid also if the domains Dj are replaced by points: 

Q Q 

{q-2)A{r,f) < ^ n(r, a^, /) - ^ ni(r, Oj, /) + /iL(r, /) . (11) 

j=i j=i 

Ahlfors showed that 

L{r,f) < {A(r,/)}V2+e 



for any e > 0 outside a set of r’s of finite logarithmic measure. If we introduce 
deficiencies and indices in the sense of Shimizu- Ahlfors as 



6s(D,f) = 1 -limsup 
es{D,f) = liminf 



n{r,D,f) 

Mr, f) 

ni{r,D,f) 



As{D,f) = 1 - liminf 



A{r,f) ’ 
n{r,D,f) 



A{r, f) 



and if we similarly define 6s{a,f), es(a,f), As{a,f), it is possible to obtain 
the deficiency relations in the form 
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J2mDj,f) + esiDjJ)}<2, 


(12) 




{Dj} 






'^{Ss{a, /) + €s{a, /)} < 2 , 


(13) 



oGC 



where {Dj} is an arbitrary system of pairwise non-intersecting Jordan do- 
mains in C. A relation very close to relations (11) and, which follows from 
it, inequality (13), were obtained by Shimizu (1929 a, b), starting from (5). 
Incidentally, relation (13) obviously follows from (7), since 

f) < f) , es{a, f) < e(a, /) . 

Thus, relation (13) can be obtained without resorting to the theory of Riemann 
surfaces. The Ahlfors method, however, clearly demonstrates the topological 
nature of the main relations of the value distribution theory, and shows, in 
particular, that the number 2 appearing in (7), (12), (13), in the Picard and 
Borel theorems is the Euler characteristic of a sphere. 

Contrary to a common opinion (see, for example Nevanlinna (1953)) Wille 
(1957) demonstrated that one can derive (5) by integration from (11) where 
L(r, /) is replaced by o(A(r, /)) with exceptional intervals, though an excep- 
tional set in (5) will be of finite logarithmic measure. Dinghas in 1939 (see 
Stoilow (1958), Chap. X, Sect. 2) and then Miles (1969) overcame this dif- 
ficulty and derived (5) directly from (11). If 0(L(r, /)) is replaced in (9) by 
o(A(r, /)) with exceptional intervals, then, because of the latter, one cannot 
obtain an analog of (6). Moreover, examples were constructed of an entire 
function / such that for all a G C we have 6s{a,f) = — oo, As{a,f) = 1, 
(Gol’dberg (1978)), and of a meromorphic function / such that the same is 
true for all a G C (Gol’dberg and Zabolotskij (1983b)). Thus, the similarity 
between 6{a^f) and 6s{a,f) and, as we shall see later in Sect. 4, between 
A{a,f) and As{a, f) does not extend very far. 

In terms of geometric characteristics of the surface F it is possible to state 
the conditions under which there must be equalities in (5), (10) and (11) 
(in (10) and (11) with h = 0(1), but not with h = const). The simplest of 
the conditions is the following (Teichmiiller in 1937, Ahlfors (1935)): F is a 
non-ramified covering of C \ {ai, . . . , a^} or of C \ Uj=i respectively (see 
Wittich (1955), Chap. 4; R. Nevanlinna (1953)). 

As we have remarked, it is possible to pass from (10) to (11), i.e., from 
domains to points. In (9) this is impossible since the definition of m(r, O, /) 
becomes meaningless when D contracts to a point. Nevertheless Barsegyan 
(1977) obtained a “point” analog of the Ahlfors first main theorem. Let us 
consider the part of the boundary dFr lying over the disk {w : \w\ > 1}. Let 
us denote the connected components of this set by 7^ . Let 

j 
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v{r,a,f) = u{r,oo,{f - a) ^) . 

Then, for any a € C we have 

I'ir, a, f) + n(r, a, /) = A{r, f) + 0{L(r)) . 

This enables us to rewrite (11) in the form 
Q q 

^ i/(r, Uj, /) + 51 /) ^ 2A(r, /) + hL{r, f) , 

j=i j=i 

which is similar to (4). 

Ahlfors (1937) showed that it is possible to arrive at R. Nevanlinna’s sec- 
ond main theorem by using methods of differential geometry, in particular, 
the Gauss-Bonnet formula, well-known in the theory of surfaces. This new 
geometric approach, though of methodical significance, did not result in sub- 
stantially new facts in the classic theory of meromorphic functions. However, 
this work executed a dominant influence on Ahlfors’ work (1941) on the theory 
of meromorphic curves and, via this work, on the multi-dimensional general- 
izations of the Nevanlinna theory (see Griffiths and King (1973), Wu Hung-Hsi 
(1970), where the differential-geometry viewpoint prevails.) 



§4. Valiron Deficiencies 

The set Ey{f), though it must not be countable (as proven by Valiron 
in 1919), is nevertheless exceptional, for it has the zero capacity. This was 
shown by R. Nevanlinna in 1936 (we formulate this, using a later result by 
Choquet, who proved the capacitability ) , improving previous results by Val- 
iron of 1926, Littlewood of 1930, Ahlfors of 1931. On the other hand, Hayman 
(1972) showed that, for any set E of the class of capacity zero, there exists 
an entire function / such that Zi(a, /) = 1 for all a e E. 

The relation a 0 Ey{f) is equivalent to m(r, a, /) = o((T(r, /)). The ques- 
tion naturally arises how large m(r, a, /) can be. R. Nevanlinna and the above- 
listed authors showed that the set 

^ / .X r r log m(r, a,/) 

for ?7 > 1/2 has the zero capacity. It is obvious that Ey{f) c Grj{f). Let 

F^ = {a: >r/-i}, 0 < »? < 2 . 

Then Frj has the Hausdorff ry-dimensional measure equal to zero. It may be 
expected that all these estimates are unimprovable, in particular, F 1/2 can 
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have a positive capacity. In any case, such unimprovability has been proved 
for functions meromorphic in the unit disk (Hayman (1972)). 

It follows from the results of R. Nevanlinna and Frostman of 1936 (see 
Drasin and Weitsman (1971)) that the set 

A{f) = {a G C : m(r, a, /) — > oo as r — > oo} 

is of zero capacity. On the other hand, for any p > \j2 and a set A C C of 
zero capacity, there exists an entire function / of order p such that A C A{f) 
(Drasin and Weitsman (1971)), and meromorphic function / with A(f) D A 
may be chosen, with the only restriction that log^r = o{T{r,f)) (Eremenko 
(1978)). 

The description of the set Ey{f) for meromorphic functions of finite order 
can be made more precise. The set C C is said to belong to the class H{k), 
A: > 0, if there exists an infinite sequence {%}, aj G C, such that 

oo oo 

Ec Pi IJ : \z-aj\< exp(- exp(jfc))} . 

n—1 j=n 

Hyllengren (1970) showed that for every meromorphic function / of finite 
order, and for any x > 0, there exists k — k{x) > 0 such that 

{aGC: A{aJ)>x}eH{k), 

and vice versa, for any E G H{k) there exists a meromorphic function / of 
finite order and x = x(/c) > 0 such that 

E C {a eC: A{aJ) > x} . 

Hyllengren’s result implies that, for any meromorphic function / of finite 
order, we have 

(jj 

EvU) ^ U ’ a; < oo , 

j=i 

where Ej G H{kj) for some kj > 0. Conversely, let 

(jj 

E = \^ Ej ^ a; < oo , Ej £ H{kj) , 

j=zl 

Savchuk in 1989 proved that there exists a meromorphic function / of finite 
order such that E C Ev{f)> As Hyllengren remarked, sets from any class 
H{k) have the zero capacity, but not every set of zero capacity belongs to 
some class H{k). The difference between a possible size of Ey{f) for arbitrary 
meromorphic functions and functions of finite order becomes more noticeable 
if we use the Hausdorff measure. Generally speaking, for any t] > 0 the set 
Ey{f) \ {oo} can be covered with infinite multiplicity by a sequence of disks 
of radii Vj such that 
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and, in the case of functions of finite order, such that 
^{log+log+(l)} ' "<00. 

In the both cases, the covering is not always possible if 77 is negative. We 
should also point out that in Hyllengren’s examples the functions are, in fact, 
entire. 

§5. Exceptional Values in the Sense of Petrenko 

For the value distribution theory the main question concerns the distribu- 
tion of points at which a meromorphic function assumes different values. By 
virtue of R. Nevanlinna’s first main theorem, another question is answered 
automatically: namely, how a function approaches different values? This can 
be measured in various metrics. For this purpose Nevanlinna’s theory uses the 
quantity m(r, a,/). Petrenko, in a cycle of works started in 1969 (Petrenko 
1969, 1970), used the quantity L(r, a, /). He introduced the quantity 

/?(a, /) = liminf , 

T(r, f) 

which he called deviation of f relative to the number a. If /?(a, /) > 0, then 
a is called exceptional value in the sense of Petrenko^ and the set of such 
values is denoted as En{f)' Obviously, E^if) C En{f)- Studies carried out 
by Petrenko showed that the properties of En{f) are closer to those of EN{f) 
for functions of finite lower order, and to the properties of Ey{f) for functions 
of infinite lower order. For any function /, the capacity of the set En{f) equals 
zero, which justifies the term “exceptional value”. For functions of infinite 
lower order, Ejj{f) can have the cardinality of continuum; moreover, even 
the set En \ Ey{f) and the set {a : /3{a,f) = 00 } can have this cardinality. 
Inevitably, En{f) C Ey{f) for functions of finite lower order, and the set 
En{f) is at most countable (Petrenko (1978)). As Eremenko (1983) showed, 
for functions of finite lower order, we have 

< 00 . (14) 

aGC 

Prior to this, Petrenko proved the convergence of the series with an exponent 
1/2 -h e (e > 0 ), and showed that the series can diverge with the exponent 
1 / 2 -e. 

Eremenko (1986) showed that deviations of meromorphic functions of finite 
order are not subject to any general restrictions except (14). He solved the 
following analog of the inverse problem. Let 
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0</3j<oo, l<j<w, L 0 <oo, {aj}^=iCC, 

3 

then there exists a meromorphic function of finite order such that 

En{f) = = 

Grishin in 1975 was the first to construct an example of a meromorphic 
function of given finite order with /3(0, /) > 5(0, /) = 0; Gol’dberg, Eremenko 
and Sodin (1987) constructed a similar example of an entire function of order 
p, 1/2 < p < oo. They also gave a full description of the pair of sets Eat(j0? 
Enif) for meromorphic functions of given positive order: if Ei C E 2 C C, 
and if E 2 is at most countable, then there exists a meromorphic function / of 
order p such that Ejsf{f) = E\ and En{f) = -£’ 2 - 

For meromorphic functions of infinite lower order, as we have remarked, 
A{a^f) = 0 does not imply, generally speaking, that /3{a, f) = 0. Petrenko 
showed, however, that this implication follows from a somewhat stronger con- 
dition 

m(r, a, /) = 0(T(r, /) log-^"^ T(r, /)) 

for some e > 0. Petrenko’s result, namely, that the set En{f) is at most 
countable, cannot be improved for the functions of finite lower order to permit 
the comparison of L(r,a, /) with T"(r, /), a < 1, since an example of a 
meromorphic function of any positive order can be constructed, for which the 
set 

{a € C : T“(r, /) = 0{L{r, a, /)), r ^ 00 } 
has the cardinality of continuum (Petrenko (1969, 1970)). 



§6. Asymptotic Curves and Asymptotic Values 

How close a meromorphic function comes to a value a can be studied not 
only by means of the quantities m(r, a, /) and L(r, a, /) (or by means of other 
metrics as was actually done). The problem of approaching a has topological 
aspects as well. Questions related to asymptotic curves present the greyest 
interest. A curve E C C tending to oo, and such that f{z) ^ a G C as 
2 : oo, z G T, is called an asymptotic curve, while the number a is called the 

asymptotic value of the function /. 

One of the reasons for the interest in studying asymptotic curves was 
the fact that if by means of some naturally introduced equivalence relation 
(Gol’dberg and Ostrovskii (1970), p.223), to form classes of asymptotic curves 
(also called asymptotic spots or asymptotic tracts), then these classes are in 
a bijective correspondence with transcendental critical points of the inverse 
function (R. Nevanlinna (1953)) or, which is the same, with transcenden- 
tal critical points of the Riemann surface of /~^. The set of asymptotic values 
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of a function / will be denoted by As(/). Heins in 1952 gave a full description 
of the sets As(/): an entire function / exists for some M C C, oo G M, such 
that As(/) = M if and only if M is an analytic (Souslin) set. The necessity 
of this condition was established earlier, in 1931, by Mazur kiewicz. For mero- 
morphic functions of finite order p there is no such comprehensive description. 
Eremenko (1978) showed, however, that for any p, 0 < p < oo, there exists 
a meromorphic function / of order p such that As(/) = C. There exists a 
meromorphic function / with this property, for which 

T(r, /) = 0((/?(r) log^ r) (15) 

where p is an arbitrary function monotonically tending to +oo as r ^ oo. On 
the other hand, in 1935 Valiron proved that the equation 

T(r,/) = 0(logV) (16) 

implies that card As(/) < 1. Tumura in 1943 proved that for this implication 
T(rj, /) = 0(log^ rj), ^ oo, is sufficient. 

The case of entire functions of finite lower order A is quite different. Here 
the famous Denjoy- Carleman-Ahlfors theorem dated back to 1929 holds: 
cardAs(/) < [2 A] + 1, (where the equality is possible). Heins (1948) sup- 
plemented this theorem with the following statement: if card As(/) = p + 1 
and if ^ o{T{r,f)), then the order of / equals p/2. One conjecture on 
the possibility of generalizing the Denjoy- Carleman-Ahlfors theorem has not 
been proved: if / is an entire function of finite lower order A, and if ai, . . . , Up 
are entire functions of order smaller than 1/2 such that f{z) — aj{z) — ^ 0 as 
z ^ oo along a curve Fj, 1 < j < p, then p < [2A] (the Denjoy-Carleman- 
Ahlfors theorem corresponds to the case Oj = const). The most success in 
proving this conjecture was achieved by Fenton (1983). He proved it on the 
condition that the orders of Oj are smaller than 1/4. 

It is very interesting to elucidate the connection between the set As(/) 
and various sets of exceptional values. The first achievement in this direc- 
tion was the Iversen theorem of 1914: Ep{f) C As(/). It is easy to see 
that Ey{f) C As(/) does not always hold. Valiron in 1933 showed that 
Esif) C As(/) also does not always hold. R. Nevanlinna’s conjecture that 
En C As(/) seemed plausible, at least for meromorphic functions of finite 
order. However, this conjecture was disproved by Teichmiiller in 1939. Af- 
ter him, similar counterexamples for various classes of meromorphic and en- 
tire functions, as well as for a such that 6{a, f) = 1, were constructed by 
Mme. Schwartz in 1941, Hayman in 1953, Gol’dberg in 1957, 1966, 1967, 
Gol’dberg and Ostrovskii (1970), Arakelyan (1966b, 1970), Ter-Israelyan in 
1973. The strongest result was obtained by Hayman (1978): there exists 
a meromorphic function / for which (15) is fulfilled, 6{oo,f) = 1, but 
oo 0 As(/). However, if (16) holds, then E^if) C As(/) (Anderson and 
Clunie (1966)). On the other hand, Hayman (1978) found broad sufficient 
conditions for a G As(/): 
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|r(r, /) - J N{t, a, f)t dtj = +oo . 

In particular, this condition is fulfilled if, for some A,0<A< 1/2, the 
inequalities 

0 < limsupr~^A/'(r, a, /) < (1 — 2 A) lim inf r“^T(r, /) < oo 



are fulfilled. However, there exists an entire function of infinite lower order 
with A/'(r, 0, /) = 0(r^/^) and such that 0 0 As(/) (Hayman (1981)). 

The set ^iv(/) \ As(/) not only must not be empty, but can even be count- 
able, as follows from the example given by Arakelyan (1966b) for entire func- 
tions of order p, 1/2 < p < oo. 

In some cases it is possible to assert that Ejsi{f) = As(/), for instance, 
for meromorphic functions of finite order with 5(a, /) (Drasin (1987)). 
Under the additional condition that max{6(a, /) : a G C} = 1, this was 
proved by Edrei and W. Fuchs in 1959. 

In some cases, where the number of a-points is small (we shall assume 
a = oo), it is possible not only to assert that a G As(/) but also estimate the 
growth of / on the asymptotic curve. The strongest result up to now in this 
direction is the following statement. 



Theorem (Eremenko (1980)). Let A(p, A) for 0<A<p<oo6e given by 
the equations: 



A{p,X) 



f X 

p — 2(p — A){1 -f- 2-^A(l — A)} ^ 



< 



I 2p-l 



for A < 1/2; 
for 1/2 < A < 1, 

A + y/ A(1 — A) 

2A3T— ’ 

otherwise. 



Then it is always true that 



min{l/2. A} < A{p^X) < min{l. A} . 



If a meromorphic function f is of order p and of lower order X, and if the 
order of the function AT(r, oo) is smaller than A{p^X), then there exists an 
asymptotic curve F such that 



z^oo, zer log\z\ 



> A(p,A) 



(17) 



It is not known whether these estimates are precise for 1/2 < A < 1, but in 
all other cases they are precise. Moreover, at p = A = oo the equality in (17) 
can be achieved even for entire functions without zeros (Barth et al. (1978)). 

For any entire transcendental function / there exists an asymptotic curve 
r for which 
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log \z\ = o(log \f{z)\), z € r, z ^ 00 , 

and 

< 00 , 

for any 5 > 0 (Lewis et al. (1984)). 

If we replace the lower limit by the upper one in (17), then, instead of 
A(p, A), we can simply take p if A < oo, and take any finite number (but not 
always oo) if A = oo (Hayman (1961)). 

Zhang Guanghou (1983) studied the extremal case in the Denjoy-Carleman- 
Ahlfors theorem. If, for an entire function / of finite order p > 1/2, we have 

card As(/) = 2p -f 1 , 

then EN{f) = {oo}, and for each ray S{0) which is not a Julia ray (see Sect. 7) 
the relation 

loglog |/(re*^)| ~ plogr , r ^ oo , 

holds. 

Contrary to expectation (cf. conjectures by Hayman and Erdos) it appeared 
that it is not always possible to choose an asymptotic curve of simple enough 
form (if a curve exists). There exist entire functions of any order p such that, 
for any asymptotic curve F on which / — ^ oo (or / ^ a for p > 1/2), we have 
/(r, F) ^ 0(r), where /(r, F) is the length of Ff) Dr (Gol’dberg and Eremenko 
(1979)). It is possible to choose an entire function with the same property so 
that (15) will hold (Gol’dberg and Eremenko (1979), Toppila (1980)). If (16) 
holds, then a ray can be chosen as F (Hayman (I960)), i.e. /(r, F) = r. On the 
other hand, Zhang Guanghou (1977b) showed that, for an entire function / of 
order p < oo, there exists an asymptotic curve T, on which / ^ oo, such that 
l{r,F) = It is doubtful that this estimate can not be refined. 



§7. Julia and Borel Directions. Filling Disks 

In order to describe the distribution of a-points of a function / in the 
Nevanlinna theory, the quantities n(r, a, /) and A'(r, a, /) are used. These 
quantities express the number of a-points in but not their location inside 
the disks. However, even before the fundamental works by R. Nevanlinna, 
some results had appeared which accounted for other factors characterizing 
the value distribution. Later this approach was enriched by R. Nevanlinna’s 
methods; thus about fifty years ago, profound and diverse results were ob- 
tained which were summed up in the monograph by Valiron (1938). Here we 
shall present only some of the principal results of that time.The references 
can be found in Valiron’s book. The newer results will be presented in more 
detail. 
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A direction defined by a ray S{6) is called a Julia direction of a function / 
if, for any e > 0, however small, we have n(r, a, W'(0, e), /) = 0(1) at most for 
two values of a (they are called Julia exceptional values for the direction S{6)). 
Julia in 1924 proved that at least one such direction exists for all entire and 
most meromorphic functions, in particular, for all functions possessing at least 
one asymptotic value. If a meromorphic function / has no Julia directions then 
(16) is valid. A. Ostrowski (see Montel (1927), Sect. 84) found necessary and 
sufficient conditions for a meromorphic function / to have no Julia directions. 
Anderson and Clunie (1969) showed that for any closed non-empty set E on 
the unit circumference there exists an entire function / of finite order whose 
set of Julia directions is {S{6) : expz^ G E}. Toppila (1970) proved that if 
(16) holds for an entire function /, then finite exceptional values are absent 
for its Julia directions. However, for meromorphic functions with arbitrarily 
slow growth of T(r, /) two exceptional values may exist for its Julia directions. 

When defining Julia directions S{0), we took into account only whether 
or not the quantity n(r, a, VF(0, e), /) was bounded. More profound results 
account for the growth of this quantity. A direction S{0) is called a Borel 
direction of a meromorphic function / of order p, 0 < p < oo, if, for any e > 0 
and all a, except at most two (they are called exceptional values for the Borel 
direction), n{r, a,W{0, e), /) is of order p. If one requires in this definition the 
quantity n{r, a, W {6, e), /) to have the normal type relative to some proximate 
order p(r) of the function T(r, /), then S{9) is called BoreVs directions of 
maximal kind. There are other non-equivalent definitions of Borel direction 
(see Valiron (1938)), which we shall omit here. Obviously, for meromorphic 
functions of finite positive order, each Borel direction of maximal kind is a 
Borel direction, and each Borel direction is a Julia direction. Valiron in 1932 
proved that every meromorphic function of finite positive order has at least 
one Borel direction of maximal kind. Valiron in 1932 and Cartwright in 1932 
and 1935 refined this result for entire functions /: if p (the order of /) is larger 
than 1/2, then each angle larger than 

max{7r/p, 27T — n/p} 

contains at least one Borel direction of maximal kind, and there exist not less 
than two Borel directions of maximal kind; if there exist exactly two Borel 
directions and p > 1, then the acute angle between them equals 7r/p. 

A similar result for meromorphic functions with at least one deficient value 
was established by Yang Lo and Zhang Guanghou (1973). Further, Valiron and 
Cartwright discovered that an angle in which the indicator h{p, f) of an entire 
function / is equal to zero identically does not contain Borel directions of 
maximal kind, and that the directions that bound the angle in which h{ip, f) > 
0 (while on the directions themselves we have h{(p, f) = 0) are Borel directions 
of maximal kind. For entire CRG functions, Cartwright in 1935 gave a full 
description of Borel di recti on s of maximal kind: S{9q) is a Borel direction of 
maximal kind in the following two cases: 

(i) if h{9o, /) = 0 and S{9q) is a side of an angle in which h{9, f) > 0; 
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(ii) Uhi9o,f) 0 and the indicator is not trigonometric in a neighborhood j 
however small, of Oq, 

Cartwright herself, of course, did not formulate her result in terms of CRG 
functions, which had not as yet been introduced, but the restriction imposed 
by her on the class of entire functions later proved to be equivalent to the 
completely regular growth. The condition that the function be of completely 
regular growth is essential. Cartwright constructed examples of entire func- 
tions of positive exponential type, one of which has h{(p, /) = 1 and only four 
Borel directions 5(/c7t/2), fc = 0,l,2,3of maximal kind; another function has 
^(^? /) = max{cos (p, sin (p} and the set of Borel directions of maximal kind is 



{ 5 ( 0 ) : e 



G 




Here in both examples there are no Julia directions other than Borel direc- 
tions. 

By J{f) and B{f) we shall denote the set of Julia and Borel directions, 
respectively, of a function /. Yang Lo and Zhang Guanghou (= Chang Kuan- 
heo, 1975, 1976) described the set B{f) completely. Let 0 < p < oo and let 
be a non-empty closed set on a unit circumference. Then there exists a 
meromorphic function / of order p, for which 



B{f) = {S{6) : exp(z0) G E} . 

Yang Lo and Zhang Guanghou (1976) discovered an interesting relation 
between the number of deficient values and the number of Borel’s directions: 
card£^iv(/) < cardB(/), where the equality may be achieved if 2p G N. 
However if 2p > cardjEiv(/), then 

card Ejs[{f) < cardB(/) - 1 . 

For entire functions of finite order p, we have 

cardF^ivC/) < ^cardB(/) -h 1 , 

and, if cardB(/) < oo, then cardE 7 v(/) < 2p-f 1. If p > cardE;v(/) - 1, then 
cardB(/) > 2cardFJiv(/) — 1, and if p > card E]sf{f) - 1/2, then card J5(/) > 
2cardE'iv(/). 

Zhang Guanghou (1978) considered similar questions for Julia directions. 
Here is one of his results. Let f be an entire function of finite lower order. 
Then 

2card E^if) + card (As(/) \ E^if)) < card J(/) -h 2 . 

The location of a-points can be refined in many different ways. Let 

. \z Zji\ < , Zfi > CXD, €fi ^ (X) , 

and let a meromorphic function / assume in C{zn,en) all values from C not 
fewer than > 1 times, except, at most,values from two sets whose spherical 
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diameters are smaller than 7]n, rjn — > oo. Then the sequence C{zn, Cn) is called 
a sequence of filling disks for the function /. Obviously, if arg^n ^05 then 
S{6o) is a Julia direction for /. The concept of filling disks was introduced 
by Milloux (1928), who showed that, for a meromorphic function / of finite 
order, for each 0 < r < < 00 such that T(i?, /) > KiT{VRr , /)? there 

exists a filling disk with r < l^^nl < R, rUn > K 2 e^T{R, f){log{R/r))~'^ , with 
Ki, K 2 being absolute constants, rjn = exp(— mn). 

Estimates of the sequences {cn} and {rrin} via V (R) = where p{r) is a 
proximate order of the function A(r, /) for a meromorphic function / of finite 
positive order, was obtained by Dufresnoy (1942). Having made substantial 
use of the Ahlfors theory (see Sect. 3), he showed that the filling disks can 
be chosen in such a way that Cn tends to zero as rapidly as the condition 
el^V{\zn\) 00 allows, and in such a way that ^ 00 , rUn = o{V{\zn\)), 
n 00 . A sequence of filling disks may not exist, but only for meromorphic 
functions which satisfy (16) as proven by Valiron in 1934. Rauch in 1934 
proved that if 0 < p < 00 and S{6o) € H(/), then there exists a sequence of 
filling disks with argZn — ^ ^0 and log \mn\ ~ log |zn|, ^ ^ 00 . 

The location of filling disk centers is described by the following proposition. 

Theorem (Gavrilov (1966)). Let Zn ^ 00 . A sequence of filling disks for a 
transcendental meromorphic function f with center at Zn exists if and only if 
a sequence — > 0, £n > 0, exists such that 

lim (sup{|2|/9(/{2)) : 2 € C{Zn,tn)}) = 00 , 

n—^00 



where 






\f'{z)\ 

1 + l/wp 



is the spherical derivative of f, i.e., p^{f{z)) is the Jacobian of the map f of 
the plane C into the Riemann sphere. 



In 1952 Littlewood predicted a new and unexpected property of the value 
distribution of entire functions of finite nonzero order: for any such function 
/ there exists a small set E{f) to which belong the overwhelming majority of 
a-points for all a G C. For instance, one may take 



E = {x-\-iy : \y\ > 



for f{z) = expz. Then the area of the set EC\Dr equals (4/3H-o(l))r^/^ = o(r^) 
and n(r, a, C \ E, /) = 0(1) for all a G C. 

Eremenko and Sodin (1987) proved the following theorem confirming the 
above-mentioned qualitative statement by Littlewood. 

Theorem. Let f be an entire function, p{r) —^p>0 being its proximate 
order. Then there exists a set E with the properties: the area of {E O Dr) is 
equal to o(r^) and n(r, a, C \ E, f ) = o(r^^^'^) for all a E^CT 
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Examining elliptic functions one can see that no similar assertion can be 
valid for meromorphic functions. 

Littlewood’s arguments were based on one of his conjectures as regards the 
spherical derivative of a polynomial, a conjecture that has quite recently been 
proved by Lewis and Wu. 



§8. Closeness of a-Points 

In a number of works Barsegyan rather originally generalized the theory 
of filling disks, having constructed “schlicht filling domains” with a certain 
property found by Barsegyan and called by him the closeness of a-points. 
The most significant results were presented by Barsegyan (1985) with a com- 
prehensive reference list where, besides earlier works by the author, one can 
find vast literature on related topics. 

Let / be a meromorphic function, let t oo as r — > oo, let (f{r) < 
and let a set jE C M+, dependent on / and (^, have a finite loga- 
rithmic measure. In what follows we shall assume r G M-i- \ E. The function 
/ being fixed, we can find in Dr pairwise disjoint domains Ej, 1 < j < ^(r), 
such that / is a schlicht function on Ej, f{Ej) coincides with the Riemann 
sphere from which we exclude kj simply connected domains whose spherical 
diameters are smaller than l/(/?(r), and 

(i) ^(r) ~ A{r,f); 

^(r) 

(ii) ^ % < (2 + o(l))A(r, /); 
j=i 

(iii) diamE'j < K(p^{r)rA~^^'^{r,f), where K is a, constant, and Ej and kj 
depend on r. 

If / is required to be conformal on the boundary of Ej, then in (ii) the 
constant 2 shall be replaced by 4. 

Let 

A = {ai, ... ,ag} C C . 

If r is large enough, then there exists not fewer than q — kj points from 
f~^{A) in each closed domain Ej. Let us denote by n*{r^a^^f) the number 
of a^y-points of /, counted disregarding their orders, and contained in 

^(r) 

j = l 



Then (i) and (ii) imply 

{q - 2)A{r,f) < ^n*{r,au, f) + o{A{r, f)) . 
j = l 



( 18 ) 
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Since, obviously, n(r, > n*{r,ajy, f), this inequality strengthens that of 
Ahlfors (11). Since, in any case. 



max{diam : 1 < j < ^(r)} = o(r) , 



this means that most of the points from f~^{A) can be grouped in relatively 
small-diameter clusters, each having not more than one representative from 
each set and except at most (2 -h o(l))A(r, /) representatives, every 

cluster has precisely one such representative. This is what Barsegyan called 
the closeness of a-points. It follows from (i) and (ii) that, if / maps Dr onto 
the Riemann surface and if it maps onto F!^ C Fr then the area of FJ? 
measured in the spherical metric is equivalent to the area of F^., i.e., to 5(r, /). 
This is the sense of the assertion that a majority of points from are 

grouped in the above-mentioned clusters. Thus, Barsegyan ’s results lead to 
(18) which is stronger than (11). In addition, they provide some information 
not only on the number of a-points in the disk Dr, but also on their location 
inside this disk. It turns out that not only the numbers of a- and 6-points 
{a ^ b) are close to each other, but that the sets of a- and 6-points themselves 
are close in some sense. On the other hand, in contrast to n(r, a, /), the 
quantity n* (r, a, /) is, generally speaking, not a counting function for some 
other sequence independent of r, since it must not be non-decreasing function 
and Ej does depend on r. 

The domains Ej{r) ought to be regarded as “schlicht filling domains”. If 
we wish to bring them nearer to the classic definition of filling disks, and if 
we allow only for those domains for which kj < 2, then their number ^i(r) 
is not fewer than (1/3 + o(l))A(r, /). Barsegyan also obtained a number of 
corollaries on Borel directions. We shall cite one of them: for a meromorphic 
function / of order p, 0 < p < oo, there exists a ray S{6q) such that, for 
any e > 0, there exists a sequence — > oo such that log A{rk, f) ~ plogr^, 

k oo, and 



lim sup 

Vk—^oo 



n(rfc,g, W(go,27re),/) 

A{rk,f) 



>t 



- 6 



for all a G C, except at most for two values of a. 

We shall present here another result by Barsegyan (1981). To this end we 
shall introduce a new quantity. Let a, 6 G C. Consider two sets of a- and 
6-points of a meromorphic function / lying in Dr- If n{r,a,f) > n{r,b,f), 
then we shall add n(r, a, /) — n(r, 6, /) zero points to the 6-set; we shall do 
likewise if n(r, 6, /) > n(r, a, /). We shall denote the obtained finite sequences 
as where n{r) = max{n(r, a, /), n(r, 6, /)}. Let 



n{r) 

D{r,a,b) = min | ^ \zj{a) - Zr,(j){b)\ : r? e P} , 

J = 1 

where P = F(r) is a set of all permutations of the elements {1,2,... , n{r)}. 
Barsegyan showed that, for any number q of different pairs (ui, 6i), . . . , (a^, 6g) 
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2 

of points from C there exist K, 0 < K < oo, and c, 0 < c < 1, such that 

Q 

D{r, a^, K) < KrA{r, f) 

I/ = l 



is fulfilled on a subset of of lower logarithmic density c. It follows now 
that there exists a set D C C, at most countable and such that for a ^ D and 
b ^ D we have 



D{r, a, b) 
A{r,f) 



Some results close to Barsegyan’s theorem were obtained by Sodin in 1990 
who applied not the Ahlfors techniques, like Barsegyan, but a principally 
different techniques, namely, the theory of limit sets. Let / be a meromorphic 
function of finite order p > 0, p{r) being its proximate order, and let V (r) = 
rp (^) . The value a G C is called a typical value of the function / if m(r, a, /) = 
o{V{r)). Every nontypical value a obviously belongs to Ey{f) so that the 
“overwhelming majority” of the values are typical. Let (p : C — ^ R be an 
arbitrary continuous function with a finite support. If a and b are two typical 
values of /, and if {aj} and {Pj} are the sequences of a- and 6-points, then 



Y2(f{aj/r) -Y.ipilSj/r) = o(y(r)) . 

j 3 



Allowing for free choice of (p, it is clear what a broad range of diverse facts 
can be deduced from this. If, for example, <p{z) = log“^(l/| 2 |) (disregarding 
the discontinuity at 2 ; = 0), then 

N{r, a) - N(r, 6) = log+ rf, - ^ ' 

\^3\ A \Pj\ 



The same follows from R. Nevanlinna’s first main theorem. Taking in the ca- 
pacity of (f{z) = (pi{\z\) various functions, including, perhaps, sign-alternating 
ones, it will be possible to obtain many new assertions on the distribution of 
values with respect to moduli. If supp(p is contained in an angle, then we 
shall obtain some statements on the distribution of a-points with respect to 
arguments. Short proofs of already known results can be obtained from a uni- 
fied viewpoint, namely Cartwright’s results which describe Borel’s directions 
of maximal kind for entire CRGFs (see Sect. 7), Valiron’s and Cartwright’s 
theorems on the existence of Borel’s directions of maximal kind (also Sect. 7). 
The result obtained by Yang Lo and Zhang Guanghou which strengthens this 
theorem (again Sect. 7) can be established in a more general form, since the 
only restriction on / will be the existence of a nontypical value, which is 
weaker than the condition ^n(/) 0- 

Sodin ’s results have been proved for meromorphic functions of finite order, 
while Barsegyan did not impose any restriction on the growth of a function. 
Let us suppose that suppcp C Di (this in no way restricts the generality). 
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that v?(0) = 0, and that the function ip satisfies the Lipschitz condition, i.e., 
there exists a constant L such that, for all z'^ z" the inequality 

\(f{z') - (p{z”)\ < L\z' - z"\ 



holds. Then it can easily be seen that 

I ^ V>(aj/r) - ^ v?(/3j/r) 



< 



LD{r, a, b) 



and, as a consequence, we see that Sodin’s relation holds for a and b when 
they do not belong to an at most countable set, but only for r belonging to 
an unbounded subset of R+ . 



§9. Value Distribution of Derivatives 
of Meromorphic Functions 

Important relations between Nevanlinna’s characteristics of a meromorphic 
function / and its derivative /' were used in R. Nevanlinna’s first work on 
the value distribution theory, when proving the second main theorem. Along 
with the lemma on the logarithmic derivative (Sect. 1), the inequality 

Q 

Y^Tn{r,aj,f)<m{r,0,f)+Q{r,f), aj oo , 

J = 1 

is of special importance. 

Ullrich in 1929 demonstrated the importance of these relations when inves- 
tigating the value distribution of the derivative of a meromorphic function, 
and relations between the characteristics of / and /'. Milloux in 1940 and 
1947, and Hiong King-Lai in 1954-1958 treated this question systematically. 
A brief survey of the results obtained up to the early 1950’s can be found in 
Chap. 2, Sect. 3 of the book Wittich (1955). A more accurate presentation ac- 
companied by new and unexpected counterexamples, can be found in Toppila 
(1983). Here we shall give one very simple inequality: let / be an entire func- 
tion such that Q{r, f) = o(T(r, /)), r ^ oo, in the lemma on the logarithmic 
derivative without exceptional intervals. Then 

J2Sia,f)<6{0,f). (19) 

aeC 

In particular, (19) is valid for entire functions of finite order. 

It is easy to derive the following corollary from inequality (19). Let us 
denote by L the class of entire functions which satisfy the conditions 

\ogT{2r, / W) = o{T{r, , r ^ oo , 
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for all fc G N. In particular, L contains all entire functions of finite order. For 
all / E L it is true that 



'£6{a,f) + Y, E -5(«, /(''))<!. 

aeC k=l a€C\{0} 

This inequality, generalizing deficiency relation for entire function, is, in a 
sense, unimprovable, since the “narrow” inverse problem, taking into account 
the deficiency value of not only the entire function but also of all its derivatives, 
is always solvable in the subclass of functions from L having infinite order 
(Girnyk (1981)). For entire functions of finite order such an enhanced inverse 
problem has not yet been solved; neither has been solved a simpler inverse 
problem posed in the classic manner (Sect. 2). An analog of Arakelyan’s theo- 
rem (Sect. 2) has been obtained, however, for E;v(/^^^). Let 1/2 < p < oo, let 
Ek C Che at most countable sets with A: € Z+, Eq / 0, 0 G E'fc for all /c G N. 
Then there exists an entire function / of order p such that Ek C F?iv(/^^^) for 
all k G Z4-, = /. This proposition was simultaneously and independently 

proved by Girnyk (1981) and Drasin et al. (1981). On the other hand, Yang Lo 
and Zhang Guanghou (1982) obtained the following estimate for the number 
of deficiencies of an entire function, its derivatives and primitives: 

00 - 

E card(£;;v(/(^>) \ {0,<»}) < ^card B{f) , 

j——oo 

f being of finite order p, with a finite number of Borel rays. The sum is also 
smaller than 2p. 

R. Nevanlinna (1929, p. 104; 1953, p. 195), conjectured that for meromor- 
phic functions /, the relation 

m{r, f) = m{r, f) + o(T(r, /)) 

holds. Hayman in 1965 showed that, for entire functions of infinite order this 
relation may be invalid on some unbounded set. We might expect that it would 
be valid outside some exceptional intervals or, at least, on some unbounded 
set. Prom 

T{r,n<T{r,f) + Q{r,f) 

for entire functions it follows that in one direction it is true, but in the other 
direction it is wrong. Hayman in 1965 showed that there exists an entire 
function / satisfying (15) and such that T(r, /') = o(T(r, /)) on a set of 
infinite logarithmic measure. Toppila (1977) constructed an entire function / 
of order 1, for which 

T(r,/) > (1 + €)T(r,/') , e>0, 

for all sufficiently large r. In his work of 1982 he constructed similar examples 
of meromorphic functions of arbitrary positive order, for which, additionally. 




124 



A. A. Gordberg, B.Ya. Levin, I.V. Ostrovskii 



m(r, /) > m(r, /') + eT(r, /) 

for all large enough r. No comparison of characteristics T(r, /) and T(r, /') 
for entire functions is possible without exceptional intervals. Hayman in 1965 
constructed an example of an entire function / such that 

T(r,f)^Oinnr,f)) 

and 

T{r,f)^0{nnr,n) 

where ^ \s given function, tending to oo arbitrarily fast. However, for large 
enough subsets of M_|_, estimates of this kind are possible. Hayman in 1965 
showed, for instance, that for meromorphic functions / of finite order p, the 
inequality 

r(r,/)<{llog+ (0+5}r(r,/O 

is satisfied outside a set of upper logarithmic density 0 < 6 < 1, and for 
p = oo the inequality 

T{r,f) < (1 +o(l))T(r-,/')IoglogT(r,/0 

holds as r oo outside a set of finite logarithmic measure. 

Interesting relations were found between B{f) and Milloux (1951) 

proved that B{f') C B{f) and 



n ^ 0 

j=i 

for entire functions of finite positive order. Steinmetz proved in 1981 that for 
meromorphic functions it happens that B{f) \ B{f) ^ 0, even if oo € E^if). 
Zhang Guanghou (1977) and Yang Lo (1979) obtained various generalizations 
of the Milloux theorem for the meromorphic functions. Their main result is: 
if oo e Eeif), then B{f) c B{f) and 

OO 

f| S(/(^)) ^ 0 . 

Valiron’s question, posed fifty years ago, still remains unanswered: is the latter 
of these relations true for any meromorphic function of finite positive order? 
Having improved Rauch’s result of 1934 related to entire functions, Chuang 
Chi-tai (1964) showed that, if / is a meromorphic function of finite positive 
order, and if 5(^o) ^ B{f) with two exceptional values for this ray, then 
5 (^ 0 ) ^ B{f), and if one of these exceptional values is 00 , then 

s{eo) c n . 
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If we speak of the value distribution of entire function derivatives, then, 
obviously, we mean the relations between the derivative and the function itself 
(or derivatives of different orders), since every entire function has an entire 
primitive, and the classes of entire functions and of their derivatives coincide. 
This is not the case with meromorphic functions. The class of their derivatives 
coincides with the class of those meromorphic functions, all of whose residues 
equal zero; so it forms a proper subclass of the class of meromorphic functions 
with no simple poles. That is why the derivatives of meromorphic functions 
may satisfy relations which do not hold for all meromorphic functions. Up to 
now, the inequality 

J^S{a,n<l 

aec 

conjectured by Mues in 1971 still remains unproven. If we require all poles of 
/ to be multiple, then from R. Nevanlinna’s deficiency relation we can derive 
an unimprovable inequality 

aec 



§10. Value Distribution with Respect to Arguments 

Here we shall consider some results demonstrating how restrictions imposed 
on the arguments of a-points of a meromorphic function affect its growth 
and value distribution. In order to not impair generality in presenting typical 
results, we shall impose restrictions concerning both moduli and arguments 
of a-points, since it is not always possible to simplify a condition so that it 
will contain only arguments of a-point. The first result obtained in the above- 
mentioned direction was a theorem proven by Bieberbach in 1919: in each 
angle with an opening larger than max{7r/p, 27 t — 7r/p}, an entire function of 
finite order p assumes every finite value an infinite number of times, with the 
possible exception of one value. 

The Bieberbach theorem remained an isolated result for a long time, un- 
til Edrei in 1955 turned to this problem. Most general results deriving from 
the Bieberbach theorem were obtained by Ostrovskii in 1957-1961 and were 
subsequently improved by him (see Chap. 6, Sect. 2-4, in Gol’dberg and Os- 
trovskii (1970)). 

Let us denote by 

D Z)(q;i, . . . , Oin) 

a system of rays 



n 

U Qi < U2 < . . . < Un+1 = Ui + 27T . 

J = 1 
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Let 

Uj = 7 r/(aj-|-i — Qj) , u — max{ujj : 1 < j < n} , 

Let be a-points of a meromorphic function / which lie inside the angle 

{z : a < arg z < (3}. Their distance from the sides of the angle will be 
measured by the quantity (introduced by R. Nevanlinna in 1925) 

C{r,a,a,l3,f) = 2 ~ sin -{>pk - a) , 

l<rk<r ^ 

where 7 = /? — a. If a-points are counted disregarding their order, then a dash 
is put above C. Let 



n 

U{r,a, D, f) = max I ^ a, a^, /) : 1 < t < r| . 

j=i 

If all a-points lie on the ray system D, then U (r, a, D, /) = 0. The quantity 
U is defined in a similar manner, but with C instead of C, 

Theorem, (i) If {ai,a2,as} C C, U3 G EN{f), then the growth cate- 
gory of f does not exceed the growth category of \f{r) = r^(?7(r, ai, D, /) H- 
C7(r,a2,T),/) -h 1). (ii) // a ^ 0, 00, a G EnU) and C/(r,0,D,/) = 0(1), 
[/(r, oo,0,/) = 0(1), U{r,a^D, f) = 0(1) as r ^ 00, then, for r — > 00 
perhaps skipping some set of finite logarithmic measure, the relation holds 

log |/(re"^)| = r^^^Cj - aj)) + o{r‘^^) 

uniformly relative to ip, aj < ip < aj^i, with cj G M. IfT{r,f) ^ o{r^) then 
r^ = 0{T{r,f)) and 

card£^iv(/) < card {j : ujj = u), 1 < j < n} . 

If Uj-points of /, j = 1,2, lie on D, and if as = cx) G Ep{f), then, under 
the requirement for the order of / to be finite, we obtain from (i) a corollary 
that can also be deduced from the Bieberbach theorem. The possibility of 
deriving from (ii) the relation T(r, /) = O(r^), r — > 00, is asserted by the 
Edrei theorem, but now it follows from (i) under weaker assumptions. Both 
Edrei and Ostrovskii also considered the derivatives f^^\ We also remark 
that for D = D(0 , tt) the condition U{r,a,D, f) = 0(1) is equivalent to the 
requirement that a-points with Zj, ^ satisfy the condition ^ |9=(l/zj/)| < 00. 

Edrei and W. Fuchs in their three articles published in 1962 complemented 
Ostrovskii’s results by estimating the growth order of a meromorphic function 
/ with 6(a, /) > 0 at a ^ 0, 00, and with all zeros and poles lying on a 
finite system of pairwise non-intersecting curves tending to infinity and such 
that the length of the part lying in the annulus exceeds its width not more 
than by B > 1 times. In the case where these curves form a ray system 
D and where B = 1 , the estimate obtained differs (to the worse side) from 
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Ostrovskii’s estimate by the factor 9. Edrei and Fuchs obtained the estimate 
card J^iv(/) < n -h 1 for the case where all zeros and poles of /, lying in the 
annuli 

{z : < \z\ < akrk}, = 1 + (logT(rfc, 0 < r? < 1, r* T oo , 

are located on n rays (different, generally speaking, for different annuli). If we 
have the equality in the previous estimate, then 0, oo G E^if)- Additionally, 
Edrei and W. Fuchs showed that if the closure of the set of the arguments 
of zeros of an entire function / of order p < oo has the zero measure, then 
card(£:iv(/)\{0,oo}) < [2p\. 

The proximity of a-points to the ray system D can be expressed in a way 
different from that used by Ostrovskii which was suggested by R. Nevanlinna 
as early as 1925. We shall say that a-points are attracted to D if, 

n 

n(r, a, C\[j W{aj, e), /) = o(T(r, /)) 

J = 1 



for any e > 0. 

It appears that even a relatively weak infringement on the uniformity of 
the distribution of arguments of a-points for one value a revealed in their 
attraction to D can, under certain conditions, affect substantially the value 
distribution for all a’s. If the a-points of a meromorphic function / of order p, 
uj < p < (X), are attracted to D and if ^(a, /) = 0, then E^{f) = 0. This was 
proven in 1989 by Gol’dberg who generalized the result of Bank and Kaufman 
(1986). In this work Gol’dberg also obtained the following result. 

Theorem. If the Polya order p* and lower order of a function f satisfy 
the condition a; < A* < p* < oo, z/ its a-points for some a are attracted to D, 
and if A{a, f) = 0, then Ey(f) = 0 and a -points are attracted to D for all 
aeC. 

Sodin in 1990 showed that this theorem is closely linked to some results on 
Borel’s directions of maximal kind (see Sect. 7). 

Now we shall consider the case where a-points for two values of a lie in 
small angles. Let 

ol\ <C . . . olji (3ji <C 0^71, -|-i = (Xi “f" 27T , 

- Oij) , I^j = 7r/(aj+i - (3j) , 
uj' = min{o;'- : 1 < j < n} , u)” = max{u;j : 1 < j < n} , 

j=l 

We shall say that almost all a-points of f lie in small angles if uj' > uj" and if 
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n 

= 0 ( 1 ) . 

J = 1 

In particular, almost all a-points lie in small angles if they are contained in 

n 

lj{^ : aj < argz < /3j} . 

J = 1 

For meromorphic functions whose a-points for two values of a lie in small 
angles, some statements on their orders were obtained by Ostrovskii in 1960, 
and Gol’dberg and Ostrovskii (1970, Chap. VI, Sect. 4). These results have 
recently been strengthened by Glejzer (1985) who used the technique of *- 
functions of A. Baernstein (1973). He proved the following result. 

Theorem. Let ai- and a 2 -points of a meromorphic function f of order p 
and of Polya lower order A* lie in small angles, and let 

4 

r = cj'— arcsin v^(a, /)/2 , a Gq, ; 

7T 

a = ujQ— arcsin y/ 6 (a, f)/2 , cr' = min{2a;', cr} . 

7T 

a^ai ,a2 



Then 

{ u ", t ) n [A.,/?] = 0, (w",cr') n [A*,p] = 0 . 

Ostrovskii proved that p ^ (c(;",r), which implies that if, for an entire 
function of order p, all its Uj-points, j = 1,2, {ai,a2} C C, except a finite 
number, lie in W{0, 7/2), with 7 < tt, then either p > tt /7 or p < — 7). 

This is the assertion of the Bieberbach theorem quoted at the beginning of 
Sect. 10. Moreover, the requirement cx) € Ep{f) here can be replaced by the 
condition 6{oo,f) > 1 — cos(p7/2), and this estimate is unimprovable. 

The growth of a meromorphic function and its value distribution is governed 
not only by the fact that large angles are free of zeros and poles (we might 
have spoken about arbitrary a\- and a2-points, ai ^ 02 , but, for the sake 
of convenience, we shall take ai = 0, 02 = 00). It is also important that 
poles and zeros lie in non-intersecting angles. In 1960 Gol’dberg introduced a 
class of meromorphic functions with {p,rj) -separated zeros and poles, p G N, 
0 < 77 < 7r/(2p), i.e., functions all of whose zeros lie in 

U W{^+'^2j,r{) 

3=0 ^ 



and all of whose poles lie in 



r>— 1 



J=0 ^ 
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It appeared that the limit limr“^T(r, /) , finite or infinite, always exists for 
such functions. In particular, it follows from this that if A and p are the lower 
order and order, respectively, and if A < p, then p <p. Let 



k(/) = limsup{Ar(r,0,/) +iV(r,oo,/)}/T(r,/) . 



Gol’dberg in 1961 showed that, if 0 < lim sup r”^T(r, /) < oo, then K,{f) = 0, 
and if T{r^f) = 0{r^)y then K{f) < 2(1 H- cosprj)~^. In the first case it is 
necessary that 5(0,/) = 5(oo,/) = 1, in the second case, for p > 0, it is 
possible that 5(0, /) = 5(oo, /) = 0. However, if T(r, /) ^ O(r^), if the order 
of AT(r, 0, /) -f- iV(r, oo, /) is finite, and if p = 0, then, as was shown by Edrei, 
Fuchs and Hellerstein in 1961, 5(0,/) and 5(oo, /) are not smaller than some 
absolute positive constant. As early as 1959 Edrei and W. Fuchs proved this 
for the case of entire functions and p = 1 (if was, perhaps, the first work 
where a E ^iv(/) was deduced from restraints on the arguments of a-points). 
The most precise estimate of 5(0,/) was obtained by Hellerstein and Shea 
(1978). They proved that there exists an absolute constant C such that, if / 
is an entire function of genus g, 1 < ^ < oo, all of whose zeros lie in VF(0,p), 
0 < 77 < 7t/6, then 5(0,/) > 1 — (1 -\-C{q + l)r]\og{\lr}))aq^ where 



aq = sup I 



logr 

T{r,E{z,q)) 



: 1 < r < ooj , Og < Qi < 1 , aq = 



Tp'je + o(l) 
logg 



as q 00. Equality can be attained for p = 0 . As g — > 00, obviously, 
5(0, /) — > 1. Precise estimates of the same kind have been obtained for 5(0, /) 
with / being an entire function with real zeros, and for K>{f) with / being 
a meromorphic function with (1, p)-separated zeros and poles, under the as- 
sumption that the order is finite. For an entire function with positive zeros 
and A = 00 one might expect that 5(0, /) = 1 is necessary. It was a surprise, 
therefore, when Miles (1979) constructed an example showing that 5(0, /) can 
equal zero under these circumstances. Nevertheless, AT(r, 0, /) = o(T(r, /)) for 
any entire function /, with positive zeros and with A = 00, outside some set 
of zero logarithmic density (Miles (1979)). 

During the last 15 years, a large number of works have been devoted to 
studies of the growth and value distribution of meromorphic functions of order 
p and lower order A, whose zeros lie on a system of rays Dq = D(ai, . . . , a^), 
and whose poles lie on a system of rays Do© = D(/?i, . . . , /3^), Do H Doo = 0- 
Let Gp be a convex hull of the set , . . . , , —e^P^^ . . . , —e^P^^ }? P ^ N; 

it can be easily seen that, if 0 ^ Gp, then zeros and poles of / are (p, p)- 
separated for some p, and hence the inequality X < p < p cannot hold (if 

/ oo 

{n{t, 0 , /) + n{t, 00, dt = 00 , 



then one can affirm that = o{T{r, /))). Miles (1986) made this statement 
more precise by showing that the same can be affirmed in some special cases 
where 0 € dGp. He constructed some examples showing that this result cannot 
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be improved. Now, let / be an entire function with zeros on Do and let p < oo, 
satisfying the conditions of the Miles theorem. Then / satisfies the relation 

T{2r,f)=0{T{r,f)), (20) 

i.e., p* < oo (Miles (1986)). It follows directly that p < [A] + n, n = 1 , 2 , for 
entire functions with zeros on Do- This was noticed by Gol’dberg in 1960 and 
was rediscovered by Kobayasi in 1976, Abi-Khuzam in 1981 and Steinmetz 
in 1983. The latter conjectured that the proposition is valid for all n G N, 
but it appeared to be wrong even for n = 3, as was shown, independently 
and simultaneously, by Miles (1986) and (in a more precise form) by Glejzer 
(1986). The latter showed that, if 0 G then there exists an entire 

function with zeros on Do such that A < 5 < ^ < p. In particular, for n = 3 
the quantities a i, 0 : 2 , 0:3 can be chosen so that the difference p— A can be larger 
than an arbitrarily given number. Nevertheless, in this case [p] < 3([A] + 1 ), 
and the estimate is precise. 



11. Value Distribution of Special Classes 
of Meromorphic Functions 



As we have already remarked, the history of meromorphic functions showed 
that virtually all the information about the value distribution valid for all 
meromorphic functions is contained in R. Nevanlinna’s main theorems and 
their direct corollaries. Substantially new statements that do not follow from 
the main theorems are valid only for special classes of meromorphic functions, 
and the importance of such results depends on whether these classes are broad 
and important enough to be of significant interest for the general theory of 
meromorphic functions. In preceding sections we quoted many results valid 
for various classes of meromorphic functions. Here, we shall quote more results 
which we believe to be the most important. We understand, of course, that 
our choice cannot be free of personal preferences, and that many interesting 
results will not be mentioned. 

First of all, we should like to note various relations valid for those mero- 
morphic functions which have a fixed order p, or fixed lower order A, or both. 
Let us introduce some notations. Let p(r, /) = min{|/( 2 ;)| : \z\ = r}, A(r, /) 
be any quantity such that A(r, /) = o(T(r, /)), r — > 00 (A differs from Q(r, /) 
by the condition that exceptional intervals are not admitted), let 

cr(oo,/) = inf{limsupmes{0 G [0,27 t] : log|/(re"^)| > A(r)} : A(r) = A(r, /)}, 

and let cr(a, /) = cr(oo, (/ — a)“^) for a ^ 00 . The number cr(a, /), a G C, is 
called the spread of the function / with respect to a. Let us define the function 
B{xy 1 /) for 0 < a: < (X), 0 < 1 / < 1 , as follows: 




I. Entire and Meromorphic Functions 



131 



B{x,y) 



( TTXy^y{2 — y) for arccos(l - y) < ttx, 



I {1 — (1 — y) cosTrx} for arccos(l — y) > ttx. 

V sinTTx 



It can be easily seen that 

for ^ ^ 1/2, 

^ ^ I TTXCSCTTX for 0 < X < 1/2, 

B{x, y) < B{x, 1) y/y(2-y) < B{x, 1) . 

For entire functions with A < 1 we have 

log y{r,f) 

limsup — -TT > costtA , 

log M(r,/) 

for meromorphic functions with A < oo we have 

P{a,f)<B{X,A{a,f)), 

<x{a,f) > min |27 t, ^ arccos(l — ^(a, /))| , 

<x{a, f) > min |27 t, ^ axcsin min{/3(o, f)l(TrX), 1}| ; 
for 1/2 < A < oo 

A > — arcsin N/<5(a,/)/2; 

7T ^ 

(2GC 

for 0 < A < 1/2, if cardF^iv(/) > 2, 

6{a, f) < 1 — cos 7 tA ; 

aGC 



for 1/2 < A < 1 

y^ 6{a,f) <2 - sin ttA ; 

oGC 

for 0 < A < 1/2, if 6{oo,f) > 1 — costtA, 



limsup {6{cx>,f) - I + costtA} ; 

1 (r, / ) sin 7 tA 



( 21 ) 

( 22 ) 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 



for 1/2 < A < 1, if ^(oo, /) > 1 — sinTrA, and for 0 < A < 1/2, if 0 < ^(oo, /) < 
1 — costtA, 



lim sup 



log/x(r,/) 

T{rJ) 



> nX{y/6{oo, /)(2 — 6{oo, /)) costtA- 



-(1 - ^(oo,/))sin7rA} ; 



(29) 
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for 1/2 < A < 1, if 6{oo,f) < 1 — sinTrA, 



lim sup 



IogAf(r,/) 

T{r,f) 



> - 1 ; 



( 30 ) 



for 0 < A < 1/2 

lim sup - 1 + cos7tA( 1 -zi(0,/))} ; (31) 

I (r, j) siuttA 

for 1/2 < A < 1 

lim sup - 1 + cos7tA(1 -5(0,/))} . (32) 

If / is a meromorphic function with A < 1/2 such that logr = o(logM(r, /)), 
then 

lim sup + ttA sin ttA lim sup > cos ttA , (33) 

- log M(r,/) log M(r,/)- 

for A = 0 we assume that 7V(r, oo, /) = 0(log M(r, /)). If A < 1, then 



0, /) + iV(r, oo, /) 

if A < 1 and /3(0, /) > /3(oo, /) > 0, then 



< TrAtan 



ttA 



/5(0, /) + /3(oo, /) < ttA tan ^^(/) , 

and if /?(oo, /) -h cos7tA/ 3(0, /) > 0, then 

/?^(0j/) + 2/3(0, /)/3(oo,/) cos 7 tA + /?^(oo,/) < (TrAsinTrA)^ ; 
if A < 1 and u = 1 — ^(0, f), v = 1 — 6{oo, /), then 

-1- — 2uv cos ttA > sin^ ttA . 



(34) 



(35) 



(36) 

(37) 



Here, if min{tA,i;} < costtA, then max{iA, v} = 1. 

If / is a meromorphic function of order p < 1 with positive zeros and 
negative poles, U =1- Z\(0, /), F = 1 - Zi(oo, /), min{C/, V} > cosTrp, then 

^2 ^2 _ 2UV cos TTp < sin^ np . (38) 

Let q e Z+. Let us set K{x) = \ sin7rx|(g + | sin 7 rx|)“^ for q < x < q 1/2, 
K{x) = I sin7rx|(^ + 1)“^ when g + 1/2 < x < g + 1. Let Ki{x) = K{x) for 
X < 1 and Ki{x) = | sin7rx|(x/0.9 + | sinTrxl)""^ for x > 1. For a meromorphic 
function with the Polya lower order A^^ < oo, the relation 



/^(/) > sup{i^i(x) : A* < X < p*} 



(39) 
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is valid. 

Inequality (21) with p instead of A was proved by Valiron (1914) and by 
Wiman in 1915; in the form given here it was proved by Kjellberg in 1960. A 
large number of works, among them the book by Essen (1975), are devoted 
to this inequality. 

Inequality (22) contains the following assertion: the inequality /3(oo, /) < 
B(/9, 1) is fulfilled for entire functions / of order p < oo, which was conjectured 
by Paley in 1932. For p < 1/2 the conjecture was proved by Wahlund in 
1929, and for p > 1/2 by Govorov in 1969 who used the methods which 
he developed for investigating the Riemann boundary problem with infinite 
index (see Chap. 7, Sect. 1). The estimate /3(oo, /) < B(A, 1) for meromorphic 
functions was later obtained by Petrenko (1969). The inequality in the form 
(22) was obtained by Shea (published in a paper by W. Fuchs in 1970). 

Inequality (23) is the well-known A. Baernstein (1973) “spread relation”. 
In order to prove this relation, the ^-function technique was first developed 
(see, also Essen (1975)). Inequality (24) was obtained by I. Marchenko (1982) 
and Sodin (1986). 

The conjecture that (25) is true was made by Teichmiiller in 1939; it was 
proved by Edrei (1973) who used the spread relation. Edrei (1965, 1973) also 
proved (26) and (27). 

Inequalities (28), (31) to (34) were proved by Gol’dberg and Ostrovskii in 
1961 and 1963, inequalities (29) and (30) were obtained simultaneously and 
independently by Edrei-W. Fuchs and Essen-Shea in 1973, (see Essen et al. 
(1983)). Inequality (35) was proved by Petrenko (1969), who noticed that it 
follows from some auxiliary relations used in deriving (34). Inequality (36) 
was obtained by Sodin (1986). 

Inequality (37) with p instead of A was proved by Edrei and W. Fuchs in 
1960; in the form indicated by (37) it was obtained independently by Ostro- 
vskii in 1963 and Edrei in 1964. Inequality (38) was proved by Shea (1966). 
Estimate (39) was obtained by Miles and Shea (1976). It was preceded by the 
works by Edrei and W. Fuchs, by Ostrovskii and by Edrei mentioned above. 
As early as 1929, R. Nevanlinna conjectured that, for an entire function / of 
order p, the inequality /^(/) > K{p) holds. The equality holds here for entire 
functions with positive zeros possessing a density. Hellerstein and Williamson 
(1969) showed that Ki{x) in (39) can be replaced by K{x) for any entire 
function with positive zeros, and Gol’dberg (1971) showed that «(/) > K{p) 
is valid for entire CRG functions. Kondratyuk (1983) proved that Ki{x) in 
(39) can be replaced by K{x) for a broader class of entire functions. 

Publications by Essen, Rossi and Shea (1983), by Rossi and Weitsman 
(1983) and by Sodin (1986) are also worthy of note. In these works some of 
the relations (21) to (39) were obtained from unified viewpoints. Many articles 
have been devoted to studying properties of functions for which the equality 
is attained in these inequalities. As a rule, these functions have particularly 
regular behavior. We cannot formulate here even most typical results. 
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For meromorphic functions of Polya’s finite order, i.e., such that satisfy 
(20), Eremenko (1985) proved that EnU) = En{f)- This is not true, gener- 
ally speaking, for functions of finite order (see Sect. 5). Though R. Nelanlinna’s 
conjecture stating that the condition card£'iv(/) < oo is necessary for entire 
functions of finite order p was disproved by Arakelyan (Sect. 2), the conjec- 
ture is valid for entire CRG functions. Oum Ki-Choul (1969) showed that 
cardF^iv(/) < max{a: e Z : x < 2p} -h 1 for such functions, and Gol’dberg 
(1971) proved that this estimate cannot be improved. Kondratyuk (1983) ex- 
tended Oum Ki-Choul’s results to a broader class of entire functions. 

The description of sets Ey{f) for entire CRG functions given by Hyllen- 
gren and described in Sec. 4 was substantially improved by Eremenko (1985). 
Namely, for 0 < p < 1/2 we have Ey{f) = {oo}. For p > 1/2 there exists a 
sequence (a^), E C, and a sequence of positive numbers 6k^ ^k+i/^k oo, 
such that 



oo oo 

EvU) \{oo} C Pi U { 2 : : \z-aj\< exp{-Sj)} . 

n=lj=n 

Moreover, the requirement for / to be a CRG function can be imposed only 
on those rays where the indicator of / is nonnegative. This is the best possible 
characterization of Ey{f) for CRG functions. 

The value distribution of meromorphic functions of order 0 is governed by 
strong requirements. As Valiron showed in 1950, cardJFiv(/) < 1. Edrei and 
W. Fuchs in 1959 showed that the same is true for meromorphic functions of 
lower order A = 0. Moreover, cardE' 77 (/) < 1 is also valid for these functions 
(Petrenko (1978), p.69). These inequalities follow from (26) and (35) too. The 
situation is more complex in the case of Ey{f). Valiron (1914) showed that 
Ev{f) = { 00 } for entire functions satisfying (16). However, if (15) is fulfilled, 
then Ey{f) can have the cardinality of the continuum (as proved by Drasin 
and Shea in 1969). For meromorphic functions with a growth, however slow, 
compatible with the condition that / is transcendent, the set Ey(f) may be 
uncountable (Anderson and Clunie in 1966). To study the asymptotic behavior 
of a meromorphic function of zero order, the following representation may be 
useful (see Gol’dberg and Zabolotskij (1983a)). Let p{r) be a proximate order 
of /, let p(r) — 0, as r 00 ; and let V{r) = We shall denote by 

n^o(r, a, /) the counting function of a-points of the function f{zo + z). Then 
(H=r) 

log l/(^)l = 0, /) - W(r, 00 , /)- 

-[ riz{t,0,f)dlogt-\- f nz{t,oo,f)dlogt + o{V{r)), r 00 . 

^0 Jo 

If some Cg-set, where is a given number, 0 < ^ < 1, is excluded from C, 
then the terms containing integrals may be omitted from the above relation. 
It is not difficult to see that the following result due to Kubota (1969) can be 
derived from the same relation. If f is a meromorphic function of zero order, 
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and if 6{oo^f) > 0, then there exists a set E of upper density 1 such that 
log n{r,f) log M(r,/) as r G E, and 

< liminf log/i(r,/)/T(r,/) < lim sup log /x(r, /)/T(r, /) < Z\(oo,/) . 

7/T(r, /) is a slowly varying function, then there exists E of density 1. 

Meromorphic functions satisfying (16) are even more regular. Anderson 
and Clunie in 1966 showed for these functions that if 6{oo,f) > 0, then 
/(re^^) — > oo as r — oo for almost all 6 € [0,27t]. If condition (15) is satisfied, 
this does not hold, as proved by Piranian in 1959. They based themselves on 
the Hayman (1960) theorem (see Chap. 1, Sect. 2). For functions satisfying 
conditions (16) it is reasonable to compare not log/i(r, /) and log M(r, /), but 
/i(r, /) and M(r, /) directly. Such investigations were carried out by Barry 
in 1962, who made the following conjecture: if an entire function / satisfies 
lim sup log M(r, /)/(log^ r) < cr < oo, then 

lim sup /x(r, /)/M(r, /) > C{a) , (40) 



where C(0) = 1, and 

C(o-) = n ( l + Xfc(a) ) ’ ^ exp{-(2k - 1)/4(t) , 



for 0 < cr < OO. For a = 0 this formula was known to Valiron (1914). The 
Barry conjecture follows from any of the following two results: 

(i) Gol’dberg (1979): if / is a meromorphic function of zero order such that 



lim inf 



iV(r,0,/) + Ar(r,oo,/) 
log^ r 



< a < oo , 



then it satisfies (40); 

(ii) Fenton (1982): If / is an entire function such that 



. logM(r,/) 

hm mf ^ ^ < cr < oo , 

log^r ~ 

then it satisfies (40). 

Inequality (40) can be regarded as a complement to the Wiman-Valiron- 
Kjellberg theorem (21). 



§12. Entire Curves 

If / is a meromorphic function and / = gxjg^^ where g\ and g^ are entire 
functions without common zero, then the question of the distribution of a- 
points of / can be reduced to the question of the distribution of zeros of the 
linear combination gi — ag 2 for a ^ oo, or of 5^2 if a = 00 . Thus the problem 
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arises of how the zeros of the linear combination aig\ + a2^2 are distributed, 
with the obvious exception of the case where ai = U2 = 0, and of the case 
where g\ and ^2 are linearly dependent. This problem is completely equiva- 
lent to the problem of the distribution of a-points of meromorphic functions. 
It is now appropriate to pass to the problem of the distribution of zeros of 

linear combinations a\gi H hUpPp (p > 2), where |ai| H f- I^^pI > 0, and, 

among entire functions pi, . . . ,Pp, the maximum number s of linear indepen- 
dent functions exceeds 1 (2 < s < p). The theory of the distribution of zeros 
of such linear combinations was constructed by H. Cartan in 1933. His work 
went unnoticed for a long time, but later it appeared that it contained the 
foundations of a much more general theory of entire curves. As to this more 
general approach, we refer the reader to Dektyarev’s (1986) survey, and here 
we shall merely touch upon the quite elementary level of this theory, which is 
the closest to the classic theory of entire and meromorphic functions. 

Let A G C^, B € C^, A = (a^, ...,Up), B = (61 ,..., 6p), let the scalar 

product be (A, B) = aibi H hUpSp, and let (A, B) = (A, B), ||A|p = (A, A) 

with 0(A, J5) = arccos |(A, B)|/(||A|| • ||H||)) being the angle between A and 
B. Consider the vector G{z) = (^1(2 ;), ... , gp{z))^ where gj are entire functions 
not all identically equal to zero. We shall assume that G ~ i/ if there exists 
a meromorphic function (p such that gj = (phj for 1 < j < p. An entire curve 
is a class of vectors with entire functions as their components for which every 
pair of elements is linked by the above-mentioned equivalence relation. An 
entire curve will be denoted by the same letter as any of the vectors contained 
in the corresponding class. It is evident that it is always possible to choose 
a representative of an entire curve such that ||G(2;)|| > 0 in C. The zeros 
of the function (G(2;), A), A ^ 0, are called A-points of the entire curve G if 
||G(2:)|| > 0 in C. Let n(r, A, G) be the counting function of A-points. We shall 
denote by n{r, A, G) the similar function with each zero of (G{z),A) of order m 
counted min{m, 5- 1} times. Further, let ni(r, A, G) = n(r, A, G) — n(r, A, G), 
and let n(r, ||G||) be a counting function of zeros of ||G||, with account taken 
of their order. Using these quantities, we shall construct, as in Sect. 1, the 
functions A'(r, A, G), A^(r, A,G), A,G), N(r, ||G||). Let 2; = 0 be a zero 

of ||G|| of order m > 0, and let c(G) = lim^^o ||G(z)|| \z\~'^. The function 

T{r, G) = ^ j' log ||G(re*")|| dO - N{r, ||G||) - log c(G) 

will be called the characteristic function of the entire curve G. It is easy to 
verify that, if G ~ if, then T(r, G) = T(r, iJ), so that the characteristic func- 
tion of an entire function does not depend on the choice of its representative. 
If u{z) = max{log \gj(z)\ : 1 < j < p}, then 

T{r, = ^ 1^ u{re^^) d9 - N{r, ||G||) + 0(1) . 

The quantity Q(r, G) is defined in a similar way with Q(r, /). Let 
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m(r, A, G) 



J_ 

27T 




l|g(r-e-^)l|-MII 

\{G{re%A)\ 



de = 



27T 



/•27T 

I ' 



logsec 0{G{re^^), A) dO . 



lip = 2 and / = gilg 2 ^ then T(r, G) = T(r, /) + 0(l) (see (2)); ii A= (1, — d), 
a G C, then iV(r,a,/) = iV(r,A,G), m(r,a,/) = m(r,A,G) + 0(1), with 
cos0(G(re^^), A) being the distance along the chord between the images of 
G(re^^) and A on the Riemann sphere; likewise if A = (0, 1), then N{r, oo, /) = 
iV(r, yl, G), m(r, oo, /) = m(r, A, G) + 0(1). 



The first main theorem of the theory of entire curves. If (G{z), A) ^ 0 then 



m(r. A, G) + iV(r, A, G) = T(r, G) + 0(1) . 



This theorem follows directly from the definitions of the quantities entering 
this relation; for p = 2 this theorem is reduced to the first main theorem for 
meromorphic functions. 

A finite or infinite vector system in is said to be admissible if any 
number p of diflFerent vectors from this system are linearly independent. 

The second main theorem of the theory of entire curves. Let G be an entire 
curve all of whose components are linearly independent (i.e., s = p), and let 
{Ai, . . . , Aq} be an admissible vector system. Then 

{q - p)T(r, G) < ^ V(t-, Aj, G) + Q{r, G) . (41) 

i=i 



Inequality (41) can be rewritten as 

•£m(r,A^.a} + j2 iVi(r, A,-, G) < pT(r, G) + Q(r, G) . (42) 

j=i j=i 

For p = 2 these inequalities become (4) and (5), respectively, with N({r) 
replaced by 

'^Ni{r,a,f) < N({r) . 
j=i 

To give an example illustrating the possibilities of the second main theorem 
for entire functions, we shall prove the following theorem due to Borel. 

Theorem. An entire function without zeros cannot be a linear combination 
of not fewer than two linearly independent entire functions without zeros. 

Indeed, let us assume that g{z) = 01 ^ 1 ( 2 ;) H l-apPp(z), where aj ^ 0 for 

all j, and pi, . . . , Pp have no zeros. Consider an entire curve G = (pi, . . • , Pp) 
and an admissible system 
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Ai = (1,0, A 2 = (0, 1,0, ...,0)...,^p+i = (ai,...,ap) . 

Then {G,Aj) = gj, 1 < j < p, (G,Ap+i) = g, N{r,Aj,G) = 0 for 1 < j < 
p+1. From (41) we obtain T{r,G) — Q{r,G), i.e., arrive at a contradiction, 
since both gj and g cannot be polynomials of positive degree, and only one 
of them can be a constant. This important theorem (Borel (1897b)) was first 
completely and convincingly proved by R. Nevanlinna (1929). 

The deficiencies 6(A, G), A{A,G) and indices e(A, G), as well as sets 
E'iv(G), Ey{G) are introduced exactly as in the case of meromorphic func- 
tions. It is obvious that 0 < ^(A, G) + e(A, G) < 1. The deficiency relation for 
an entire curve with s = p is written as: 

Y,{^{A,G) + e{A,G))<p, (43) 

where 5 is an arbitrary admissible system. The quantity 

L(r,A, G) = max{logsec0(G(re^^), A) : 0 <0 < 27 t} 



is an analog of the quantity L(r, a, /) for a meromorphic function / for an 
entire curve G. Using this quantity, Petrenko in 1972 introduced a notion of 
the deviation /3(a, G) of an entire curve G relative to a vector A. In his book, 
Petrenko (1984) brings together a great deal of information on the growth 
and value distribution of entire curves, consisting of results obtained both by 
the author and by other mathematicians. Concerning these results and the 
related bibliography we refer the reader to Petrenko (1984). Here we shall 
note only some of these results. Let Mq(G) = {A G : (G, A) = 0}, 
and let uj be the dimension of Mq, 0 < lj = p — s <p — 2. If 5 is an 
arbitrary admissible vector system, then the set En{G) fl {S\Mq{G)} is at 
most countable. The intersection of the sets Ey{G) and En{G) with any 
{p — l)-dimensional complex hyperplane not passing through the origin is a 
C^~^-polar set (A. Sadullaev). We remind the reader that the set E C is 
C^“^-polar if there exists a plurisubharmonic function u in u ^ — oo, 

such that u{z) — — oo for z G E. If G has a finite lower order, then the 
set En{G) Pi (5 \Mq(G)) is at most countable. In his book (1984) Petrenko 
describes results, most of whose analogs for meromorphic functions may be 
found in Sect. 4, 5, 11. 

Here we shall note only several results not included in Petrenko (1984) and 
having analogs among theorems of Sect. 1 and 2. 

The second main theorem was formulated for the case s = p. H. Cartan in 
1933 conjectured that in the general case of 2 < s < p for Aj ^ Mq(G) the 
inequality 

Q 

(q-2p + s)T{r, G) < J] N{r, Aj , G) + Q(r, G) (44) 

j = l 

holds. 



The deficiency relation 
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{6(A, G) H- e(A, G)} < 2p — s (45) 

AeS\Mo{G) 

follows from (44). Sung Chen-Han (1979) announced a proof of H. Cartan’s 
conjecture, but his original full proof has not been published to this day. The 
first to publish a proof of H. Cartan’s conjecture was Nochka (1982). 

It follows from (44) that the relations card (Ep(G) fl 5) < 2p — s and 
card {Eb{G) HS) <2p — s hold for any admissible system. A weaker estimate 
card (jEp(G) fl 5) < 2p — 2 was obtained by Montel (1927). However, the 
estimates obtained using (44) can be improved. We shall call a vector A a 
strong Picard value for G if (G(z), A) has no zeros; we shall denote the set of 
such values by Ep^(G). Let R and F{G) be, respectively, the field of rational 
functions and the field of meromorphic functions whose growth category is 
lower than the growth category of T(r, G). We shall denote by si and S 2 the 
maximal number of linear independent components of G over R and F{G), 
respectively. Obviously, S 2 < si < s. Then 



card {Epq (G) H S) < p + 
card {Ep{G) C\ S) <p + 
card (Eb{G) H S) <p-\- 







(46) 


rp-5 1 

Lsi - iJ ’ 


Si >2, 


(47) 


rp-s 1 

IS2 - iJ ’ 


S2 > 2 . 


(48) 



Here [x] denotes the entire part, and all the estimates are unimprovable. 

Estimate (46) was proved by Dufresnoy (1944), estimates (47), (48) were 
proved by Gol’dberg and Tushkanov (1973). Instead of (G(^;),A), A G C^, 
one can consider the entire functions {G{z),A{z)), where A are entire curves 
with polynomial coefficients. Inequalities (47) and (48) remain valid if p — s 
is replaced by p — si, in the numerators of the fractions. If one takes entire 
curves A such that their growth category T{r^A) is lower than the growth 
category of T(r, G), then one can use (48), provided that p — 5 is replaced by 
p — 52 in the numerators. The admissibility of a system of entire curves A{z) 
is determined by the requirement that any p of them be linearly independent. 
These and more general results can be found in Gol’dberg and Tushkanov 
(1971-1973), Toda (1970,1975). Similar problems were considered in the book 
by Ghermanescu (1940) which summed up his results given in several arti- 
cles. However, almost all his conclusions are not exact, or his proofs require 
corrections. 

We mentioned earlier the set E^{G) fl S where S is an admissible vector 
system. Savchuk (1983,1985) studied the set En{G) directly, and obtained 
new and unexpected results even in the simplest case 5 = p, the case that had 
been studied by H. Cartan. 



Theorem. Let a set E C be given. Then for the existence of an entire 
curve G of order p, 0 < p < oo such that En{G) U {0} = E, it is sufficient 
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that E be at most a countable union of subspaces Aj C dim < p — 1. 
For p = 2 or for 0 < p < oo this condition is also necessary. For p = 3 an 
entire curve G of order p = oo exists for which the set En{G) U {0} is not an 
at most countable union of subspaces of dimension < 2. 

For p>3 the following assertion is nontrivial: for an entire curve G of finite 
order the set {6(A, G) : A C C^} is at most countable. 

For entire curves of infinite order, Savchuk solved the narrow inverse prob- 
lem of value distribution theory under the condition that 

5^5(AG)<p-1. 

Aes 

For p = 2 this to some extent complements the theorem proved by W. Fuchs 
and Hayman (see Sect. 2). For entire curves of finite order, Savchuk in 1988 
improved the Sadullaev theorem on Ey{G), having obtained an analog of the 
Hyllengren theorem (Sect. 4). The role of the disks 

{z: \z- aj\ < exp(- exp(jfc))} 
in the Hyllengren theorem is played by the sets 

[z C CP : < exp(-exp(jA:))| , ||^j|| = 1 . 
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Chapter 6 

Entire and Meromorphic Solutions 
of Ordinary Differential Equations 



An algebraic differential equation (ADE) is an equation of the form 

= 0 , ^ 

Here F is a polynomial of • • • , 2/ whose coefficients (i.e., coefficients of the 
equation) are meromorphic functions of z. The general theory of meromorphic 
functions mainly is applied to solve the following questions: 

1- ° Which ADEs have solutions meromorphic in C? 

2- ° What can be said of a meromorphic function if it satisfies an ADE of a 
certain type ? 

These questions prompted to a large degree the origin and development of 
the theory of meromorphic functions by Briot, Bouquet, Picard and others in 
the 19th century. The analytic theory of differential equations became a self- 
contained discipline after the work of L. Fuchs and Painleve; here the main role 
is played by the study of the analytic dependence of a solution on the initial 
conditions. The following classification of ADEs of the form (1) was proposed 
by L. Fuchs. An ADE has moving singular points if the set of all singular points 
of all solutions fills a domain in the z-plane (poles are not considered to be 
singular points), otherwise the equation is said to have fixed singular points. 
For example, linear differential equations have no moving singular points. 
L. Fuchs found all first-order equations having no moving singular points, 
and Poincare showed that such equations are either reducible to second-order 
linear equations or are integrable in quadratures. Painleve found all second- 
order equations of the form = R{y', y^ z) with fixed singular points. Among 
them he found six equations which are neither reducible to linear nor to first- 
order equations. They are called Painleve equations. All these results are 
presented in detail in Golubev (1950) and Ince (1944). 

The analytic theory of differential equations continued to infiuence the 
theory of meromorphic functions in the 20th century though less than in 
the previous century. Thus Painleve ’s investigations of first-order ADEs led 
to the formulation of questions concerning removable sets and single-valued 
analytic functions with a perfect totally disconnected set of singular points. 
To satisfy the requirements of the theory of differential equations, Painleve 
extended the Picard theorem to algebroid functions. Later, a theory similar to 
Nevanlinna’s theory of value distribution was constructed for these functions. 
The emergence of the Wiman-Valiron method (Chap. 1, Sect. 4) was partly 
prompted by applications to differential equations. 

A survey of the modern state of the analytic theory of differential equations 
is given in Arnold et al.(1985). In this chapter we shall chiefiy consider only 




142 



A. A. Gol’dberg, B.Ya. Levin, I.V. Ostrovskii 



those results which are obtained using the theory of value distribution of 
meromorphic functions and by the Wiman-Valiron method. 



§1. Nonlinear ADEs with Meromorphic Solutions 

Questions 1° and 2° posed above are fully solved for the simplest class of 
equations F{y',y) = 0 where F is an irreducible polynomial of two variables. 
Such equations are called Briot- Bouquet equations. If such an equation pos- 
sesses at least one nonconstant meromorphic solution, then all its solutions 
are meromorphic. This is true if and only if the equation has no moving sin- 
gular points. The latter condition can be checked directly, analyzing the form 
of the equation. Every meromorphic solution is either an elliptic function or 
a rational function of expa^;, a G C, or a rational function. We shall denote 
by W the set of the above-listed functions. These results were already known 
to Abel, Briot and Bouquet in the first half of the 19th century. The next, 
more complex type of equations of the form F{y'\ y) = 0 was considered by 
Picard (1880). It turns out that all meromorphic solutions of such equations 
also belong to the class W. This work contained one of the first applications 
of the Picard theorem on exceptional values of meromorphic functions. Not 
quite complete results were obtained by Eremenko (1982) for the equations 
F{y^^\y) = 0, A; > 3. For example, if F(xi,X 2 ) = 0 is an algebraic curve of 
genus 1, then only elliptic functions may be meromorphic solutions of such 
equations (if the genus of the curve exceeds one, then there exists no noncon- 
stant meromorphic solution). Furthermore, if k is odd and if the meromorphic 
solution has at least one pole, then y eW. 

Now, let us consider the general ADE of the first order 

F{y', y,z) = o. (2) 

Theorem 1 (Malmquist (1920)). If irreducible equation (2) with rational 
coefficients has a transcendental meromorphic solution, then this equation has 
no moving singular points. 

Corollary 1 (Malmquist (1913)). If R is a rational function of y and z and 
if the equation 

y' = R{y, z) (3) 

has a transcendental meromorphic solution, then Eq. (3) is a Riccati equation 
(i.e., R is a second degree polynomial of y). 

Indeed, the Riccati equation is the sole equation of form (3) without moving 
singular points. The proof of Corollary 1, independent of Theorem 1 and given 
by Kiinzi in 1956, is a good illustration of how the R. Nevanlinna theory is 
applied to siirh prohlpms If Eq (3) is not a Riccati equation, then, b}'’ the 
substitution y = w~^ + a, a G C, the equation can be reduced to the form 
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, ^ Pn+2{W,Z) 
Pn{w,z) 



n > 0 , 



(4) 



where Pk is a polynomial of degree k in w. Now we use the following theorem 
due to Valiron: 



If R{u^z) is a rational function of two variables of degree k relative to u, 
and if w is a meromorphic function, then for the function wi{z) = R{w{z), z) 
we have 

T{r,wi) = kT{r,w) + 0{\ogr), r oo . (5) 

Further, by virtue of the lemma on the logarithmic derivative we have 

m{r,w') = m(j',w • < m{r,w) -\-m(^r, + 

+0(1) < ^(^5 w) + o(T(r, w)), r — > oo , 
outside a set of finite measure. In addition, it is obvious that 



n(r,w') < 2n{r,w), N{r,w') < 2N{r,w) . 

Thus, T{r,w') < (2 + o(l))T(r, tt;), r — > oo outside a set of finite measure. 
This inequality, together with (5), contradicts (4). 

Theorem 1 can be proved in a similar manner, but instead of (5) the 
following theorem has to be used. 

Theorem (Eremenko (1982)). Let F{x,y,z) he an irreducible polynomial 
of three variables of degrees m and n relative to x and y, respectively. If 
meromorphic functions f and g satisfy the identity 

FU{z),g{z),z) = 0 , 



then 

mT{r,f) = (n + o(l))T(r, 5 f) + 0(logr), r oo . 

The importance of Theorem 1 lies in the fact that equations (2) without 
moving singular points are well-studied and admit a simple description (Gol- 
ubev (1950), Ince (1944), Matsuda (1980)). 

Corollary 1 shows the importance of the study of meromorphic solutions 
of the Riccati equation. In the general case it is not known how to deduce, 
analyzing the coefficients of an equation, whether or not it has a meromorphic 
solution. The reader can find some partial results concerning this question 
in Bank and Laine (1981). Wittich (1955) studied the value distribution of 
solutions of the Riccati equations. 

The following notion which was introduced independently by Laine (1971) 
and A. Mokhon’ko and V. Mokhon’ko (1974), makes it possible to extend 
the Malmquist theorem to Eq. (2) with transcendental coefficients. A mero- 
morphic solution y of ADE (1) is called admissible if for every coefficient a 
of this equation the relation T{r,a) = o{T{r,y)) holds with r — > oo outside 




144 



A. A. Gol’dberg, B.Ya. Levin, I.V. Ostrovskii 



some set of finite measure. If the coefficients are rational, then an admis- 
sible solution is the same as a transcendental one. In the above-mentioned 
works of Laine, A. Mokhon’ko and V. Mokhon’ko, Corollary 1 is extended 
to ADEs with transcendental coefficients having an admissible solution. In 
A. and V. Mokhon’ko’s paper this was done according to the scheme indi- 
cated above using the appropriate generalization of the Valiron theorem as 
expressed in (5). 

Theorem 2 (Eremenko (1982)). If irreducible equation (2) has an admissible 
solution, then this equation has no moving singular points. 

The proof of Theorem 1 given by Malmquist is not accepted by most spe- 
cialists in the field. K.Yosida in 1933 proved a particular case of Theorem 1 
(the case from which Corollary 1 follows). Afterwards, many works appeared 
that generalized Corollary 1 and the K.Yosida theorem (see the survey in 
Eremenko (1982)). The above-mentioned results and Theorem 1 are particu- 
lar cases of Theorem 2. 

Gol’dberg (1956) gave an estimate of the growth of T(r, y) for meromorphic 
solutions y of Eq. (2) with meromorphic coefficients in terms of the Nevanlinna 
characteristics of coefficients. In particular, it follows from his estimate that 
meromorphic solutions of Eq. (2) with rational coefficients are of finite order. 
Using Theorem 1, Eremenko (1984) obtained the following result improving 
previous results by Wiman, Valiron, Polya and Malmquist. 

Theorem 3. Let y be a transcendental meromorphic solution of Eq. (2) with 
rational coefficients. Then the order p of the function y is a rational number 
of the form either n/2 or n/3, n G Z+. If p > 0, then T{r, y) ~ const • r^. If 
p = 0, then T{r,y) ~ const • log^r. If y is an entire function, then p = n/2, 
n G N. 

Bank and Kaufman in 1980 proved Theorem 3 for equations of the spe- 
cial form {y')'^ = R{y,z), and showed, by constructing the corresponding 
examples, that all values of order p indicated in Theorem 3 may occur. 

Now we shall pass to higher-order equations. We shall denote by H[y] an 
arbitrary differential polynomial, i.e., the sum of differential monomials of the 
form ay^^{y'Y^ . . . , where a is a meromorphic function. Having made 

a substitution y = w~^, we shall obtain H[y] = w~'^Hi[w], where Hi is a 
differential polynomial non-divisible by w. The number k = k{H) is called 
the weight of the differential polynomial H. 

Theorem 4 (Eremenko (1982)). Let H be an arbitrary differential polyno- 
mial, and let F he an irreducible polynomial of two variables with meromorphic 
coefficients. If the equation 

F{H[y],y,z) = Fm{y,z){H[y]r+ 

+Fm-i{y, z){H[y]r-^ + . . . + Fo{y, z) = 0 
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has an admissible solution, then 

degyFj < K{H){m - j) , 0 < j < m . (6) 

This theorem generalizes a number of previous results related to m = 1. 
If H[y] = then k{H) = A; -f 1, and the equation assumes the form 

= 0? condition (6) becomes degyFj < (A: + l)(m — j). Ere- 
menko (1982) showed that this implies Theorem 2. 

Steinmetz carried out a systematic study of second-order ADEs with ra- 
tional coefficients that have transcendental solutions. He used Nevanlinna’s 
theory as his main tool. Steinmetz (1982a) investigated in detail second-order 
homogeneous equations. Steinmetz ’s most important results deal with equa- 
tions of the form 

Ps{w, z)w" + P 2 {'^, + Poi'^^ z) = 0 , (7) 

where Pk are polynomials in w with rational coefficients without a nontrivial 
common divisor. 

Theorem 5. If £^^.(7) has a transcendental meromorphic solution which 
does not satisfy any first- order ADE with rational coefficients, then 

deg^Ps < 4 , deg^^(u;P2 + 2P3) < 3 , deg^Pi < 4 , deg-u;Po < 6 . 
Each of these estimates is exact. 

If Pi = Pq = 0, then every meromorphic solution of Eq. (7) satisfies some 
first-order ADE with rational coefficients. 

Now let P2 = 0 in Eq. (7). If the conditions of Theorem 5 are satisfied, 
then (7) has necessarily the following form 

y" = P{z, w) + Q{z, w)w' + q{z) ^ , ( 8 ) 

UJ SyZ J 

where degi^P < 3, deg ^jQ < 1. 

Steinmetz (1986) gave a complete description of all equations of form (8) 
with g ^ 0 that satisfy conditions of Theorem 5. It turns out that all mero- 
morphic solutions w of such equations satisfy a split system of two first-order 
ADEs: 

w' = R(z,w,y) , 

y' = Q{z,y) • 

The result remains valid if ^ = 0 but degi^P < 2. 

The following four of the six Painleve equations mentioned in the intro- 
duction undoubtedly have meromorphic solutions since they have no moving 
singular points, and the only fixed singular point is 00: 

w" = -h 2; , 



( 9 ) 
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( 10 ) 

( 11 ) 



w” = 2w^ zw c , 

w" = — h e^{auP + 6) -f e^^icw^ + dw~^) , 

w 

w" = — h -w^ + AxuP" + 2{z^ — a)w + cw~^ . (12) 

2w 2 

Solutions of these equations were studied using methods of the theory of value 
distribution by Boutroux (1913), Steinmetz (1982b) and others. 

Very little is known about the growth and value distribution of solutions 
of other nonlinear ADEs higher than the first order. It has been conjectured 
long ago that, for meromorphic solutions of A;-th order ADEs with rational 
coefficients, the relation 



log . . . log r(r, y) = 0(log r) 

k times 

holds. This conjecture has been proved ior k = 1 only (see Theorem 3). Now 
we shall mention some typical results on the growth of solutions of higher- 
order ADEs. 

Theorem 6 (Bank(1975)). Let a meromorphic function y satisfy a second- 
order ADE with rational coefficients. If 

loglogN{r,aj,y) = O(logr), j = 1,2 , 

for two different values ai,U 2 G C, then log log T(r,y) = O(logr). 

The example y{z) = exp exp 2 :; yy" — {y'p—y'y = 0 shows that this estimate 
is exact. 

Gol’dberg in 1978 showed that meromorphic solutions of the equations 
{y'T + Am-i{y', y, z){y'T-" + • • • + Ao{y', y,z) = 0 

{Aj are polynomials) have finite order if N{r,a^y) is known to have finite 
order for at least one finite a. 

The following rather general result on the value distribution of solutions, 
was obtained by A. and V. Mokhon’ko (1974); this result was preceded by a 
weaker theorem due to Strelits (1972, Theorem 1.1.21.). 

Theorem 7. Let ADE (1) have an admissible solution y. If the constant 
function yo{z) = c, c e C, does not satisfy Eq. (1), then m(r, {y — c)“^) = 
Q{r,y). In particular, 8{c,y) = 0. 

Proof. Without loss of generality, we assume that c = 0. If a function 
identically equal to zero does not satisfy the equation 

Y.^j{z)y^°{y')A . . . = 0 , J = (jo . ..jk) , (13) 

then a{z) = ao,o...o(^) ^ 0. Dividing the equation by a{z)y^ , where N is the 
total degree with respect to the variables y, . . . , y^^\ we obtain 
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yJS 

where Q is a polynomial in the logarithmic derivatives and in the 

coefficients of Eq. (13). To complete the proof one must apply the lemma on 
the logarithmic derivative. 

V. Mokhon’ko in 1984 obtained similar results for the deviation /3(c, y) in- 
stead of the defect 6{c, y), but in the case logr = o(logT(r, y)) it was assumed, 
in addition, that T{r,a) = 0(T(r, 2/) log”^ T(r, ?/)), r > 0, for any coefficient 
a of Eq. (1). 

In many cases some information on entire solutions can be obtained by the 
Wiman-Valiron method (see Strelits (1972), Valiron (1954), Wittich (1955)). 
Let us consider Eq.(13) with polynomial coefficients. Let a solution y be an 
entire transcendental function. The Wiman-Valiron theory yields the relation 

2/^”’(0 = (^)" 2 /( 0 (l + o ( l )), 

where ( oo, z/(r) is the central index, and C is a point such that \Q = r, 
\y{C)\ = ^{r-,y)' Substituting the asymptotic expression for derivatives into 
(13), we obtain 



E (C) (1 + 0(1)) = 0 , (14) 

where dj = jo \-jk is the degree of the differential monomial and kj is its 

weight. If there is exactly one term of maximal degree, then one summand in 
(14) exceeds the sum of the remaining terms, and Eq.(13) cannot have entire 
transcendental solutions (Valiron (1954), Wittich (1955)). If there are several 
terms with the maximal degree d, then, having divided (14) by we obtain 
the asymptotic equation 

EMo(^)”'(i+°a)) = o (15) 

(summing is over all terms with dj = d). If in Eq. (15), after grouping terms 
with the same there remains at least one nonzero coefficient, then we 
obtain a finite number of possible asymptotical expressions u{r) = CiC^'(l + 
o(l)), r oo. Id = r, whence it follows that entire solutions can have orders 
and type values |ci|A“^ only. In addition, we obtain an asymptotical equation 
for curves on which the maximum modulus is attained, arg Cj -h A^ arg ^ = 
0 (mod 27 t). However, if, after grouping terms in (15), all the coefficients 
disappear, then the method yields no result. The modifications of the Wiman- 
Valiron method described by Strelits (1972) extend the applicability of the 
method. 
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Theorem 8 (Zimoglyad, quoted in Strelits (1972)). Entire transcendental 
solutions of second order ADEs with rational coefficients have positive order 
of growth. 

This theorem answers the question posed by Valiron, who gave an example 
of a third-order ADE having an entire zero-order solution (Valiron (1954)). 

Some problems of analytical statistics lead to a study of entire solutions of 
ADEs 



= ay" ; aj,aeM, J = • 

J 

Here one needs to find out the conditions which ensure the absence of zeros 
for all entire solutions of this equation. Some rather broad conditions of this 
type, expressed via arithmetic 'properties of their coefficients, were found by 
Linnik (see Kagan et al.(1972)), but the problem is still far from being finally 
resolved. 

We shall conclude this section by describing a result by H. Selberg (1928) 
which presents the simplest example of applying differential equations to the 
theory of meromorphic functions. Let / be a meromorphic function. A value 
a G C is called p- completely ramified if all a-points, except a finite number of 
them, have the multiplicities > p = p{a). The inequality 

aeC 

easily follows from the R. Nevanlinna second main theorem, or from the 
Ahlfors theorem. Equality in (16) is possible in the six cases only: (oo, oo), 
(2,2, oo), (3,3,3), (2,4,4), (2,3,6), (2, 2, 2, 2). (If a is a Picard exceptional 
value, then p{a) = oo). Let us consider, for example, the case (2 , 2, 2, 2). This 
means that the function / has four 2-completely ramified values, for example, 
^1? ^2, 63, oo; 61-1-62 + 63 = 0. It is easily seen that then the meromorphic 
function 



(/-ei)(/-e2)(/-e3) 

has a finite number of poles. If / is assumed to be of finite order, then, by the 
lemma on the logarithmic derivative, m{r,g) = O(logr), r ^ 00. Therefore, 
^ is a rational function, and we have the ADE 

(/')'=5(/-ei)(/-e2)(/-e3) 

whose general solution is 



where p is the Weierstrass elliptic function. A similar argument can be applied 
to the five remaining cases. The case (2, 2, 00) was first considered by Valiron 
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(1923). Gol’dberg and Tairova (1963) considered the same case geometrically, 
without resorting to diflFerential equations. 

We see that the order of a function for which the equality is reached in (16) 
can take on a value from a discrete sequence of values (being a multiple of 1/2 
or 1/3). If one modifies the notion of a /^-completely ramified value by requiring 
that all a-points, except for o{A{r, /)) of them, have the multiplicities > ix^ 
then the conclusion on the order of a function becomes invalid (Gol’dberg 
(1973)). 



§2. Linear Differential Equations 

Let us consider the equation 

anW^'^^ + H h aiw' -h a^w = 0 , (17) 

whose coefficients are polynomials aj. The Wiman-Valiron method described 
in the preceding section yields the following result: 

Theorem 9 (Wittich (1955)). There exists a sequence of rational numbers 
Ai > A 2 > ... > Ap > Ijn, p < n, determined explicitly by degrees of the 
polynomials aj such that any transcendental meromorphic solution w of Eq. 
(17) has the order Xj for some j. 

It is known that a solution of order Ai always exists, and only in exceptional 
cases does there exist a solution of smaller order (Poschl (1958)). The estimate 
An ^ 1/n is attainable (Wittich (1955)). If an = const, then all solutions are 
entire and the estimates 



Ap > 



1 

n — 1 ’ 



>n 



. 7=1 



are valid (Wittich (1955)). 

Exhaustive information on the asymptotic behavior of solutions of Eq. (17) 
can be obtained in terms of so-called Stokes matrices (Bertrand (1978/79)). 
Unfortunately, the relation between the Stokes matrices and the coefficients 
is very complex, the Stokes matrices being transcendental functions of the 
coefficients. At the same time, the results obtained by using the theory of 
entire and meromorphic functions are, as a rule, simple and efficient, though 
not so precise. 

All solutions of the equation 

-f an-iw^'^~^'^ H h aow = 0 (18) 



with entire coefficients have finite order if and only if all Oj are polynomials. 
This follows from the following theorem (see also Wittich (1955)): 
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Theorem 10 (Frei (1961)). Let us suppose that in Eq. (18) at least one of the 
coefficients is an entire transcendental function. Then there exists a solution 
of infinite order. If the last entire transcendental function in the sequence 
ao,ai, . . . ,an-i is ak, then there exist not more than k linearly independent 
solutions of finite order. 

Let for example ao be a transcendental entire function, while all remaining 
aj are polynomials. If there exists a solution w of finite order, then, using the 
lemma on the logarithmic derivative, we obtain from (18) that 



/ \ 

m(r,ao) = = O(logr) , 



oo 



J=1 



which yields the desired contradiction. 

Prei (1961) obtained precise estimates from above for the growth of solu- 
tions of Eq. (18) with entire coefficients. A priori estimates are known for the 
growth of solutions of Eq. (17) with arbitrary meromorphic coefficients (in 
this case, the existence of meromorphic solutions is always doubtful). Here is 
a typical result: 

Theorem 11 (V. Mokhon’ko (1973)). Let aj be meromorphic functions in 
Eq. (18) such that m(r, aj) = o(logr), k-\-l<j<n — 1; m{r^ ak) ^ o(logr), 
r oo. Then there exist not more than k linearly independent meromorphic 
solutions of order p < 1 . 

Similar results for systems of linear differential equations are obtained in 
(V. Mokhon’ko (1980)). 

Now we shall return to Eq. (18) with entire coefficients. As a rule, all 
solutions have the maximal possible growth (the infinite order, if there are 
transcendental coefficients). Exceptional solutions are called subnormal. It is 
difficult to determine when such solutions exist. For example, consider the 
equation 

2/" + + C{z)y = 0 . 

A number of researchers (Frei, Wittich, Ozawa, Gundersen) investigated the 
conditions which must be imposed on the entire function C so that this equa- 
tion should not have solutions of finite order. In particular, they established 
that this is true if either C{z) = const ^ —k^i A; G N, or C is a polynomial of 
odd degree, or an entire transcendental function of order p ^ 1. 

We shall now consider some results on the distribution of values of mero- 
morphic solutions of Eq. (17). Let ao ^ 0, and let all coefficients aj be rational. 
Then, for every c G C\{0}, by virtue of the identity 

1 1 / \ 

I CLjfi “I" * * * “h ao I 
w — c cao \ w — c / 

and by virtue of the lemma on the logarithmic derivative, we obtain 
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m(r, {w — c)“^) = O(logr) . 

Thus, all values different from 0 and oo are non-exceptional in a very strong 
sense. Further, Wittich (1955) showed that the R. Nevanlinna second main 
theorem assumes, for such functions, the form of the asymptotic equality 

n(t, -h m(r, = T{r,w) -f- O(logr) . 

The distribution of zeros of solutions still remains to be studied. 

Theorem 12 (Frank (1970)). If all coefficients in Eq. (18) are polynomials, 
and if a^-i = 0, then the existence of n linearly independent solutions for 
which 0 is a Picard exceptional value implies that the coefficients are constant. 

The equation 

y" + At/ = 0 (19) 

with a transcendental entire function A can have two linearly independent 
solutions without zeros (Bank and Laine (1981)). For the existence of a fun- 
damental system with Borel exceptional values, see Bank et al (1983). A num- 
ber of works are devoted to the distribution of zeros of solutions of Eq. (19) 
with an entire function A. We shall denote by p(/) and po(/) the order of / 
and n{r,0,f), respectively. Let t/i, t /2 be an arbitrary fundamental system of 
solutions of Eq. (19). 

Theorem 13 (Bank and Laine (1981)). Let A he a polynomial of degree n. 
Set E = t/it/ 2 - Then 

Po(E) > ^ . 

Proof By a direct calculation we obtain 

jEf - 2{E''!E) -AA), c = const , (20) 

whence it can be seen that E is not a polynomial. Using the lemma on the 
logarithmic derivative we obtain from (20) 

T(r, E) = 0(N{r, 1/E) + log r) . (21) 



We rewrite (20) as 

c2 _ (£:')2 2EE" 4- AAE'^ = 0 

and, using the Wiman-Valiron method, we obtain p{E) = (n + 2)/2. Eq. (21) 
implies that po{E) > (n 4- 2)/2. 

Theorem 14 (Bank and Laine (1981)). If p{A) > 1/2, p{A) 0 N, then 
Po{yiy 2 ) > p(A). If po{A) < p(A), then po{y) > p{A) for every solution y. 

Theorem 15 (Rossi (1986)). If p{A) < 1, then 
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(p(^))~^ + {po{yiV2))~^ < 2 . 



The following result was proved by Bank and Laine in 1983. If A in Eq. (19) 
is a periodic entire function of exponential type, then every solution y with 
the property po{y) < oo is an elementary function (i.e., a superposition of 
algebraic and exponential functions). 

Petrenko (1984) applied the theory of entire curves and the notion of the 
meromorphic function deviation (see Ch.V, Sect. 5) to linear differential equa- 
tions. Let be a fundamental system of solutions of Eq. (18) with 

entire coefficients. By T{r) we shall denote a characteristic of the entire curve 
{wi, . . . ,Wn)- If a particular solution w does not grow much more slowly than 
the general solution, namely, if 



log T(r) = 0(r(r, w) log"^ T(r, w)) 



with some r > 2, then /3(a, w) = 0 for all a ^ 0, oo. Frank and Wittich (1973) 
discovered an interesting property of entire functions satisfying various equa- 
tions of the form (18) with entire coefficients: the set of such entire functions 
is an algebra (i.e., it is closed with respect to addition and multiplication.) 

To conclude, we present an important result due to R. Nevanlinna (1932) 
and linked to Eq. (19). 

Theorem 16. The following properties of a function f, meromorphic in 
some plane domain D and noncontinuable outside D, are equivalent: 

(a) f maps D conformally and univalently onto a complete^^ simply con- 
nected Riemann surface without algebraic ramification points and with a finite 
number of logarithmic ramification points. 

(b) f satisfies the Schwarz differential equation 






~(^Y = 

2\f'J 



( 22 ) 



where P is a polynomial. 

(c) f = y\IV 2 Is the ratio of two linearly independent solutions of the 
equation 

y" + \py = ^- (23) 

(d) f is a meromorphic function of finite order without multiple points (i.e., 
f'{z) ^ 0 and there are no multiple poles.) 

The most complex part of the proof is the implication (a) ^ (b) (R. Nevan- 
linna (1932,1953)). That the function / = y\jy 2 from (c) satisfies Eq. (22) 
can be verified directly. The set of such functions is a three-parametric family. 
Hence they exhaust all the solutions of Eq. (22), thus proving the implication 



vVe understand the Riemann surface in the sense of Stoilow (1958). A Rieriiann 
surface is said to be complete if it is not a part of any larger Riemann surface. 
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(6) (c). We already know (Theorem 9) that all solutions of Eq. (23) are func- 

tions of finite order. Differentiation yields /' = {yi/y2Y = (yi 2/2 — yiy2)/yh 
The numerator does not vanish, since it is the Wronskian of the pair 2 /i, 2 / 2 * 
Further, the solutions y of Eq. (23), different from the identical zero, have 
no multiple zeros by virtue of the uniqueness theorem for the Cauchy prob- 
lem. Thus, f'{z) ^ 0, and / has no multiple poles. We have obtained the 
implication (c) (d). Finally, it follows from (d) that / maps the plane on a 

simply connected Riemann surface without algebraic ramification points. The 
Denjoy-Carleman-Ahfors theorem implies (see R. Nevanlinna (1953)) that the 
set of logarithmic ramification points is finite. Whence (d) (a). We shall 

also prove that (d) (6), and thus we shall prove a simplified version of 

Theorem 16: namely the equivalence of (6), (c), (d). One must directly ver- 
ify that the Schwarzian S{f) of a meromorphic function / has poles at, and 
only at, multiple points of the function /. Thus, (d) implies that S{f) is an 
entire function. Applying the lemma on the logarithmic derivative we obtain 
m(r, S'(/)) = O(logr), r — > oo. Therefore S{f) is a polynomial. 

Theorem 16 has a number of corollaries. First, it has been proved that the 
Riemann surfaces described in (a) are of parabolic type (conformly equivalent 
to a plane). Secondly, deficient (also asymptotic) values of the function / are 
the projections of the logarithmic ramification points of the surface from (a). 
Using Theorem 16, R. Nevanlinna solved the inverse problem of the theory of 
value distribution under the conditions that cardEJjv(/) < oo, the deficiencies 
are rational, and their sum equals two. Thirdly, the Stokes matrices of Eq. (23) 
are very simply related to deficient values of the function /. Due to this 
relation, Sibuya (1974) proved the existence of equations of form (23) having 
the given Stokes matrices by constructing a suitable Riemann surface of the 
form described in (a). 

Petrenko (1984) extended the equivalence (c) ^ (d) onto entire curves. 
li W = {wi, , . , ,Wn) is an entire curve of finite order such that all functions 
(VF, a), a G C have no zeros of multiplicity larger than n — 1, then wi^.. . ,Wn 
is a fundamental system of solutions of Eq. (18) with polynomial coefficients. 
The converse is obvious. It is not known yet whether this observation will be 
as useful as Theorem 16. 




154 



A. A. Gol’dberg, B.Ya. Levin, LV. Ostrovskii 



Chapter 7 

Some Applications of the Theory 
of Entire Functions 



§1. Riemann’s Boundary Problem with Infinite Index 



Before passing to the Riemann problem with an infinite index, we shall 
remind the reader the classical Riemann boundary problem and its solution. 
The classic statement of the problem is as follows. Let a smooth closed contour 
L be given, and let two functions, G and on it satisfy the Holder condition 
with G not vanishing on L. Let be the interior of L, and let be the 
exterior of L. A function ^ must be found which is analytic in U D~ 
(including oo G D~)^ and which admits continuous extensions and on 
L from and D“, respectively, such that the boundary condition 

= teL, 



is satisfied. If ^ = 0, then the problem is called homogeneous^ otherwise it is 
non-homogeneous. 

A complete solution of the problem as stated above was given by Gakhov 
in 1937. An important role in his solution is played by the concept of the 
index ^ 

K = — Zi^argG , 

Ztt 

where Al means the increment along L. Here we shall present this solution 
following Gakhov (1966). 

First we shall consider the homogeneous problem. Without loss of general- 
ity, we can assume that 0 G D~^ . Having singled out a continuous single- valued 
branch of log(^~'^G(^)), we set 






< 



log(f ’^G{t)) 



dt 



}. 



zeD+, 



log{t-'^G{t)) 
t — z 



dt 



ze D \{oo}. 



The function X is analytic and does not vanish in D+ U D~ \{oo}. It has the 
asymptotic form X{z) ~ as z oo, and satisfies the boundary condition 
X~^ = GX~ on the contour L (which is verified using the Sohocki-Plemelj 
formula,s). The function is uniquely determined by these three conditions and 
is called the canonical function of the problem. It is worth noting that the 
function X is a solution of the homogeneous problem only if /^ > 0: in this 
case it is an analytic function in U J9~, while it has a pole of the order |k| 
at the point in infinity if /^ < 0. 
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If ^ is an arbitrary solution of the homogeneous problem, then setting 
P = ^/X, we see that the condition P~^ = P~ is satisfied on L. By virtue of 
the theorem on the removal of singularities, the function P is entire. Since ^ 
is analytic at oo and X{z) ~ 2 ; — > oo, we conclude that, if «: < 0, then 

P = 0, and if /^ > 0, then P is a polynomial of degree not exceeding k>. On 
the other hand, it is obvious that, if /^ > 0 and if P is an arbitrary polynomial 
of degree not higher than k, then the function ^ = PX can be extended as 
analytic at 00 and solves the homogeneous problem. 

Thus, if /^ < 0, then the homogeneous problem has no nontrivial solutions, 
and if > 0, then the general form of solutions is ^ = PX, where P is 
an arbitrary polynomial of degree not higher than /^, and X is the canonical 
function. 

Let us now pass to the non-homogeneous problem. Let ^ be its arbitrary 
solution. The function 

P(.\ = _ JL / 

X{z) 2mJLX+{t){t-z) 



is analytic in D'^ U \{oo} and satisfies the condition P~^ = P~ on L. By 
virtue of the theorem on the removal of singularities it is entire. Taking into 
account its behavior at 00 , we conclude that, if < 0, then P = 0, and if 
> 0, then P is a polynomial of degree not exceeding k. For k < 0 we have 
the formula 



2ni J^X+m-z)^ 



( 1 ) 



and for «: > 0 we have the formula 



<?(z) = 



X{z) f g{t)dt 
27TZ Jl X+{t){t- z) 



^P{z)X{z), 



( 2 ) 



where P is an arbitrary polynomial of degree not higher than k. On the other 
hand, it is clear that for /^ > 0 any function (2) is a solution of the non- 
homogeneous problem. In the case of /^ < 0 the function X has a pole of 
order \k\ at 00 . Therefore, only for ac = — 1 one can assert, without additional 
assumptions about that (1) is bounded at 00 . However, if k, < —1, then (1) 
is bounded at 00 if and only if the conditions 



r dt _ 
Jl X+(t) 



fc = 0,l,...,|K|-2, 



( 3 ) 



are fulfilled. 

Thus, if K < —1, then the non-homogeneous problem is solvable if, and only 
if, conditions (3) are fulfilled. In this case the solution is unique and is given 
by formula (1). If > — 1, then the problem is always solvable, for /^ = — 1 
the unique solution is given by formula (1), and for ac > 0 the general form of 
solutions is given by formula (2). We remark that for /^ > 0 the general form 
of solutions can be also described by the formula 
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^o{z) f g{t) dt 
2ivi JL^^{t){t-z) 






( 4 ) 



where is a fixed solution of the homogeneous problem, while is an 
arbitrary solution of the same problem. 

In 1964 Govorov posed the Riemann boundary problem with an infinite 
index. For this problem, the role of polynomials of restricted degrees, used to 
solve the classical problem, is played by entire functions of finite order with 
some restrictions as to their asymptotic behavior at oo. This problem was 
studied in detail by Govorov in the sixties. The complete exposition of the 
results was first published in 1986 in the Russian version of the monograph 
by Govorov (1994). References to the later results can be found in the survey 
by Rogozin (1985), see also Ostrovskii (1992). 

Here we pose the problem in a somewhat simplified form. Let L be a ray 
{t \ 1 < ^ < oo} (in the general form, instead of a ray, a curve is taken 
which connects 1 with oo and satisfies some other conditions). Let us denote 
by i/(//), 0 < // < 1, the class of functions / : L — ^ R such that 



- f{t2)\ < Cf 



h 



ti, ^2 ^ T , 



where Cf > 0, and let us set H = U;x>o^(a^)- Note that if / G /f, then 
there exists /(oo) = limt_oo/(^). Let two functions G and g be given on 
L, with non-vanishing G. Let us suppose that for some p > 0 the function 
ip{t) = argG(t)/(27T^^) belongs to i/, with ^p{oo) ^ 0. Let us also suppose that 
the functions log |G(^)| and g{t) belong to iJ, with ^(oo) = 0. The problem is 
to find a function analytic and bounded in the domain D = C \L, which 
admits the continuous extensions and onto L from above and below, 
satisfying the boundary conditions 






The number p, p > 0, is called the vorticity order , and the number A = 
(p{oo) ^ 0 is called the vorticity coefficient. For A > 0 the problem has a 
plus-infinite index, and for A < 0 a minus-infinite index. 

Let us consider the homogeneous problem. The function 



X(z) = exp 




logG(^)d^ 'I 
tip]+^(t-z)J ’ 



z e D , 



( 5 ) 



where the branch argG(t) is singled out by the condition 0 > argG(l) > — 27 t, 
is called a canonical function. The function X has the following properties 
(which uniquely determine this function): 

1. X is analytic in D and does not vanish in D\ 

2. X satisfies the condition = GX~ on L; 

3. X{z) - 1 + 0(|^lW+i), as z ^ 0; 

4. in the neighborhood of ^ = 1 the estimate 
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C1I2- ir < \X{z)\ < C 2 , 0 < a < 1 , 0< Cl ,C 2 < 00, 



holds; 

5 . limsup|^l_<^(log|z|)-Mog+log+ |X(z)| < p. 

The following statement is important. 

Theorem 1 (Govorov (1994), Sect. 24). The following limit relations, uni- 
form relative to 6 ^ [0, 27t], 

ttA 

limr~^ log |X(re^^)| = — cos p{6 — tt) , P [p] ^ (6) 

sm np 

limr“^(logr)“^ log |X(re^^)| = -Xcos p6 , p = [p] . 

hold. 

It can be seen now that the function X is bounded in D and, therefore, is a 
solution of the homogeneous problem, provided that we have simultaneously 
0 < p < 1/2 and A > 0; for all other values of p and A (with a possible 
exception of p = 1/2, A > 0) it is unbounded in D, and hence is not a 
solution. 

If ^ is an arbitrary solution of the homogeneous problem, then, setting 
P = ^fX, we see, as in the classic case, that the function P is entire. Since 
the function ^ is bounded, we have the estimate 

P) 

where C > 0 is a constant. The converse is obvious: if P is an arbitrary 
entire function admitting estimate (7), then ^ = PX is a solution of the 
homogeneous problem. Thus, the description of solutions of the homogeneous 
problem is equivalent to the description of the class €x of all entire functions 
P admitting estimate (7). If follows from Theorem 1 that the order of each 
function P G €x does not exceed p. 

When A 0, the class ^x appears to be trivial, for it consists only of 
the function P = 0. For p ^ [p], it may be easily deduced from Theorem 1. 
Indeed, (6) and (7) imply that the indicator h{6, P) of the function P satisfies 
the inequality 

ttA 

h{0, P) < cos p{0 - 7v) . (8) 

sm 7rp 

It is easy to verify that the set of those 6 G [0,27 t] for which the RHS of 
(8) is negative, is such that (8) and the p-trigonometric convexity of h{6, P) 
imply that h{9, P) < 0 everywhere on [0, 2tt]. This means that P = 0. We can 
come to the same conclusion without the assumption that p ^ [p] by using 
the following proposition, which is a generalization of the well-known Jensen 
theorem. 

Theorem 2 (Govorov (1994), Sect. 25). Let ^ ^0 be a function analytic in 
D and admitting continuous extensions and onto L from above and 
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from beloWy and let these extensions satisfy the boundary condition . 

Then the formula 

log |#(re*®)| d(9 = ^ |n$(r) - ^argG(i)} y +c$(r) (9) 

is valid, where n^{t) is the number of zeros of ^ in the annulus {z : 0 < 
\z\ < t}, counted according their multiplicities; aig G{t) = 0 for 0 < t < 1, 
argG(l) G (-27t,0]; 

c$(r) = log I (0)1 1 , 

k being the multiplicity of the zero of the function ^ at the point z = 0. 

If ^ = PX ^ 0 is a solution of the homogeneous problem, then the 
expression in the LHS of (9) is bounded from above. Since A < 0, then 
argG(i) — t — > H-oo, and the expression in the RHS of (9) tends 
to + 00 , as r ^ +oo. The contradiction proves that P = 0. Thus, for A < 0 
we have €x = {0} and, therefore, the homogeneous boundary problem with 
a minus-infinite index has the trivial solution only. 

Let us consider the homogeneous problem with a plus-infinite index, A > 0. 
When 0 < p < 1/2, it is not difficult to prove that the set €x is nontrivial. 
Indeed, each entire function P of order p, whose indicator h{9, P) satisfies (8) 
with strict inequality for all 6 G [0, 27t], obviously belongs to (tx- However, 
for A > 0, 0 < p < 1/2 the expression in the RHS of (8) is positive for all 
6 G [0, 27t]. That is why (tx contains any entire function P with the type value 
cr such that 

(7 < min I ^ - cos p{6 — tt) | = ttA cot 7rp 

l 9 G[ 0 , 27 r] IsinTrp 

(note that this condition may be replaced by a weaker one: /i(0, P) < 
ttA cot 7rp). 

For 1/2 < p < oo, there exist no functions P for which (8) is satisfied with 
a strict inequality for all 0 £ [0, 27t]. Then the question as to whether the class 
€x is nontrivial is much more difficult, and is solved only under additional 
assumptions about the function (p(t) = argG(t)/(27rt^). 

Theorem 3 (Govorov (1994), Sect. 28). If one assumes, in addition, that 

(p G P(p), (2p - l)/(2p + 1) < p < 1 , (10) 

then the class Cx is nontrivial Condition (10) can not be weakened by replac- 
ing the value (2p — l)/(2p -hi) by a smaller one. 

The proof given by Govorov (1994) is constructive. It shows that, if (10) is 
fulfilled, then Cx contains all entire functions P of order p with the canonical 
representation 
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oo 

n=l 

if their zeros Zn — rnexp(z^n) and the coefficients ak of the polynomial Q 
satisfy the following conditions: 

(z) n(r, 0, P) = [ max r > 0, 0 < cr < 1/2 ; 

l<t<r 

(a) y2 sin(0„/2) < oo, 0 < < 27t; 

n V 

/•oo ^ 

(iii)ak = J <^-^^logG{t) -n{t, 0 ,P) dt+ 

+ ^ ^(1 - exp{-iken))r~'‘ , A: = 1, 2, . . . , [p] , 

n 

(by the definition, we set logG(t) = 0 for 0 < t < 1; the integral and the 
series converge by virtue of conditions (i) and (ii)). 

On the other hand, the class is trivial if 

V?(A) = 1 + A““sin - 2t“^, l<a<p-l; 1G(A)| s 1 . 

Choosing a close enough to p — 1/2, we can make (f to belong to H{p)^ 
whichever p < {2p — l)/(2p +1). 

Let us now consider the non-homogeneous problem with the plus-infinite 
index. As in the classic case, formula (4) (where now L = {t : 1 < t < oo}) 
gives a solution of this problem provided that a solution of the homogeneous 

problem is such that the integral in the RHS converges. The conditions g G 
^(oo) = 0 imply that g{t) = 0(t~^), t +oo for some a > 0. Therefore, the 
integral will converge at oo if, for sufficiently large t G L, we have > 

C\t~^ > 0 for 0 < /? < a. Since we must impose the condition 

I^WI > t!3^x{t)y l<Ao<A<oo, (11) 

on the entire function P. Then the question arises: is the class of entire 
functions defined by conditions (7) and (11) non-empty? This question is not 
answered as completely as the one about the class (tx? but it has been proved 
(Govorov (1994), Sect. 29) that the condition 

/p G <p<l (12) 

pH- 1 

is sufficient for the class to be non-empty. This condition is certainly 
stronger than (10), and it must be imposed not only for p > 1/2, but for all 

p > 0. 

It should be noted that the condition that the class is non-empty is 
still not sufficient for the solvability of the non-homogeneous problem. The 
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fact that P e only that for the integral in (4) converges 

at 00. Of course, it is not difficult to ensure the convergence at the point t = 1 
also (where may vanish), by assuming, for example, that either G(l) = 1 
and g{l) = 0, or G(l) 7^ 1. It is much more difficult, however, to find out 
conditions under which an entire function P G can be chosen such that 
the integral in the RHS of (4) is a function bounded in the domain D = C \L. 

Govorov showed that if the condition (12) is satisfied and, in addition, 
either G(l) = 1 and ^(1) = 0, or G(l) 7^ 1, then the non-homogeneous 
problem is solvable, and the general form of solutions is given by formula (4). 

As regards the non-homogeneous problem with the minus-infinite index, it 
is solvable (Govorov (1994), Sect. 34) under the same conditions on G and 
as in the case of the plus-infinite index, if g also satisfies some countable set 
of conditions (which are similar to (3)). Though the homogeneous problem is 
non-solvable, it appears that there exists a function ^0 meromorphic in P, 
which satisfies the boundary condition — G^q is such that (^)l ^ 
G > 0 for 1 < to < ^ < 00 and \^q{z)\ < G < 00 on some sequence of 
circumferences {z \ \z\ = Tn}^ Vn ^ 00, The unique solution of the non- 
homogeneous problem is given by the formula 



^{z) 



^o(^) f gjt) dt 

27TZ Jl ^J(t)(t-^) ’ 



(13) 



while the above-mentioned analogs of conditions (3) for the function g state 
that the integral in (13) at all poles of the function ^0 has zeros of not smaller 
multiplicities. 



§2. The Arithmetic of Probability Distributions 



Methods of the theory of entire functions play a prominent role in that 
part of the probability theory which is called the arithmetic of probability 
distributions or the theory of decompositions of random variables. 

We remind the reader that the set V of all probability distributions on R 
is an Abelian semigroup with respect to the convolution operation 



/ oo 

-CX5 



Pi{E ~ x)P 2 {dx) . 



The arithmetic of probability distributions deals with problems linked to de- 
compositions into factors in this semigroup. Since the distribution of the sum 
of independent random variables is a convolution of distributions of the sum- 
mands, the problem may be regarded as extracting information about distri- 
butions of the summands from the information about the distribution of the 
sum. Following the conventional terminology, we shall hereafter call a divisor 
of a distribution P in the semigroup P a component of the distribution P, 
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The operation that ascribes to each distribution P £ V its characteristic 
function (CF) 

/ oo 

e*"“P(du) , z&R, (14) 

-OO 

establishes an isomorphism between V and the multiplicative semigroup V 
of functions that admit representation (14). The study of components of the 
distribution P is equivalent to the study of divisors of the function P in the 
semigroup V. 

At present, methods developed in the framework of the arithmetic of prob- 
ability distributions make it possible to carry out a fairly complete study of 
components of only those distributions P whose CFs P are restrictions to R 
of entire functions in C. A distribution P has a CF of this kind (Linnik and 
Ostrovskii (1972), Ch.II) if and only if 

(Vc > 0)[P({x : \x\ > r}) = 0(e”^’^), r oo] . 

This condition ensures the absolute convergence of the integral in (14) for 
all z € C, and this integral provides the analytic extension of the function P 
onto C. We shall also denote this extension by P, and we shall call it an entire 
characteristic function(ECF). 

Let us denote by Vo the set of all distributions possessing ECFs. The set Vo 
contains many distributions important in the probability theory (the Gauss 
distribution, the Poisson distribution, etc.), and is dense in V in the topology 
of the weak convergence of measures. The opportunity to apply the theory 
of entire functions in the study of distribution components in Vo is provided 
by the following theorem due to Raikov and Levy (see Linnik and Ostrovskii 
(1972), Ch.III). 

Theorem. If a distribution belongs to Vo, then all its components also be- 
long to Vo- 

In other words, if the CF of the distribution P is entire, then all CFs of its 
components are also entire. 

Dugue introduced a notion which is important in the study of components 
of distributions from Vo, namely, a ridge function which makes it possible to 
reduce the problem of description of components to a problem of the theory 
of entire functions. An entire function (^, (/?(0) = 1, is called a ridge function 
(ERF) if it satisfies the inequality 

< ip{i^z), z eC , 

Since the inequality \P{z)\ < P{i^z) for the ECF P follows from the fact 
that (14) holds in C, every ECF is an ERF (Linnik and Ostrovskii (1972), 
Ch.III). The study of components of distribution P £ Vo is usually conducted 
as follows. First a description is sought for all decompositions of an ERF P 
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into factors which are ERFs and then, among these decompositions, decompo- 
sitions into ECFs are selected. The first stage is to solve the problem posed in 
terms of entire functions, and here the main difficulties are concentrated. The 
second stage is frequently unnecessary since the decomposition of an ECF P 
into ERFs appears in most cases to be, in fact, a decomposition into ECFs. 

It is not difficult to show (Linnik and Ostrovskii (1972), Ch.III) that the 
problem of describing decompositions of a given ERF (p into factors which are 
also ERFs is equivalent to the following problem: describe the set of all entire 
functions pi, (/:?i(0) = 1, that satisfy the inequality 






zeC. 



(15) 



For the arithmetic of probability distributions the most important case is the 
one where the function p has no zeros. In this case (15) implies that pi has no 
zeros either and, setting g = log(^, gi = \ogp^ g{Qi) = ^i(O) = 0, we see that 
the problem assumes the following form: given an entire function p(0) = 0, 
5i^(^) < gii'^z)^ describe the set of all entire functions ^i, 5^1(0) = 0, that 
satisfy the inequality 



0 < giii'^z) — 'Slg\{z) < g{i'^z) — '^g{z)^ 2 ; G C . (16) 

It follows from (16) (see Linnik and Ostrovskii (1972), Ch.V where a 
stronger result is presented) that the following estimate of the growth of gi 
is true: M(r, ^1) < 6rM{r,g) -f O(r^), r 00 . The general form of gi can 
be found only under rather stringent assumptions about the structure of the 
function g . These assumptions seem rather artificial from the viewpoint of 
the theory of entire functions, but they have a probabilistic explanation. 

As an example we shall present the following result ( Linnik and Ostrovskii 
(1972), Ch.V). 

Theorem 1. If a function g has the form 

g{z) = —^ 7 ? -h i^z + A(e^^ — 1), — /?gM, (T7) 



then each entire function g\, ^i(O) = 0, satisfying inequality (16) admits the 
representation 

9 i{z) = + iPiz - l) , 0<7i<7, 0 < Ai < A . (18) 



Assumption (17) means that the function exp^ is the CF of the distribu- 
tion which is the convolution of the Gauss and Poisson distributions. Thus, 
Theorem 1, in terms of the arithmetic of probability distributions, states that 
all the components of the convolution of the Gauss and Poisson distributions 
are convolutions of such distributions. This result was obtained by Linnik in 
1957. 

Here we present the proof of Theorem 1 given by Ostrovskii (Linnik and Os- 
trovskii (1972), Chap.V, Sect. 1); it is rather brief and its ideas have played an 
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important role in the progress of investigations into the problem of describing 
the class /o5 this problem will be discussed below. 

Let a function g be given by (17), and let gi, Pi(0) = 0, be an entire 
function satisfying (16). Setting u{x,y) = ^gi{x -f iy)^ G R, we conclude 
from (16) and (17) that 



0 < u(0, y) — u(x, y) < + 2Ae ^ sin^ - . 



Dividing both sides by and sending x ^ 0, we see that 

g(0,ri = 0 



( 19 ) 



and that 

Since the function u is harmonic, we obtain 



dy^ 



(0, y) = O(el^l), u(0, y) = O(el^l) , y oo 



Using (19), we obtain u(x, y) = 0(el^l + x^), x,y oo, whence, by the 
Schwarz formula. 



I r2n 

g'liz) = — / u(x + cos(^, y + sin(/?)e dip ^ z = x + iy^ 

7T Jo 

we derive that g[{z) = 0(el^l + x^), and further 

gi(z) = 0{\z\e^y^ + \zf), | 2 :| ^ oo . (20) 



The central statement is that the function 



= 9i{z + 2n) +gi{z- 2tt) - 2gi (z) 

is constant. This is proved as follows. The estimate for the function g\ implies 
that the function n has the growth not exceeding the first order, and that 
k{x) = 0(1 x^l), X ^ oo, on the real axis. It is easy to see that, since the 
function gi is real on the imaginary axis, we have 

K{iy) = 2Kyi (iy -f 27 t) - 2yi (iy) = 2 (u(27t, y) - 2z(0, y)) , y G R . 

Hence it follows from (19) that /^(iy) = 0(1), y oo. Applying to /c the 
Phragmen-Lindelof principle in each of the coordinate quadrants, and then 
applying the Liouville theorem, we see that ac = const. 

Now let us consider the difference equation 

gi{z + 27t) g\{z — 27t) — 2 yi( 2 ;) = const . 
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Using the standard methods to solve it in the class of entire function gi of 
exponential type, and taking into account that the real part of g\ satisfies 
condition (19), we obtain (18). 

We shall now give a brief sketch of the modern state of the arithmetic of 
probability distributions. More detailed information can be obtained in the 
monograph by Linnik and Ostrovskii (1972) and in the survey by Ostrovskii 
(1986). 

In the semigroup V there are distributions that play the role of primes; 
they are so-called indecomposable distributions. Let Ca be a distribution con- 
centrated at a single point a G M. A distribution P is called indecomposable 
if P ^ Ca and all the components of P have the form of either Ca or P * Ca . 
In contrast to the usual arithmetic, not every distribution P ^ Ca has a in- 
decomposable component, for example, the Gauss and Poisson distributions, 
or their convolution, which follows from the above-stated theorem by Linnik. 
The following statement is an analog of the theorem on the decomposition of 
an integer into prime factors. 

Theorem 2 (Khinchine). Every distribution P admits the representation 

P = Po * Pi * P 2 * • • • , (21) 

where Po has no indecomposable components, and where Pi , P 2 , . . . are inde- 
composable distributions ( their set may be either finite or countable or empty, 
the convergence of infinite convolution being meant as weak convergence of 
measures). Representation (21) is, generally speaking, not unique. 

In connection with Theorem 2, two problems arise, namely how to describe 
the class N of indecomposable distributions, and how to describe the class Iq 
of distributions having no non-decomposable components. Little use is made 
of the theory of entire functions to solve the first problem. As regards the 
class N, it has been established that it is a dense G< 5 -set in V in the weak 
convergence topology, and many various sufficient conditions for a distribution 
to belong to N have been found. A full description of the class N has never 
been given; moreover, even the terms of the description are not yet clear. 

Investigations of the problem of describing the class Iq are based on the 
following theorem which states a necessary condition for belonging to this 
class. 

Theorem 3 (Khinchine). The class Iq is a proper subclass of the class of 
infinitely divisible distributions. 

We remind the reader that the class of infinitely divisible distributions 
coincides with the class of distributions P whose CFs have the form 

P( 2 ) = exp {i0z + (e‘“ - 1 - (du)] , (22) 

where /3 G M, i/p is a nonnegative finite measure on M, and the integrand is 
defined at = 0 to be a continuous function. The parameter j3 here is not 
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essential, and the problem of describing the class Iq may be stated as follows: 
what conditions imposed on the measure up provide that the distribution P 
of the form (22) belongs to the class /q? 

Among more subtle necessary conditions of belonging to Jq, a theorem 
obtained by Linnik in 1958 occupies the central place. In order to state this 
theorem we shall denote by £ the class of infinitely divisible distributions P 
for which the measure i/p is concentrated on a set of the form 

{/^ml}m=-oo ^ {/^rn2}m=-oo b* {0} , (23) 

where /i^ni > 0, /Xrn 2 < 0, and where the numbers l^mr (m = 0, ±1, . . 

r = 1,2) are natural numbers different from 1. 

Theorem 4 (Linnik). If P e Iq and i^p{{0}) > 0, then P G £. 

The condition i^p({0}) > 0 in this theorem cannot be omitted, but it can be 
replaced (Fryntov (1975), Chistyakov in 1988) by some condition of sufficiently 
slow decreasing of z/p([0, r])pp([— r, 0]), as r — > 0. 

For a distribution supported by Z, the condition of belonging to £ is not 
necessary for belonging to Iq. Having refined a result obtained by Levy in 
1938, Fryntov and Chistyakov (1977) indicated an analog of the class £ for 
this case. We shall not present their results, since it is somewhat cumbersome, 
but only remark that the support of the measure up must belong to a set of 
the form (23) in some neighborhood of infinity. 

Among necessary conditions of belonging to Iq (or, which is the same, 
among sufficient conditions of not-belonging) , we should like to point out the 
following condition, due to Cramer (see Linnik and Ostrovskii (1972)): If the 
measure up is such that at least one of the conditions 

ess sup dz/p/dx > const > 0 , ess sup dz/p/dx > const > 0 , 

a<x<b —b<x<—a 

holds with 0 < a < 2a < 6, then P ^ Jq. 

The known proofs of necessary conditions of belonging to Iq do not rely 
on methods used in the theory of entire functions. The proofs are usually 
constructed according to the following scheme. A distribution is considered 
which does not meet the condition whose necessity is to be proved, and a 
component, which is not infinitely divisible, is constructed. Then, by virtue 
of Theorem 3, an indecomposable component exists. The construction, as a 
rule, requires rather cumbersome estimates based on the saddle-point method 
and on other asymptotic methods of calculus. There is no need to describe all 
the components of any distribution. 

Of course, proofs of sufficient conditions of belonging to the class Iq require 
the description of all components of a distribution. This is why the theory of 
entire functions is substantially used here. 

The question (posed by Linnik) of the extent to which the condition for 
belonging to £ is close to the sufficient condition for belonging to Iq has been 
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recently solved by Chistyakov (1987) (previous results can be found in Linnik 
and Ostrovskii (1972), Chap. V and in Ostrovskii (1965)). 

Theorem 5 (Chistyakov (1987)). In the class of distributions for which 

(Vc > G)[vp{{x : |x| > r}) = 0(e~^^) , r — > -|-oo] (24) 



the condition P G £> is sufficient, and, with the additional assumption that 
z/p({0}) > 0, is necessary for P to belong to Iq. 

The problem of the theory of entire functions, to which the proof of suffi- 
ciency in this theorem is reduced, is as follows. One must show that the set of 
all entire functions gi, gi{0) = 0, satisfying (16) with g given by the formula 

g{z) = i(3z 4- / - 1 - 2 ) ^^2 

and with up concentrated on a set of the form (23) and satisfying (24), is 
the set of entire functions representable by (25), where up is replaced by an 
arbitrary measure u such that 0 < dujdup < 1. Inequality (19) has to be 
replaced by a more complex one 

'T’7/ 1 I 7/^ 

sin^ 2 — • (26) 

-oo 2 u 



In the proof of Theorem 1 it was essential that the RHS of (19) is bounded 
in j/ at X = 27 t. In the proof of Theorem 5, a similar role was played by the 
smaller growth, for some values of x, of the RHS of (26) as y ±oo. Since 
the measure up is concentrated on the set (23) and the numbers jimiffiki for 
m> k are integers, then for x = 27rs//ifci, s G Z, in (26), we obtain 



0 < u{0, 



7 /) ■ 



/2ns 



Thus, the system of lines 

t Pkl ' s=-oo 



corresponds to each pki where the growth of the RHS of (26) falls down 
to 0(exp{/ifc_i^i|?/|}), as y — > — oo. The fall in the growth is related to the 
distance between the lines, and it is the more pronounced, the greater the 
distance. The situation is similar as y — > -j-oo: the growth falls down to 
0(exp{pk-i,2y}) on the system of lines 



Gk2 = I 



X : X = 



2ns 

fJ'k2 J s=-oo 



Along with the methods used in proving Theorem 1, it is necessary to intro- 
duce new ones in order to overcome the difficulties caused by the absence of 
restrictions on the growth of the entire functions g. 
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We cannot describe here the details, and therefore we refer the reader to 
the paper by Chistyakov (1987). We should like to remark that the approach 
developed by Chistyakov enabled him in 1988 to prove also a theorem similar 
to Theorem 5 for the above-mentioned analog of the class £ for distributions 
concentrated on the set of integers. 

The question, raised by Linnik, whether the countability of the measure 
Up support is a necessary condition for belonging to the class /q, was given 
a negative answer by Ostrovskii in 1965. He obtained the following sufficient 
condition for belonging to /q (Linnik and Ostrovskii (1972), Ch.VI). 

Theorem 6. If the measure up is concentrated on either a segment [a, h] or 
[—5, —a] with 0 < a < b < 2a, then P e Iq- 

If the measure up is absolutely continuous with respect to the Lebesgue 
measure, and if it satisfies the condition 

J u~^up (du) < 00 , (27) 

then, as was shown by Cuppens (1969) and Mase (1975), the condition on the 
measure up in the Theorem 6 is also necessary for P to belong to the class 
Iq. In the general case, the condition may be somewhat weakened (Linnik and 
Ostrovskii (1972), Chap. VI). A rather unexpected corollary of Theorem 6, 
found by Cuppens in 1971, is a sufficient condition for belonging to the class 
Iq of distributions whose CFs can be not entire and even not differentiable 
functions (Linnik and Ostrovskii (1972), Ch.VI). 

Theorem 7. If the measure up satisfies condition (27) and is concentrated 
on a set of the class Fa whose points are linearly independent over the field Q 
of rationals, then P E Iq. 

Note that Chistyakov was the first to obtain a sufficient condition for be- 
longing to the class Iq of distributions with nondifferentiable CFs (see Linnik 
and Ostrovskii (1972)). However, this condition was more restrictive than in 
Theorem 7, and the method, based on the reduction to a problem of entire 
functions of several variables, was conceptually more complicated. 

The derivation of Theorem 7 from Theorem 6 is based upon the following 
argument. Let Ai and A 2 be two sets of equal cardinality from the class Fa 
such that the points of each set are linearly independent over Q. Let us denote 
by M{Ai) and M{A 2 ) the additive subgroups in R generated by A\ and A 2 , 
respectively, and let us denote by V{Ai) and V{A 2 ) the convolution semi- 
groups of probability distributions concentrated on A\ and A 2 . Then every 
Borel bijective map / : A\ ^ A 2 can be extended to the Borel isomorphism 
M{A\) M{A 2 ), and generates an isomorphism of the semigroups V{Ai) 

and V{A 2 ). 

To prove Theorem 7 we take as A\ the set supporting the measure up, and, 
using (27), verify that the distribution P is concentrated on M{Ai). As A 2 
we take an arbitrary set of the class Fa of the same cardinality as Ai; the 
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set lies on the segment [a, 6], 0 < a < 6 < 2a, and consists of points linearly 
independent over Q. We take an arbitrary Borel bijective map / : Ai A 2 
and consider an infinitely divisible distribution Q with the measure i^q{E) = 
up{f~^{E)), E C A 2 , concentrated on A 2 . By virtue of Theorem 6 we have 
Q E Iq and, using the isomorphism of the semigroups P{Ai) and ^(^ 2 ), we 
conclude that P E Iq. 

Chistyakov (1987) has developed rather complicated method which makes 
it possible, using the techniques of the theory of entire functions, to obtain 
sufficient conditions for distributions with non-entire CFs to belong to the 
class 7o- This method is applicable in studying distributions from the class £ 
and from its analogue for distributions supported by the set of integers. This 
method yields sufficient conditions that are rather close to necessary ones. 
The method is based on a rather good (in a certain sense) approximation of 
distributions of the classes being considered using distributions with ECFs. 



§3. Entire Characteristic and Ridge Functions 

The applications of entire characteristic functions (ECFs) and entire ridge 
functions (ERFs) to the arithmetic of probability distributions prompted the 
growth of interest in studying these functions as such, independently of any 
applications. Up to now, some problems relating to the growth and zero dis- 
tribution of ECFs and ERFs have been studied rather comprehensively. 

It is not difficult to show that any ERF / (and, hence, any ECF) possesses 
the following properties: the function log f{iy) is convex on R, the zero set of 
ERFs is symmetric relative to the imaginary axis, and does not intersect it. 
If / is an ERF, then the function 

log M(r,/) = max{log/(zr), log/(-zr)} 

is convex on the half-axis R_|_. Therefore, the growth of a nonconstant ERF 
(and ECF) is not lower than of order 1 and normal type. 

Polya (see Linnik and Ostrovskii (1977), Ch.II) noted that an ECF / has 
the order 1 and type value cr, 0 < a < 00 , if and only if sup{|a;| : x G 
supp P} = cr. If supp P is unbounded, then the Ramachandran formulas (Lin- 
nik and Ostrovskii (1977), Ch.II) are valid. These formulas relate the order p 
and the type value a of an ECF with the quantities 

=liminf(logr)“^ loglog(l/P({a; : |x| > r})) , 

r — >00 

// =liminf log(l/P({x : |x| > r})) . 

r— >oo 

Theorem 1 (Ramachandran). 

11 

- + - = 1, l<p<oo; ^crp =1, 1 < p < 00 . 

P AC 
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There are numerous generalizations of this theorem that establish for an 
ECF / a connection between the growth of M(r, /) and the decrease of P{{x : 
|x| > r}) measured in rather general scales. The bibliography on the subject 
can be found in Linnik and Ostrovskii (1977). 

A complete description of indicators of ECF and ERF of finite order was 
given by Gol’dberg and Ostrovskii (1982). We shall denote by h{(p,f) the 
indicator of an entire function / with respect to its proximate order, and by 
7[p], 1 < p < oo, we shall denote the class of functions /i : R R possessing 
the following properties: 

(a) /i is a 27T-periodic p-trigonometrically convex function; 

(b) h{(f + 7t/ 2) is an even function; 

(c) max{h{(f) : 0 < (p < 27 t} = max{/i(7r/2), h{—n/2)} > 0; 

(d) h{ip) < /i(7r/2)(sin<p)^, 0 < <p < tt; h{(p) < /i(-7t/ 2)| sinpl^, 

0 > (p > — TT. 

Theorem 2. 

(A) If f is an ERF of proximate order p(r) — > p > 1, then h((p, /) € I[p]; 
moreover, if 

lim(p(r) - 1) logr = +oo , (28) 

then h(±7r/2,/) > 0. 

(B) For any p, 1 < p < oo, for any proximate order p(r) — > p and any 
function h G I[p] there exists an ECF f of proximate order p(r) such that 
h{(p,f) = h{(f) (here, if p = 1 and (28) holds, then it is assumed additionally 
that h{±Tr/2) >0). 

Under the additional assumption that ECFs and ERFs are bounded in 
the half-plane {z : Qa; > 0}, the indicators were completely described by 
Gol’dberg and Ostrovskii (1986). Here, instead of J[p], a narrower class ap- 
pears, in whose definition condition (c) is replaced by the condition h(— 7 t /2) > 
0, and condition (d) is replaced by h{(p) = 0 for 0 < p < tt and h(p) < 
/i(— 7 t/2)| sin p|^ for 0 > p > — tt. 

The connection between the indicator of ECF of order p > 1 and the 
behavior of the corresponding distribution has not been studied. The case 
of the order p = 1 is trivial: the indicator has the form h(p) = ci sin p, 
0 < p < 7t; h(p) = C 2 sinp, 0 > p > — tt, where the constants Ci and C 2 are 
very simply related to the distribution. 

The problem of description of indicators of ECFs of discrete distributions 
remains open. In this connection, a similar problem related to indicators of 
entire functions of finite order representable by Dirichlet series with positive 
exponents was investigated by Gol’dberg and Ostrovskii (1991). 

The class I[p] for p > 1 contains, in particular, indicators h such that 
h{0) = h{7r) < 0. Thus, there exists an ECF / of any given proximate order 
admitting the estimate |/(x)l = 0(exp(-clx|^(l^l^)), x oo, c > 0, on the 
real axis. The question of the possible decrease of an ECF of infinite order 
along the real axis is answered by the following theorem due to Kamynin and 
Ostrovskii (1982). 
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Theorem 3. Let r]{r) be a nondecreasing function on R+ and let there exist 
the limit c = limr“^77(r) < oo. An ECF f admitting, for sufficiently large 
X G R, the estimate \ f{x)\ < exp{— expryd^l)} exists if and only if c = 0. The 
statement remains valid also in the class of ECF without zeros. 

Zero sets of ECFs and ERFs are completely described by Kamynin and 
Ostrovskii (1982). 

Theorem 4. Let A he at most a countable set in C, a multiplicity not smaller 
that one being ascribed to each point from A. The set A is the zero set of an 
ECF (or an ERF) if and only if the following conditions are satisfied: 

(a) An {z : dtz = 0} = 0, 

(b) a e A ^ —a E A, multiplicities of the points a and —a being equal; 

(c) (iH > 0) [logn^(r, iJ) = o(r), r oo], where n^(r, iJ) is the number 
(with account taken of multiplicities) of points from A in the rectangle {z : 
\Rz\ <r, |9z| <H}. 

The methods developed in proving this theorem made it possible to estab- 
lish the following connection between ECF and ERF classes ( Kamynin and 
Ostrovskii (1982)). 

Theorem 5. Each ERF f admits the representation f = / 1 // 2 ; where fi 
and /2 are ECFs, and where /2 has no zeros. 

The complete description of zero sets of ECFs and ERFs of a given finite 
order p > 1 is not known, though some sufficient conditions have been found 
( Gol’dberg and Ostrovskii (1982)) which are related to sets non-intersecting 
with a pair of angles 



{z : I arg^ ± 7 t/ 2| < e}, 6>0. 

A full description of ratios of ECFs and ERFs of finite order with the same 
zero sets is given by the following theorem (Gol’dberg and Ostrovskii (1982)). 

Theorem 6. The set of ratios {/ 1 // 2 }, where {fi, f 2 ) runs over the set of all 
pairs of ECFs (or ERFs) of finite order p with the same zero sets, coincides 
with the set {expQ{iz)}, where Q runs over the set of all polynomials with 
real coefficients and such that degQ < p, Q{0) = 0. 

Note that the set of ratios of ECFs of infinite order with the same zero 
sets contains, in any case, all the functions of the form expQ(^^), where Q, 
Q{0) = 0, is an arbitrary entire function with real coefficients and not higher 
than of order 1 and minimal type (Gol’dberg and Ostrovskii (1982)). 

It is well known that if 0 is a Borel exceptional value of a nonconstant entire 
function / of finite order, then its order is a natural number. Marcinkiewicz 
in 1938 discovered that for an ECF this result may be substantially improved: 
the order equals 1 or 2. A particular case of the Marcinkiewicz theorem, when 
there are no zeros at all, found numerous applications in characterization 
problems of mathematical statistics (see, for example, Kagan et al. (1972)). 
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In 1960, Linnik conjectured that the requirement in the Marcinkiewicz 
theorem that the order be finite can be weakened, replacing it by 

lim r~^ log log M(r, f) = 0. (29) 

This conjecture was proved by Ostrovskii in 1962 (see Ostrovskii (1968)); 
another, much simpler proof was given by Vishnyakova, Ostrovskii and 
Ulanovskij (1991). An example of an EOF 

f{z) = exp{e"^^ - 1} , e > 0 , 

shows that condition (29) cannot be weakened by replacing “= 0” by “< e” 
in the RHS. However, as Zimoglyad in 1968 showed, some weakening of (29) 
is possible by replacing lim by lim inf. This result is contained in the results 
of the work by Ostrovskii (1984), which will be discussed below. 

The question whether the Marcinkiewicz theorem remains valid if 0 is a 
Nevanlinna exceptional value of / was first discussed by Kamynin and Ostro- 
vskii in 1975. They found that for any p > 1 there exist ECFs of order p with 
6(0,/) > 0, but 6(0,/) = 1 implies p < 2. They also considered the problem 
of estimating the quantity C{p) = sup 6(0, /) with supremum taken over all 
ECFs of an order p. A stronger result, obtained by Gol’dberg and Ostrovskii 
(1982) as a corollary of Theorem 2 (B), states that 

C'(/o) = l + 0(^) , p-*oo. 

However, the exact value of C{p) remains unknown. Eremenko (1977) proved 
that for any p > 2 there exist ECFs of order p with ^(0, /) = 1. 

The order of an entire function with real zeros may be an arbitrary non- 
negative number. Gol’dberg and Ostrovskii in 1974 discovered that this is not 
true for an ECF, and, in this case, an analog of the Marcinkiewicz theorem is 
valid: if / is an ECF of finite order p with real zeros, then p < 2. The restric- 
tion as regards zeros was weakened by Kamynin in 1979, who showed that it 
is sufficient to assume that there are no zeros outside a strip {z : |^2;1 < H}. 
Ostrovskii (1984) proved that when zeros are located in this manner, the con- 
dition that the order be finite may be replaced by condition (29). Later it 
was proved (Ostrovskii and Vishnyakova (1987), Vishnyakova (1990), Fryntov 
(1990)) that, if an ECF satisfies condition (29) and has no zeros in 

{z : I arg^ — 7 t/ 2| < a} U {2; : | arg^ -f- tt/21 < a} , 

where 0 < a < tt/ 2, then p < 2 for tt/4 < a < tt/ 2, p < 7r/(2a) for tt/6 < a < 
ttIA^P < 'y(a) <7r/afor0 <Q;< 7 r/ 6. Here 7(a) is a root of a transcendental 
equation and 7(a) — 'k jot — 0(l/v^), a ^ 0. This bound for p is sharp. 

The methods developed in studying the distribution of zeros of ECFs and 
ERFs made it possible to obtain an exhaustive description of zero sets of 
entire functions with non-negative Taylor coefficients (Ostrovskii (1982)). 
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Theorem 7. Let A be at most countable set in C, and let a multiplicity 
not smaller than one be ascribed to each point of A. The set A is a zero set 
of an entire function with non-negative Taylor coefficients if and only if the 
following conditions are satisfied: (a) A does not intersect the positive ray; (b) 
A is symmetric with respect to the real axis and the multiplicities of symmetric 
points are equal. 

A generalization of this theorem was obtained by Katkova and Ostrovskii 
(1990) who proved that the same description of zero-sets remains valid for the 
class of entire functions whose coefficients form a multiple-positive sequence 
of finite range in the sense of Fekete (in another terminology, Polya frequency 
sequence of finite range; for the definition see Karlin (1968)). 
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Notations and Abbreviations 



BA 

CA 

MA 

PA 

OSCAR 

H{G) 

Hn{G), Ho 



C, C 
C^{G) 



U{a), Uo(a) 

D 

T 

Dr 

Gr 

r{a; R) 
D{a, R) 
deg u) P 
deg w,zP 



bianalytic, 
conjugate analytic, 
met a- analytic, 
polyanalytic (function) ; 

an open simple curve (or arc) which is analytic and regular; 
the class of functions holomorphic in a domain G; 

(G)the class of functions n- analytic 
(resp. conjugate analytic) in G; 
the finite (resp. extended) complex plane; 
the p-dimensional complex space; 
the class of functions u{x, y) + iv{x, y) with all partial 
derivatives in x, y up to the order k inclusive being 
continuous in the domain G; 
a neighborhood (resp. a punctured neighborhood) 
of a point a; 
the disk {z : \z\ < 1}; 
the circumference {z : | 2 ;| = 1}; 
the closed disk {z : \z\ < Rh 
the circumference {z : \z\ = R}\ 
the circumference {z : \z ~ a\ = R}; 
the disk {z : \z — a\ < Rh 

the exact degree of a polynomial P{z, w) with respect to w\ 
the same with respect to the pair of variables w and ;a;. 



Introduction 

Polyanalytic functions emerged in the mathematical theory of elasticity: 
eighty years after the discovery of its basic equations, Kolossoff found that 
functions of the form (p{z) where (p and i/? are analytic functions, 

can be an efficient tool for solving problems of the planar theory of elasticity. 
Functions of this form were later called bianalytic . Useful applications of this 
idea in mechanics are widely known from the remarkable investigations by 
Kolossoff, Muskhelishvili and their followers. The claas of polyanalytic func- 
tions is an extension of the class of bianalytic functions. This survey is devoted 
to the former class. 

Polyanalytic (PA) functions are polynomials with respect to the variable 
z = X — iy with coefficients which are analytic functions of the variable 2 : = 
x-\-iy. PA functions may also be defined as solutions of equations of the form 
d'^wldfz^ = 0 (“the Cauchy-Riemann equations of order n”). 

The main studies into specific features of PA functions have been done over 
the last two or three decades by mathematicians of various countries (Russia, 
USA, France, Rumania, etc.). The results obtained are of interest from several 
viewpoints. 

1) PA functions are closely related to the theory of functions of several 
complex variables. The information on the behavior of a function F{z^w) of 
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two independent complex variables in the “non-analytic plane” w = 'z^ ox on 
any other non-analytic surface, enables us to understand the global properties 
of this function and its behavior outside this surface. Each fact established 
for PA functions leads to a statement about pseudo-polynomials of the form 

m 

Y^hk{z)w^. 

fc =0 

Studying PA functions may be regarded as a first step to the general (but yet 
non-existent) theory of functions of several complex variables on non-analytic 
surfaces. 

2) Each polyharmonic function u{x, y) represents the real part of some PA 
function and hence the study of PA functions enables us to elucidate properties 
of polyharmonic functions which have diverse applications. 

3) Investigating PA functions also reveals some new properties of analytic 
functions. 

4) The study of PA functions is closely linked to a number of important 
parts of classic complex analysis, providing models of the substantial appli- 
cation of these parts, and of the further development of their methods (for 
example, the theory of the distribution of values of meromorphic functions, the 
theory of meromorphic curves, the theory of boundary properties of analytic 
functions, etc.). 

5) The theory of PA functions serves as a basis for constructing solutions 
of various equations with the Cauchy-Riemann operator d/9z and for inves- 
tigating the properties of these solutions, and also the properties of solutions 
of some other types of partial differential equations. 

Although PA functions seem to be close to analytic functions, many well- 
known statements concerning analytic functions prove false if applied to PA 
functions. The objective of the present survey is to describe the modern state 
of investigations of PA functions (of one variable). 

The author is indebted to A. A. Gol’dberg, I. V. Ostrovskii and M. F. Zuev 
for useful advice. 

§1. Uniqueness. Integral Representations. 
Non-Isolated Zeros 

1.1. Terminology. A function / given in a domain G C C is called a poly- 
analytic (PA) function of order n (or an n-analytic^ or areolar polynomial of 
order n — 1) if it is representable in the form 

n— 1 

fi^) = '^hk(z)z'^ , ( 1 ) 

k=0 

where all hk (A; = 0, 1, . . . , n — 1) are functions analytic in G. The function hk 
is called the k-th analytic component of the PA function /. The case hn-i =0 
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is not excluded. If hn-i ^ 0, then the number n is called the exact order of 
polyanalyticity of the function /. In what follows, if not otherwise indicated, 
we shall assume that all hk (A; = 0, . . . , n — 1) are single- valued functions in G. 
A function / is called polymeromorphic (or meromorphic polyanalytic) in G if 
it is representable in form (1) where all hk (A: = 0, . . . , n - 1) are meromorphic 
in G. The class of n-analytic functions in the domain G will be denoted as 
Hn{G). Thus, Hi{G) = H{G) is the class of functions holomorphic in G. PA 
functions of order n = 2 are called hianalytic (BA); bimeromorphic functions 
are defined in a similar way. Thus, z tan z is an example of a function 
bianalytic in the disk T>(0, 7 t/ 2) and bimeromorphic in C. 

Other definitions of PA functions are also known. They are linked to dif- 
ferent interpretations of the operator d/&z. Let f{z) = u(x, y) + iv{x^ y) be a 
function of two real variables x, y that belongs to the class C^{G). As known, 
the formal derivative with respect to z is given by the formula 

df/dz = ^ [{du/dx — dv/dy) + i{du/dy-\- dv/dx)\ = 

= ^{dldx + id/dy)f . 

Pompeiu (1912) and KolossoflP (1914) were the first to use this derivative; 
the notation was suggested later, in 1927, by Wirtinger. Kolossoff considered 
systems of real differential equations with respect to two functions u{x^y) and 
v{x, y) reducible to the form 

F{z^ z, u;, dwl&z^ . . . , d^wldz'^) = O {w = u-\-iv) . 

The following definition of a PA function was suggested by Burgatti (1922). 

A function f{z) = u{x^y) + iv{x^y) of the class C^{G) is called n-analytic 
in the domain G, if it satisfies in G the equation 

d^w/dz^ = 0. ( 2 ) 

The expression dwjdz can be defined in some other ways without using 
partial derivatives with respect to x and y. One such way was suggested by 
Teodorescu (1931). Let / be a function continuous in a neighborhood of a point 
zo; let ( 7 fc) be a sequence of simple closed rectifiable contours surrounding the 
point Z{s and shrinking towards it, as A: oo; let bk be the domain bounded 

by the contour 7 ^. The limit 

(i £ S(Z 

is called the areolar derivative (or the derivative in the sense of Pompeiu- 
Teodorescu) of the function / at the point zq, provided that this limit exists 
and is independent of the choice of the contour sequence ( 7 ^). The definition of 
an n-analytic function according to Teodorescu can be formulated as follows: 
a function /, having continuous areolar derivatives in G up to the order n 
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inclusive, is called an areolar polynomial of order n — 1 in G (or an n- analytic 
function in G) if it satisfies Eq. (2) in G (the derivative in Eq. (2) is areolar). 

PA functions can be defined in other ways: for example, they can be re- 
garded as solutions of Eq. (2) where the derivatives are understood in the 
sense of Sobolev- Vekua (see Vekua (1948)) or in the sense of the Schwartz 
theory of distributions. In all these cases we arrive at the class of functions 
given by Eq. (1). 

Let A; = 0, . . . , n — 1, be holomorphic functions in some domain G, and 
let a be a fixed point in the plane. PA functions in G that are representable 
in the form ^ 

k=0 

are called reduced relative to the point a. When a = 0, a function (3) is simply 
called reduced. A simple example is given by any polynomial in z and \z\'^. 

We shall remind the reader that a real-valued function u{x^y) is called 
polyharmonic of order n (or n- harmonic) in the domain G C if it belongs 
to the class and satisfies the equation A^u = 0, where 

A = -h jdy^ — jdzdz, d/dz = ^{d/dx - idjdy) . 

Even in the early works devoted to PA functions ( Burgatti (1922), Kriszten 
(1948), Zhang Ming-Jung (1951), Teodorescu (1931)) the following connection 
between polyanalytic and polyharmonic functions was noted: the real part of 
a PA function of order n in a domain G is a function polyharmonic in G of the 
same order n; conversely, for each function u{x,y), n-harmonic in a simply 
connected domain G, there exists some function n-analytic in G, such that u is 
its real part, and this function may be chosen to be reduced (see, for example, 
Gakhov (1977), p. 302). Note that, if the function f{z) = u{x,y) -\-iv{x,y) 
has the exact order of polyanalyticity equal to n, then the exact order of 
polyharmonicity of u and v must not be also equal to n. For instance, z-fexp z 
is a BA function but its real and imaginary parts are both harmonic functions. 
It is evident that when the domain is multi-connected, then a PA function / 
such that 

u = ^f (4) 

does not exist for every (real) function u polyharmonic in this domain. Nev- 
ertheless the following statement, proved by Vekua (1948, p. 176), is valid. 

Let G he a multiconnected domain in C, with its component C \G consisting 
o/m -h 1 continua ATo? ATi, . . . , K^; let Kq contain the point oo; let ai, , am 
be arbitrary fixed points o/ ATi, . . . , Km- Then for each n-order polyharmonic 
function u{x, y) in G there exist a function F n-analytic in G and real-valued 
n-analytic polynomials Pi(z, z), . . . , Pm{z^z) such that the function 

f(z) = Fiz) -h P\(z..z) log U - ai I H h Pm{z,z) log \z - am\ 

satisfies Eq. (4) everywhere in G. 
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Complex equation (2) is equivalent to a system of two real partial differen- 
tial equations. Indeed, let 



Di = ^{d/dx + id/dy)^ , D 2 = ^{d/dx + id/dy)^ ; 
Eq. (2) is equivalent to the following system: 



Diu = D 2 V , 


D 2 U = —Div . 


(5) 


In particular, the equation &^Wj&z‘^ 


= 0 is equivalent to the system 




&^u ^ d^v 


d‘^v ^ d^u 


(5') 


dx^^ dy‘^ dxdy 


dx‘^ dy‘^ dxdy 



Conjugate Analytic Functions. If / is a PA function in a domain G con- 
taining the point a, then obviously it can be represented in a neighborhood 
U (a) in the form 

n— 1 

f{z) = '^hk{z]a){;z-af, ( 6 ) 

fe=o 

where all hk {k = 0, ... ,n — 1) are holomorphic functions in U{a). We can 
now modify the above-given definition of a PA function as follows: / is said 
to be a PA function of order n at a point a if it is representable in form (6) 
in some neighborhood J7(a); / is said to be a PA function of order n on the 
set G (in particular, in the domain G) if it is n-analytic at every point in G. 

This definition is applicable to a broader class of functions. The function / 
is said to be a conjugate analytic (CA) (or countably analytic, or a PA function 
of order oo) at a point a if, in some neighborhood U (a) , it is representable as 
a uniformly convergent series 



oo 

fc =0 

where all hk {k G N U {0}) are holomorphic in U{a). A function / is called 
conjugate analytic on the set G if it is conjugate analytic at any point of 
this set. Here are examples of CA functions: the square of the modulus of a 
PA function; a polyharmonic function u{x,y); the restriction of an analytic 
function F{z,w) to the non-analytic plane w — z. 

Here we would like to note two simple properties of CA functions. 

(i) A function / is a CA function at a point a if and only if in some 
neighborhood of U{a), it is representable by a series of the form 

c» 

Ck,j/{z — a)^{z — a)^ (all Ck,u are constants) ; 

fc , i /=0 

(ii) If / is a CA function at a point a, then it is also conjugate analytic at 
each point of a sufficiently small neighborhood U{a). 
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In what follows, when speaking of PA functions, we shall mean PA func- 
tions of finite order; the case where the order is infinite (i.e., the case of CA 
functions) will always be indicated explicitly. The class of all CA functions in 
a domain G will be denoted Hoo(G). 

1.2. Inner Uniqueness Theorems. The fact that two functions, / and 
polyanalytic in a domain G, coincide on a set E which has a condensation 
point (a) in G, does not imply that f{z) = g{z) in G (in contract to the case 
of analytic functions). For example, the PA functions z and z coincide on the 
real axis. Nevertheless, it is possible to extend the claissic uniqueness theorem 
to the case of PA functions of an arbitrary order. To this end, we shall use 
the notion of a condensation point of order k. A set E is said to condense to a 
point a along a straight line L if each pair of vertical angles with the vertex a 
and containing the line L also contains a part of the set E for which the point 
a is a condensation point. A point a is called a condensation point of order k 
for the set E ii E condenses to a not fewer than along k different lines. For 
example, the point 2 ; = 0 is a condensation point of order 1 for the sinusoid 
y = sinx, of order 2 for the Bernoulli lemniscate (x^ -f 2 /^)^ = 2(x^ — y^) and 
of order 00 for the set of all points of the curve y = xsin(l/x). 

The following uniqueness theorem is valid (Balk (1965)): 

Theorem 1.1. The set E having a condensation point of order n (n < 00 ) 
in a domain G is a uniqueness set for the class Hn{G). In other words, the 
implication {f,g e Hn{G) A fs = gs) if = 9 ) is true. 

In particular, each subdomain Gi C G is a uniqueness set for the class 
of all functions polyanalytic in G. This shows that one may extend a PA 
function polyanalytically outside the original domain of its definition, thus 
producing many- valued PA functions. Here we shall note two corollaries from 
Theorem 1.1. 

(i) If two functions u{x, y) and v{x, y) are polyharmonic in a simply con- 
nected domain G, and if they coincide on a set E which has a condensation 
point of order 00 in G (F^ must not necessarily be of positive plane measure), 
then u = vmG. 

(ii) Let / be a polyanalytic function of order n{a) (the case n(a) = 00 is 
not excluded) at each point a of a domain G; let no = min n(a), a e G. Then 
/ is a PA function of order no in G. 

Instead of one set in G with a condensation point of order n (see Theo- 
rem 1.1), we may take, with certain restrictions, several sets F^i, . . . , Em-, each 
having a condensation point of order smaller than n. We shall call a set Ek 
polyanalytically separable from a set Ei if there exists a PA function which 
vanishes at all points of Ek and at not more than a finite number of points of 
Ei. 
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The following generalization of Theorem 1.1 is true (Balk (1965)): 

If E = where each set E^ is poly analytically separable from the 

others, and if Ek has a condensation point in G of order rik, ni~\ (-rim > n, 

then E is a uniqueness set for the class Hn{G). 

We shall note one more uniqueness theorem of another type which makes 
it possible to conclude that, if two PA functions coincide on a part of an 
analytic arc, then they coincide on the entire arc. By an analytic arc we mean 
an open simple curve (or arc) analytic and regular (abbreviated to OSCAR), 
i.e., a homeomorphic image of some interval given by some analytic function 
z = A(t), A'(t) ^ 0, a < t < /3. 

Theorem 1.2 (Balk (1964)). If two functions f and g are polyanalytic (of 
either finite or infinite order) in some neighborhood of an analytic arc F, and 
if they coincide on a set E located on F and also having a condensation point 
on F, then they coincide at each point of the arc F. 



1.3. Integral Representations of PA Functions. Teodorescu (1931) was the 
first to obtain an integral representation for a PA function similar to the 
Cauchy integral formula. 

Theorem 1.3. If a function f is n- analytic in a closed domain G bounded by 
a rectifiable closed contour F, then the value of f at any point z of the domain 
G is expressed, using values of the function itself and its formal derivatives at 
points t of the boundary F, by the formula 



- 1 ^ /■ 1 



When studying specific properties of PA functions, it is useful to express 
the reduced n-analytic function through its values on n concentric circles; this 
results in a peculiar integral representation of a PA function. We have in mind 
the following proposition (Balk (1971), Balk and Zuev (1970)). 

Theorem 1.4. Let F be a reduced PA function in a disk D{0,R), and let 
Ro, i^i, . . . Rn-i numbers satisfying the conditions 0 < Rq < Ri < • • • < 
Rn-i < R’ Then 

F(z) = '^P,i\z\^)F,iz), (9) 

i /=0 

where is a function holomorphic in D{0,R) and coinciding with F on the 
circumference Fi, = {z : \z\ = Rjy}, while 

P m = - 0 • • • (Rj-i - mUi - 0 • • • (Rl-i - 1) 

^ _ R2) . . . _ ^ 2 ) ' 



( 10 ) 
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For z G D(0, Ro) the functions may be replaced by the Cauchy integrals, 
which leads us to the formula 

= {zeD{Q,R^)). ( 11 ) 

The functions Fjy (i>' = 0, . . . , n — 1) also may be replaced by expressions 
having the form of the Schwarz integral over the circumference Fj^^ resulting 
in a formula similar to Eq. (11) (see Vasilenkov (1986), Sorokin (1989)). 

If the circumferences Fjy (z/ = 0,...,n— 1) approach each other unrestrict- 
edly, this formula yields (see Vasilenkov (1986)) an integral representation 
of the reduced PA functions through values of its real part and its radial 
derivatives at points of the boundary circumference Cr. Speaking exactly, if 

n— 1 

■^(^) = + ivk{x,y))\zf'^ 

k=0 

is a reduced n- analytic function in the closed disk Dr, then 

, , ^ (~l)”-^(fi^ - |z|^)" r r (re^* + z)u(re^*) i 

2n{n-l)\ La(r 2 )"-i(re»*- 2 )(r 2 -|z| 2 )Jr=R®^'^ 

n— 1 

+i^t;fe(0,0)|z|2'' 

k=0 

for 2 ; G D{0,R). A similar formula can be derived from Eq. (11). 

1.4. Maximum Modulus Principle. The maximum modulus principle — in 
the form used for analytic functions — cannot be extended to the case of PA 
functions of order n > 1. For example, the modulus of the BA function 1 — z-z 
assumes its maximum value at the center of the disk D and not on its boundary 
T. Nevertheless, a “weakened version” of the maximum modulus principle is 
valid for PA functions of any order. This version is sufficient to detect a number 
of important properties of such functions (Balk (1971), Balk and Zuev (1970)). 
It follows from the above-given integral representation (11). 

Theorem 1.5. Let f be a PA function in a disk D = D{a, R) 

n— 1 

f{z) = e H{D), k = 0,...,n-l-, (12) 

k=0 



let 

\f{z)\ < M 

in an annulus A = {z : Rq <\z — a\ < R}. Then 



( 13 ) 
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1 ) there exists a constant A, depending only on n and on the ratio Rq/R (but 
independent of the function f and the constant M ), such that the inequality 

\m\ < AM (14) 

holds in the disk Do = D{a,Ro); 

2) each term of the sum (12) satisfies the inequality 

\hk{z){z-a)'^\<XM 



in the disk Do; 

3) for each pair of numbers k, v there exists a constant Xk^y, depending 
only on k, u, n, Ro/R such that 

\d'^+''f/dz'‘dz‘'\ < Xk,uM/R'^+'' (15) 



in Do- 

Inequality (15) is usually applied when condition (13) is fulfilled in the 
entire disk D, not only in the annulus A. In this case the following statement 
can be deduced from Theorem 1.5: 

If a function / is n-analytic in a disk D{a, i?), and if its modulus is bounded 
in this disk by a constant M, then the inequalities 

\d'^+‘'f/&z'^dz''\<Xk,uM/R’^+‘' (16) 

are fulfilled at the disk center; here Xk^y are constants depending only on n, 
k, V (but independent of the function /, constant M, and radius R of the disk 
D). 

Inequalities (16) are similar to those found for derivatives of real- valued 
polyharmonic functions by Nicolesco (1936), who used another method, and, 
in fact, (16) can be derived from the Nicolesco inequalities. We shall call (16) 
the Nicolesco inequalities for PA functions. 

Theorem 1.5 implies a number of useful corollaries. Let G C C be a bounded 
domain, let h > 0 be a given number, and let Gh = {z E G : dist(z, dG) < h}. 

Corollary 1. Let G be a Jordan domain in the complex plane C, let F be a 
closed set in G, and let n eN. Then: 

1 ) there exists a constant L depending only on G, h, n, F such that for 
each n-analytic function in G 



/W = '^^k{z)z'^ , 

k=0 

satisfying the condition \f{z)\ < M in Gh, the inequalities 



\f{z)\ < LM , Mz)\ <LM (fc = 0, . . . , n - 1) 



(17) 



(18) 



are fulfilled on F; 
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2) for each pair of nonnegative integers k, v there exists a number Lk^u 
depending only on G, h, F, n, k, v such that for every n-analytic function f , 
satisfying the condition \f{z)\ < M in Gh, the inequality 

\d’^+''f/dz'^dz‘'\ < Lk,M (19) 



is satisfied on F. 

The latter statement makes it possible to reduce the solution of a number of 
problems for PA functions to similar problems already solved for holomorphic 
functions. We shall present here some propositions of this type (in what follows 
the words “inside the domain G” mean “on each bounded closed set belonging 
to the domain G”). 

Corollary 2. If the family of functions 

n—l 

k=0 

n- analytic in the domain G is uniformly hounded inside this domain, then 
each of n families {ha,o}? • • • ? {ha,n-i} possesses the same property. 

Corollary 3 ( Compactness principle )• Each family of PA functions of the 
same order n in some domain G which is uniformly hounded inside G contains 
a sequence uniformly convergent inside G. 

Corollary 4. If a sequence of PA functions (fjy) of the same order n in 
some domain G converges uniformly inside G, then the limit function is also 
poly analytic of order n in G. 

Corollary 5 (The Weierstrass theorem for PA functions). If a sequence 
of functions {fm)y n-analytic in some domain G, converges uniformly inside 
G to a function f , then, for any nonnegative integers k, v, the sequence of 
derivatives d^~^^fm/d^^dz^ converges uniformly inside G to the derivative 
d^+^f/dfz^dz^. 

Corollary 6 (The Stiltjes-Vitali theorem for PA functions). Let a sequence 
of PA functions (fm) of order n in some domain G he uniformly convergent 
inside G, and converge pointwise on a set E which has a condensation point of 
order n in G. Then the sequence converges uniformly inside G to an n-analytic 
function. 

1.5. Bianalytic Equation of an Analytic Arc. It is evident that the unit 
circumference T can be described by the equation z = 1/z, i.e., as a set of 
zeros of the bianalytic function z — 1/z. It was found in a number of works 
(Garabedyan (1964), Mathurin (1962), Balk (1964), Davis (1974)) that a sim- 
ilar situation also occurs for any analytic arc. The following proposition is 
true. 
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Theorem 1.6 (Balk (1964)). In some neighborhood A of each OSCAR F 
there exists an analytic function A such that the set of all points of the arc F 
coincides with the set of all zeros of the BA functions z — A{z) in A. 

In what follows, the equation z = A{z) will be called the bianalytic (BA) 
equation of the arc F. The analytic function A is called the characteristic 
function of the curve F (Mathurin (1962)), or its Schwarz function (Davis 
(1974)). It should be noted that the function z—A{z) is bianalytic and complex 
harmonic at the same time. A closed analytic curve and a self-intersecting 
curve also can be given by an equation of the form ^ = A{z)^ but in the 
second case the function A is, generally speaking, multi-valued. We dwell now 
on the case where a closed curve F satisfies the equation z = A(z), A being 
a function holomorphic in some neighborhood of the curve F. The fact that 
the BA function z — A{z) is harmonic implies that there must be at least one 
singular point of the function A inside F. 

BA equations of analytic arcs make it possible to speak of the presence 
or absence of some “kinship” between two given arcs. An arc F\ with the 
equation z = Ai(z) is called non-kindred with an arc F with the equation 
z = A{z) if Ai and A are not branches of the same analytic function (in other 
words, if the function Ai is not an analytic continuation of the function A). 
For example, a half-circumference and the diameter joining its end points are 
non-kindred arcs, while two different segments of the same straight line are 
kindred. 

1.6. Structure of the Set of Non-Isolated Zeros of PA Functions. Let / be 

a PA function of the form 



n— 1 

/(^) = XI (^ - a)*" , (20) 

k=0 

where all hk (A: = 0, . . . , n — 1) are holomorphic at a point a. Let us consider 
an auxiliary function of two independent complex variables 



n— 1 

F{z,w) = '^hk{z){w -a)’‘ . (21) 

k=0 

We shall call the PA function (20) irreducible at the point a if the pseudo- 
polynomial (21) is irreducible at the point (a, a). The following proposition is 
true (Balk (1974), Balk and Zuev (1970), Schopf (1977)). 

Theorem 1.7. Let a function f be polyanalytic and irreducible at a point a, 
with / ^ 0. If a is a non-isolated zero of the function f , then the set E{f, U) 
of all zeros of f in a sufficiently small neighborhood U of the point a coincides 
with the set of all points of an open simple (but, possibly, non-regular) analytic 
arc; the point a splits this arc into two OSCARs. 
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Two useful corollaries follow from this (if one takes into account the Weier- 
strass Preparatory theorem): 

(i) the set of all zeros of a CA function f in a sufficiently small neighbor- 
hood of its non-isolated zero a is the union of a finite number of OSCARs 
emanating from a; if f is a PA function of order n, the number of such arcs 
does not exceed 2n — 2; 

(a) if f is a CA function in some domain G, then the set Ei of all isolated 
zeros of this function has no condensation points in G. 

1.7. Multiplicity of a Non-Isolated Zero of a PA Function. If a PA function 
has an isolated zero a, then it is possible to define a “generalized multiplic- 
ity” of this zero as the Poincare index ind (a, /), which is the rotation of the 
function / along a sufficiently small circumference centered at the point a 
(see Krasnoselskij et al. (1963), p. 27). However, one can give a more gen- 
eral definition of the index of a zero of a PA function which also applies in 
the case of a non-isolated zero (the definition being equivalent to the above- 
mentioned Poincare index when a zero is isolated). This follows from the next 
proposition. 

Theorem 1.8. Let a be a zero (either isolated or non-isolated) of a function 
f, polyanalytic in a neighborhood U (a, R) of the point a; let fr be the ana- 
lytic function coinciding with f on the circumference P{a^r) ; let n(r, 0, /r-) 
(h(r, 00, /r)^ be the number of zeros (poles) of the function fr in the disk 
D(a, r). Then there exists a number ro, 0 < ro < R, such that the quantity 

V (/; r) = n(r, 0, fr) - n(r, oo, fr) 
is constant over the interval (0,ro). 

This assertion shows that the following definition is correct: the index of a 
zero (either isolated or non-isolated) of a PA function / is the number 

Ind(a;/) = limF(/,r). 

r — >^U 



For example. 



Ind (0; z “^z^) = n — Ind {0,z — z) = 1 . 

1.8. Degenerate PA Functions. A function / is said to be degenerate in a 
domain G C C if it maps this domain on a set without inner points. The 
only degenerate functions in the class of holomorphic functions are constants. 
Degenerate PA functions of order n > 1 are much more diverse. 

First of all, we should note that in the case of a PA or CA function / the 
Jacobian of the mapping w = f{z) is a CA function; hence it follows that, if 
a function / is degenerate in a subdomain of the domain of its definition G, 
then it is degenerate in the entire domain G. 

One of the simplest classes of degenerate PA functions consists of PA func- 
tions of constant modulus. 
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Theorem 1.9 (Balk (1964b, 1966c)). A PA function of order n in a domain 
G has a constant modulus A if (and, obviously, only if) f is representable in 
the form 

f{z)=X-P{z)/P{z), 

where P is a polynomial in z of degree not higher than n — 1, and A is a 
constant, with |A| = A. 

This theorem implies the following corollary (Balk (1966c)): 

Let (f be a holomorphic function in some domain G, let 'ip be a polynomial 
in the conjugate variables z andz, and let A be a positive constant If\(p{z)\ = 
A\'ip{z)\ in G, then there exist polynomials R and S in the complex variable 
z, and a constant A, |A| = A, such that (p = XRS, ^ = i? • 5. 

This proposition was further generalized by Zuev (1968), Krajkiewicz and 
Bosch (1969). 

Theorem 1.10. If (p and 'ip are two PA functions in some domain G, and if 
\(p\ = \'ip\, then there exist a PA function S{z,z) and a PA polynomial R{z,z) 
such that ip = R - S, 'ip = R S. 

In the above-mentioned work by Krajkiewicz and Bosh, a similar statement 
was proved for two PA functions satisfying the condition aigip = arg^ in some 
domain G. 

Theorems 1.9 and 1.10 are applicable in the theory of elastic-plastic defor- 
mations (see Reva (1972)). These theorems may be applied to describe the 
class of degenerate PA functions. Indeed, the condition that a PA function 
w = f{z) is degenerate is equivalent to the requirement that the Jacobian 
\df I dz\‘^ — Idf/dzl"^ vanishes identically. Hence, the mapping w = f{z) is de- 
generate if \df /dz\ = \df/dz\, and we can use Theorems 1.9 and 1.10. Using 
this approach, one can find the explicit form of degenerate BA functions. 

Theorem 1.11 (Balk (1964b)). A BA function f is degenerate in some do- 
main G if and only if it is representable in one of the two following forms: 

f{z) = A • (e'^'^z + ^) + Ai ; f{z) = A • ( 2 ; - c)^(z - c) -h Ai , 
where a, A\, c, a, 7 are constants, 9a = 0 and I 7 I = 1 . 

It should be noted that in these cases the image of a domain G under the 
mapping w = f{z) must belong to one of the following figures: a straight line, a 
circumference or a logarithmic helix (i.e., a line which is an affine image of the 
curve described by the equation p = a^, a = const, in the polar coordinates.) 

As to degenerate PA functions / of order n > 2 , Theorem 1.10 makes it 
possible to reduce their description to that of solutions of a system of linear 
differential equations which are satisfied by the analytic components of the 
function /. However, the explicit solution is rather difficult in the general case. 
An alternative approach, applicable for n > 2, will be considered in Sect. 2.4. 




210 



M.B. Balk 



§2. Entire Polyanalytic Functions 

An entire PA function of order n is a function / from the class (C) sat- 
isfying the generalized Cauchy-Riemann condition = 0 everywhere 

in C. It can be represented as 



n— 1 

f(^) = '^^k{z)z'', Cfc € i?(C) , k = 0,...,n-l . (1) 

k-O 

It is evident that the set of all entire PA functions forms a commutative ring 
(with a unity) relative to the operations of addition and multiplication. It 
emerges as a result of adding to the ring H{C) the element z, which is tran- 
scendent for this ring. Conventional definitions of “invertible (non-invertible) 
element”, “reducible (irreducible) element”, etc. are applicable to this ring 
H{C)[z]. Each irreducible element of this ring will be called an irreducible 
entire PA function. 

2.1. PA Polynomials. An entire PA function (1) whose analytic components 
are polynomials in z is called a PA polynomial. It is clear that every polynomial 
p{x,y) (with complex coefficients) in two real variables can be represented as 
a PA polynomial P{z,z) {z = x + iy, z = x — iy) and vice versa. However, 
when writing a polynomial p in real variables as a PA polynomial P{z, z), one 
can detect some of its properties not revealed in its conventional form p(x, y). 
The set of all PA polynomials also forms a ring with a unity. It is worth noting 
that among PA polynomials (of any order n) different from constants there 
are some which have not any root, e.g. (z-{-z)^~^ -fi. However, it is possible to 
prove a theorem which generalizes the main theorem of algebra (Balk (1968)). 

Theorem 2.1. If deg z^zP > 2deg zP or deg z^zP > 2deg zP, then the poly- 
nomial P{z,z) has at least one complex root. 

One can see from this that to determine whether a system of two real 
equations p\{x,y) = 0, p 2 {x,y) = 0 (where pi and p 2 are polynomials) has a 
real solution, it may be useful to consider the auxiliary complex polynomial 
p{x, y) = Pi A- ip 2 , then express it through conjugate complex variables 2 ; and 
z, and finally use Theorem 2.1. 

We shall note here two more simple facts about PA polynomials which 
follow from the properties of systems of real algebraic equation and will be 
used later (Sect. 2.2). 

Remark 1. The set of all isolated zeros of a PA polynomial is finite (or 
empty). 

Remark 2. If a PA polynomial has a non-isolated zero, then it may be 
represented in the form P{z,z) = J{z,z)R{z^z)^ where J is a polynomial 
having isolated zeros only, while i? is a polynomial assuming real values only. 
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In the class of entire PA functions, PA polynomials are distinguished by the 
property of slow growth at infinity (not faster than some power of \z\). This 
can be seen from the following theorem generalizing the Liouville theorem 
(Balk (1958)). 

Theorem 2.2. Let f he an entire PA function of order n, let s, A, Rq be 
nonnegative constants, with s being an integer. Then 

(i) if ^f{z) < \z\ > Rq, then f is a polynomial in z, z, and 

^ max(5,2n — 2); 

(a) if |Q/| < \z\ > Ro, then f{z) = R{z,z) H- S{z,z), where R and 

S are polynomials, QR = 0, deg^i? <n - 1, degzR <n — I, deg z,zS < s; 

(Hi) if\f(z)\ < \z\ > Rq, then f is a polynomial of degree not higher 

than s with respect to the pair z, z (independently of the order of polyanalyticity 
n). 

Theorem 2.2 implies the following property of polyharmonic functions: 

If a function v{x,y) is n-harmonic in the whole plane and satisfies 
everywhere in M? an inequality v{x,y) < A{\x\ + \y\Y (A and s being non- 
negative constants), then v{x,y) is a polynomial in x, y of degree not higher 
thanraax.{s,2n — 2). If\v{x,y)\ < A{\x\-\-\y\y everywhere m then v{x,y) 
is a polynomial of degree not higher than s (independently of the order of 
polyharmonicity n). 

The most interesting particular case, where s = 0, was investigated as 
early as 1930’s by Nicolesco and Teodorescu: an entire PA ( or polyharmonic) 
function with its modulus bounded in the whole plane is a constant. 

We shall illustrate Theorem 2.2 with an example. Let ^{z) be an entire 
analytic function, real on the real axis and having the positive imaginary 
part in the upper half-plane. Let us consider an auxiliary entire BA function 
f{z) = —y^{z). It is easy to verify that < 0 everywhere in C. By virtue of 
Theorem 2.2, the function / is a polynomial of degree not exceeding 2; hence 
^ is a linear function. This statement belongs to Chebotarev and was proved 
by him using another technique. 

The approach used here makes it possible to obtain new theorems of the 
Liouville type for PA (and, in particular, for analytic) functions (Balk (1958)). 
We shall give some examples. 

(i) Let / be an entire function of order n, let P{x,y) be a real-valued 
polynomial in real variables x and y, which has (after passing to the variables 
2 : and z) the exact polyanalyticity order p and the exact degree s (with respect 
to the pair z,z). If is bounded from above “on one side” of the curve 
P{x,y) = 0 (for example, on the set D+ = {(^?2/) • P{^^v) > 0}) and 
is bounded from below “on the other side” of the same curve (on the set 
D_ = {{x,y) : P < 0}), then / is a polynomial whose exact degree (in x, y) 
does not exceed 2(n -h p — 2) — s. 

The proof is based on considering the entire PA function P • /. 
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(ii) Let the point a = ai + ia 2 be an isolated singularity of an analytic 

function ^{z)\ let P{x,y) be a real- valued polynomial, P ^ 0, (P-) being 

the set of all points of the plane where P > 0 (resp. P < 0); > 0 in 

and < 0 in D- (or vice versa). Then the point (ai,a 2 ) lies on the curve 
P{x^y) = 0, and a is a pole for If the point (ai,a 2 ) is not singular for 
the curve P(o:, y) = 0, then a is a simple pole for and the residue of the 
function ^ at this point, regarded as a vector, is collinear to the tangent to 
the curve P(x, ?/) = 0 at the point ( 01 , 02 )- 

(iii) Let o be an essentially singular point of a single-valued analytic func- 
tion let f/ be a neighborhood of this point, let P{x,y) be a polynomial, 
and let (P-) be the set of those points from U where P > 0 (resp. P < 0). 
Then, whichever two half-planes o^o + bkV -h > 0, A; = 1, 2, are chosen in 
the plane of the variable w = u + iv, it can never happen that simultaneously 
one of them does not intersect ^(P+) and the other does not intersect ^(J7_). 

Gol’dberg (1960) substantially generalized the latter theorem. 

2.2. Factorization of Entire PA Functions. An entire PA function 

n— 1 

fiz) = Y,ek{z)z'‘ ( 1 ) 

fc =0 

is called primitive if all entire functions Ck (A: = 0, . . . , n — 1) do not simulta- 
neously vanish at any point of the plane C. Function (1) is called (globally) 
irreducible if it cannot be represented as the product of two entire polyana- 
lytic functions such that the exact polyanalyticity order of each of them is less 
than the exact polyanalyticity order of the function /; otherwise it is called 
(globally) reducible. Thus, a primitive globally reducible entire PA function is 
representable as the product of several (two or more) entire PA functions, the 
exact polyanalyticity order of each being not less than 2. Similar definitions 
can be given of entire pseudo-polynomials^ i.e., functions of the form 

n— 1 

F{z,w) = Y,ek{z)w'^ iek€H{C), k = 0, . . . ,n - 1) . (2) 

k=0 

The following theorem plays an important role in studying the value distri- 
bution of entire PA functions. 

Theorem 2.3. A primitive (globally) irreducible entire PA function f has 
no more than a finite number of isolated zeros if and only if it is a polynomial 
in Zj z up to a factor invertible in the ring H{C) ; in other words, 

f{z) = P(z,z)exp 5 (z) , (3) 

where P is an irreducible polynomial, and g is an entire analytic function. 

Theorem 2.2 is equivalent to the following proposition for pseudo - polyno- 
mials. 
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Theorem 2.4. The set M of all zeros of a primitive globally irreducible 
entire pseudo-polynomial (2) is polynomial (i.e., coincides with the set of zeros 
of some polynomial in z, w) if and only if among the points of intersection 
of the set M with the non-analytic plane S = {{z,w) : w = z} there are not 
more than a finite number of isolated points. 

Theorem 2.3 is equivalent to the combination of two following propositions 
(Balk (1966), Balk and Zuev (1970, 1972)): 

Theorem 2.5. An entire PA function which has only a bounded set of zeros 
can differ from a PA polynomial only by a factor which is an entire analytic 
function without zeros (i.e., has the form (3)). 

Theorem 2.6. Each globally irreducible entire PA function having non- 
isolated zeros is representable in the form (3). 

In proving Theorem 2.5 one may obviously restrict oneself to the case of a 
primitive entire reduced PA function, i.e., a function of the form 

n— 1 

■^(-^) = efc € F(C), fc = 0, 

k-O 

The proof is reduced to estimating the growth, as r — > oo, of the function 
N*{r,0,E) defined below. This function can be regarded as an analog of the 
Nevanlinna function N. Let E be an entire reduced PA function, let Er be a 
holomorphic function coinciding with E on the circumference Cr- The function 
N* (r, 0, E) is defined by the formula 

N^r,0,E) = N{r,0,Er) 

(Gol’dberg et al., the current volume). The function N*{r,0,E) is defined 
similarly to N{r,0,Er) . It appears that, in order to represent a reduced 
entire PA function E in the form (3), it is necessary and sufficient that one of 
the following conditions 

N*{r,0,E) = O(logr), r oo , 
or 

N*{r,0,E) = O(logr), r oo , (4) 

be satisfied. 

The proof of Theorem 2.5 is rather cumbersome and is reduced to proving 
that the conditions of the theorem imply relation (4). 

Theorem 2.5 for the case of BA functions was obtained ( Balk (1965)) using 
the techniques of Montel quasi-normal families. The proof for PA functions of 
arbitrary order (Balk (1966a)) was based on the theory of entire curves (for 
a survey of this theory see Chap. 5, Sect. 12 of this volume), and seems to be 
the first meaningful application of this theory, which was elaborated in the 
1930’s by H. Weyl, H. Cartan and Ahlfors and which for a long time remained 
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“a pure theory without any applications”, to quote Ahlfors’ own words. Later, 
Ostrovskii (1969) found a simpler proof of this theorem. 

Balk (1964b) found that every meromorphic (in C) BA function B which 
has a non-isolated zero a is representable in the form B = M - where M is 
a meromorphic analytic function and [/ is a real- valued polynomial of one of 
the two following types (here a, c, a are constants, c ^ 0, 9a = 0): 

e'^^{z — a) + — a); \z — a — cf — |cp. 

A similar representation holds for entire BA functions, but in this case M is 
an entire function. 

The last statement implies the following: the representation 

f = M-V, (5) 

where M is a meromorphic function and F is a real- valued polynomial in z, 
^ remains valid also in the case where / is a product of several bimeromor- 
phic functions having non-isolated zeros. If / is a product of bimeromorphic 
functions among which some have non-isolated zeros, and some not, then 
representation (5) remains valid if M is a polymeromorphic (and not just 
meromorphic) function which has only isolated zeros. However, more subtle 
argumentation (using Theorem 2.6) leads to the following conclusion (Balk 
and Zuev (1970,1972), Zuev (1970)): 

Theorem 2.7. Each polymeromorphic (in C) function f having a non- 
isolated zero is representable as the product of two PA functions: a polymero- 
morphic function J{z^z), which has isolated zeros only, and a real-valued poly- 
nomial U{z,z): 

f = J^U 

This assertion is also valid for an entire PA function / having non-isolated 
zeros, but in this case J is an entire PA function. 

The proof of Theorems 2.6 and 2.7 is based on three well-known statements: 

(i) (The Poincare theorem). If A and B are two entire analytic functions 
m differing from the identical zero, then there exist entire analytic (inC‘^J 
functions a, h, D such that A = a • D, B = b ' D, and at every common zero 
of the functions a and b, the germs (elements) of the functions a and b are 
coprime in the ring of germs of functions holomorphic at this point. 

(ii) (The Borel Theorem — see this volume. Part I, Chap. 5, Sect. 12). If 
entire analytic functions Gi, . . . , Gm (tti >2^ without zeros are linearly depen- 
dent over the ring of polynomials in z, then among these functions there exist 
at least two which are linearly dependent over the ring of complex constants. 

(hi) (The Ronkin - Zuev theorem, see Ronkin (1969), Zuev (1970)). If an 
entire function F{z,w) m C^, being a primitive entire pseudo-polynomial in 
w, is globally reducible in the ring of entire functions, then it is also reducible 
in the ring of entire pseudo-polynomials. (It is worth remarking that Ronkin 
(1969) proved a more general fact.) 
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We shall now present some corollaries following from the factorization the- 
orems 2.3-2. 7. 

Corollary 1. If at least one of the analytic components (not being an iden- 
tical zero ) of an entire PA function f has an unbounded set of zeros, then the 
same is true for the entire PA function f. 

Corollary 2. If a globally irreducible entire PA function has two analytic 
components (not being identical zeros) such that an infinite number of zeros 
of one component are not zeros of the other component, then f has isolated 
zeros only. 

For example, the BA function sin 2 ; + ^ cos z satisfies the conditions of both 
corollaries, and hence it has an infinite number of zeros, all of which are 
isolated. 

We shall call the set {( 2 ;, it;) : w = az + bz c}, where a, b, c are constants 
and a ^ 0, a non-analytic plane in C^. 

Corollary 3. Each entire pseudo-polynomial (inw) F{z,w) that has only a 
bounded set of zeros in some non-analytic plane 5 € can be represented as 

F{z,w) = P{z,w)eyipg{z) , 

where P is a polynomial, and g is an entire function of only one variable z. 

Ronkin discovered some conditions under which an entire function of sev- 
eral complex variables is (up to an exponential factor) a pseudo-polynomial 
(Ronkin (1972), Theorem 3). Here we shall restrict ourselves to one particular 
case of Ronkin’s theorem: 

Let ^{z,w) be an entire function in and let, for each fixed z, the set of 
zeros of the function ^ (as a function of one variable w) be finite. Then the 
function ^ is representable in the form 

^ = F • exp h , (6) 

where F is a pseudo-polynomial (in w) and h{z,w) is an entire function. 

Combined with the factorization Theorem 2.5, the above-cited theorem 
leads us to the following statement: 

If an entire function (not necessarily a pseudo-polynomial) ^{z,w) has a 
bounded set of zeros in some non-analytic plane, and if, in each fixed plane 
z = const , the number of zeros of the function ^ is bounded from above 
(by a constant depending, generally speaking, on a choice of the plane), then 
^{z,w) = P{z,w) exp H{z,w), where P is a polynomial and H is an entire 
function. 

In general, any condition which makes it possible to represent an entire 
function ^ in form (6), combined with Theorem 2.5, proves that the zero set 
of the function ^ is polynomial. 
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The idea of estimating the quantity N* (r, 0, /) , already applied to prove 
Theorem 2.5, can be applied to obtain similar assertions on factorization, pro- 
vided that the quantity N* (r, 0, /) satisfies weaker restrictions on its growth. 
If a complex-valued function ^{z) is defined on the entire plane C, then its 
growth order (see this volume, Part I, Chap. 1, Sect. 1) is that of the real- 
valued function 

6{r) = log"^ max \^{z)\ . 

\z\=r 

The following proposition is valid (Balk et al. (1983b)): 

Theorem 2.8. If the counting function N* (r, 0, E) for a reduced entire PA 
function 

fc =0 

has a finite growth order a, and if there is no such point in the plane where all 
= 0, ...,n — 1, vanish simultaneously, then E can he represented as 
the product ip exp g, where g is an entire analytic function, and p is a reduced 
PA function of growth order a. 

2.3. Picard-Type Theorems for Entire PA Functions. One of the most re- 
markable results of classical complex analysis is the well-known Picard theo- 
rem: an entire non-constant analytic function assumes every complex value, 
except at most one. This is not true for arbitrary entire PA functions (a coun- 
terexample: z 'z). However, the theorems on factorization presented in Sect. 
2.2 permit one to assert that the Picard theorem (even in a strengthened 
version) remains valid for broad classes of entire PA functions. As known, an 
entire transcendental analytic function E assumes every complex value, ex- 
cept at most one, on an infinite set of points. Will this “Picard property” be 
preserved if a “sufficiently simple” polyanalytic term, e.g., z or \z\^ is added 
to El It turns out that the property is preserved and even strengthened (Balk 
(1964a)). 

Theorem 2.9. Let E he an entire transcendental analytic function, and let 
P he a polyanalytic (hut not analytic) polynomial. Then the entire PA function 
F = E P assumes every complex value (without any exception), for each A 
the set of all A-points of the function F is unbounded and has no finite limit 
points in C. 

Combining the factorization theorems and the Borel theorem presented in 
Sect. 2.2, it is possible to prove the Big Picard theorem for entire PA functions 
(Balk (1963,1966,1969)): 

Theorem 2.10. An entire transcendental PA function assumes each complex 
value, except at most one, on an unbounded set of points of the complex plane. 

A simple proof of this proposition directly following from Theorem 2.5 on 
factorization, and the Borel theorem was obtained by Balk (1969). For other 
proofs see Balk (1965b, 1966b). 
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Taking into account the main theorem of algebra for PA polynomials 
(Sect. 2.1), it is possible to obtain the following refinement of the Picard the- 
orem for entire PA functions (“the Little Picard theorem for PA functions”, 
Balk (1969)). 

Theorem 2.11. An entire PA function E of order n, which does not assume 
two different values a, h, must be a polynomial of degree not higher than 2n — 2 
with respect to the pair variables z, z. 

The above-mentioned theorems on factorization make it possible to ob- 
tain somewhat more general assertions which will be formulated in terms of 
functions of two independent complex variables. 

Theorem 2.12. Let us suppose that for an entire pseudo-polynomial F{z, w) 
there exist two (different or coincident) non- analytic planes a\ and a 2 , and 
two different polynomials pi and p 2 (they may be constants) such that the 
equation F = pk has only a bounded set of roots in ak (A: = 1, 2). Then F is 
a polynomial. 

Picard-type theorems for PA functions generate new Picard-type theorems 
for analytic functions. Here we present one theorem of this kind (Balk and 
Zuev (1970)): 

Theorem 2.13. Let f be an entire analytic function, and let pQ{x,y), . . 
Pm{^’,y) be complex-valued polynomials in real variables x, y, with Pm ^ 0. 
Let the auxiliary function 

m 

= '^Pk{x,y){f{z))^ {z = x + iy) 
fc =0 

satisfy one of the following conditions: 

A) F assumes two different complex values only on a bounded set of points; 

B) F assumes one value a only on a bounded set, while the other value b 
is assumed by F non-isolatedly; 

C) there exist PA polynomials p and q, p^ q, such that the set of all roots 
of each equation F = p and F = q is bounded. 

Then f is a polynomial. 

Indeed, each of the conditions A), B), C) ensures that F is a PA polynomial, 
which implies that / is a polynomial. 

2.4. Degenerate Entire PA Functions. There exists a concealed connection 
between the number of values assumed by an entire (or meromorphic) PA func- 
tion non-isolatedly and the type of mapping produced by this function. More 
precisely, an entire PA function overloaded by a “sufficiently large” number 
of values assumed non-isolatedly appears to be unable to grow “suflSciently 
fast” (i.e., faster than a polynomial). Moreover, such a function appears to 
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be able to map its domain of definition only into a “meager” set, i.e., onto 
a set without inner points. The factorization theorems presented in Sect. 2.2 
are useful in elucidating this phenomena. First, let us find the general form 
of degenerate entire PA functions. A polynomial of the form 

n— 1 

P(z,w)= Ck,uW^z'' 

k,i/=0 

with coefficients satisfying the condition will be called a Hermi- 

tian polynomial. The PA polynomial P(z,z), where P{z,w) is an Hermitian 
polynomial (we shall call it an Hermitian PA polynomial), provides a sim- 
ple example of a degenerate entire PA function (it maps the whole plane C 
into the real axis). Conversely, for each PA function / mapping some domain 
G C C into the real axis there exists a Hermitian polynomial P{z^w) such 
that f{z) = P{z,z). 

Theorem 2.14. An entire p.a. function f is a degenerate mapping of the 
complex plane if and only if it is representable in the form 

f{z) = M{h{z,z)) , 

where M is a polynomial^ and h is a Hermitian PA polynomial. 

The proof follows from the Picard theorem for entire PA functions and the 
following two algebraic facts: 

(i) If the Jacobian J(x, y) of the polynomial map u = P(x, y), v = Q{x, y), 
X, y, u, V being the real variables, is identically equal to zero, then these 
two polynomials are algebraically dependent: there exists a third polyno- 
mial R{u,v) such that R{P{x,y),Q{x,y)) = 0 (see Hodge and Pedoe (1947), 
Chap. 3, Sect. 87, Theorem 2). 

(ii) If two real-valued polynomials P{x,y) and Q{x,y) are algebraically 
dependent, then there exist real- valued polynomials p{t), q{t) and H{x,y) 
such that P = p{H), Q = q{H) (see Hormander (1955), Chap. 3, Sect. 3.1, 
Lemma 3.3, and also Gorin (1961), Theorem 4.3). 

It should be noted that in Hodge and Pedoe (1947), Hormander (1955), 
and Gorin (1961), theorems more general than (i) and (ii) have been proved. 
Theorem 2.14 implies that each degenerate entire PA function maps the plane 
C onto a polynomial curve (i.e., onto a line z = X{t) (— oo < t < +oo), where 
A is a polynomial with complex coefficients). 

We shall now pass to entire PA functions assuming some values non- 
isolatedly. In particular, it is possible to find among entire PA functions with 
a given order n a transcendental PA function that assumes n — 1 different 
values in such a way. An example is given by the function 

n— 1 

cos 2 : (z + z - 2A:) + (z + z)^; 

k=l 
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for A: = 1, 2, . . . , n — 1 it assumes the value 4fc^ non-isolatedly, namely, at each 
point of the line = k. What are the specific qualities of entire PA functions 
which assume n or more different values non-isolatedly? This question was 
answered by Balk and Zuev (1972). 

Theorem 2.15. Each entire n-analytic function assuming n dijferent values 
non-isolatedly is a PA polynomial. 

If we take into account the fact that the Jacobian of any polynomial map 
is a PA polynomial, then it is not difficult to discover that any PA function 
which assumes infinitely many different values non-isolatedly is degenerate. 
This statement admits an essential improvement. Balk (1964c) noted that 
an entire BA function which assumes two different values non-isolatedly is 
degenerate (a similar proposition is valid for meromorphic BA functions which 
assume three different values non-isolatedly). We shall present here another 
statement of a similar kind. 

Theorem 2 . 16 . Let: 1) f be an entire PA function of order n; 2) Pq, A, • • v 
Pn-i be pairwise different lines, each being either a circumference or a straight 
line; 3) Aq, Ai, . . ., A^-i be constants among which at least two are non-equal; 
4) for each number k (A: = 0, 1, . . . , n — 1) the identity f{z) = Ak is fulfilled 
on the line A- 

Then: 1) f is a degenerate PA function; 2) either all the lines Pq, Pi,.-., 
Pn-i CLre concentric circumferences or all of them are parallel straight lines. 

These last assertions (and other similar results) lead us to the following 
conjecture which improves Theorem 2.15. 

Statement 2.15'. Each entire PA function / of order n assuming n different 
values non-isolatedly is degenerate. 

All attempts to prove this statement encountered considerable difficulties. 
Here we shall provide a proof for n = 3. We shall use the following easily 
verifiable fact. 

Remark 1. Let: 1) P and Q be two Hermitian polynomials; 2) the exact 
degree of P in it; be positive; 3) ^ and ^ be polynomials, with independent 
of w. If the identity P^ -h QW = 1 is valid, then is a real constant, and ^ is 
an Hermitian polynomial. 

We shall now prove Statement 2.15' for n = 3. It is clear that / is a 
polynomial in z and ~z (see Theorem 2.15). Let P be a polynomial in two 
independent variables such that F{z,z) = f{z). By virtue of Theorem 2.7 
there exist three constants Ak {k = 0,1,2), the Hermitian polynomials P^, 
and the polynomials ^k such that F = Pk^k "I" Ak. Two cases are possible: 

Case 1: deg^^^Pfc = 1 for A: = 0, 1, 2. Then statement 2.15' is valid by virtue 
of Theorem 2.16. 

Case 2: degi^P^ = 2 for some value of k (for example, k = 0). 

Then is independent of w. We have 
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P\^i — Po^o = Aq — A\= A = const ^ 0 . 

By virtue of Remark 1, we conclude that ^q/A is a real constant which we 
denote by A. Hence, / = ^APq + and this is a degenerate function. 



§3. Polyanalytic Functions in Neighborhoods 
of Their Isolated Singular Points and in a Disk 

3.1. Isolated Singularities of PA Functions. A function / polyanalytic in a 
punctured neighborhood Uo{a) of a point a G C is said to have an isolated 
singularity at this point if / cannot be defined at the point a in such a way 
that the resulting function is polyanalytic in the entire neighborhood U (a) of 
the point a. For example, the PA function (of order 4) f{z) j z defined 

in C\{0} has isolated singularities at the points a = 0 and a = oo; setting 
/(O) = 0 we shall obtain a function which is continuous at a = 0 but not 
polyanalytic at this point (or anywhere in its neighborhood). If a polyanalytic 
(in particular, analytic) function / has a finite limit A at a point a, then we 
shall regard the number A as the value of / at a. 

We shall remind the reader (see, for example, Collingwood and Lohwater 
(1966)) the definition of the cluster set of a function at a point. Let some 
function / (which needs not necessarily be a PA function) be defined in a 
punctured neighborhood Uo{a) of some point a G C. A number A is called a 
cluster value of the function / at the point a if there exists a point sequence 
{zn) in Uq{q) such that Zn a and f{zn) — ^ A, as n — > oo. The set L{f;a) 
of all cluster values of the function / at the point a is called the cluster set 
of / at a. It is possible to prove that L(f;a), for any continuous function / 
in Uo{a)^ is either a continuum or a single point from C ( Collingwood and 
Lohwater (1966), p. 14). 

What is the behavior of a PA function / when its argument approaches an 
isolated singularity? What is the dispersion of cluster values? What geometri- 
cal figure does the set L{f; a) form? In the case of holomorphic functions the 
pattern is well-known: L(/; a) is either one point oo, or the whole plane C. The 
situation is considerably more diverse for PA functions of order n > 1, but as 
we shall now see, it can also be described quite precisely. Let M be the real 
axis completed by the point oo; let T be the circumference : |C| = 1}. By a 
polynomial curve (either bounded or non-bounded) we shall mean a polyno- 
mial image either of the set T or the set R, i.e., a curve z = p(C)? where p is 
a polynomial, p ^ const, and C runs either over T or over R with p{oo) = oo. 
The following proposition is valid (see Gomonov (1988), for BA functions see 
Balk and Polukhin (1970)): 

Theorem 3.1. The cluster set L{f; a) of a PA function f at its isolated 
singular point a can be (in C) a figure of the following four types: one point; a 
bounded polynomial curve; a union of a finite number of unbounded polynomial 
curves; the whole plane C. 
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It is understandable that a PA function / of order n can be represented in 
a neighborhood of its isolated singular point a, in the form 

/(^) = ^ (73^) (a/ 00), 

k=Q 

/w = Yu (^) = °°) (1) 

fc =0 

(here all for fc = 0, 1 . . . , n — 1 are functions holomorphic at the point a or 
having an isolated singularity at this point). Hence, it can also be represented 
as 

00 _ _ 

/(^) = Y 

i/=—oo 

00 _ 

f(z)= Y (a = oo)> (2) 

I/= — 00 

where all 7 Tj^{Q {u E Z) are polynomials in the auxiliary variable ^ of degree 
not exceeding n — 1 . Basing himself on such formulas, V.I.Pokazeev (1976) 
proposed to classify singular points of a PA function depending on the number 
of non-positive powers (at a ^ 00) and nonnegative powers (at a = 00) in 
expression (2), as is done for analytic functions using their Laurent expansions. 
This classification can be refined if we accept as the basis for classification the 
type of the cluster set L{f; a) at the singular point a. As can be seen from 
Eq. (2), each PA function /, having an isolated singularity a, may be linked 
with the following auxiliary function F of independent complex variables 2; 
and 

00 

u=—oo 

00 

F(z, 0 = Y (a = 00). (3) 

i/=—oo 

A series of form (3) may be called the Laurent image of the PA function 
/, and the polynomials called the Laurent characteristics of 

/. As in the case of analytic functions, one may speak about the main part 
of the Laurent image, meaning the sum of terms of series (3) with negative 
indices for a 00, and the sum of terms with positive indices for a = 00. 
Using Theorem 3.1, it is possible to identify the following varieties of isolated 
singular points of PA functions /. 

(i) A singular point of continuity. Here the cluster set L(/; a) consists of 
one finite point. In this case, the main part in the Laurent image F of the 
function / is identically equal to zero, the zero characteristic ttq is a constant, 
and at least one other Laurent characteristic differs from identical zero. 
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(ii) A singular point of the circular type. Here L{f; a) is a bounded polyno- 
mial curve (not degenerating to a point). The main part in the Laurent image 
of the function / is identically equal to zero, the zero characteristic ttq not 
being a constant. 

(iii) A polar singularity. Here L(/; a) consists of the point oo complemented 
with not more than a finite number of unbounded polynomial curves. The 
main part of the Laurent image of the function / contains a finite (but not 
empty) set of nonzero terms. 

(iv) An essential singularity. Here L(/; a) = C. The main part of the Lau- 
rent image of the function / contains an infinite set of nonzero terms. 

To identify isolated singularities, one may use the following simple argu- 
ment: if a function / polyanalytic in a domain G is representable in the form 

n—l 

f{^) = XI hk € H{G), k = 

k=0 

and if a is an isolated point for 9G, then a is an isolated singularity for / 
if and only if it is a singularity at least for one of the analytic components 
hk of the function /. A point a is an essential singularity for / if and only if 
it is essentially singular at least for one hk- These properties can, of course, 
be taken as a definition of notions of the “isolated singularity” and “essential 
singularity” of a PA function /. 

3.2. Factorization of a PA Function in a Neighborhood of its Isolated Sin- 
gularity. Picard-Type Theorems. We have already seen (see Sect. 2.3) that 
the solution of various problems concerning the value distribution of an entire 
PA function is closely linked to theorems on the factorization of such func- 
tions (see Sect. 2.2). We now wish to elucidate if a similar factorization of 
a PA function is possible in a neighborhood of its isolated singularity a. Let 
us discuss two “extreme” cases: (i) where the PA function / has “few” zeros 
near the point a (to be more precise, there is a neighborhood U{a) without 
zeros of the function /); (ii) where there are “many” zeros near a (to be more 
precise, each neighborhood U{a) contains an arc formed by zeros of /). 

To formulate the theorem on factorization, we must first single out a class 
of functions which, in the class of functions polyanalytic in a punctured neigh- 
borhood of a singular point, play to some extent the same role as polynomials 
in the class of entire PA functions. Let a be a point in C, and let U\ he 
its punctured closed neighborhood (i.e., U\ = {7\{a}, where C/ is a closed 
neighborhood of the point a in C). A function 'ir{z) holomorphic \n U\ and 
meromorphic at the point a (i.e., not having an essential singularity at the 
point a) is called a polynomoid in U\] a function 7 t( 2;,^), polyanalytic in f/i 
and meromorphic at the point a, is called a PA polynomoid in C/i. 

Theorem 3.2. If f is a PA function (in a punctured closed neighborhood U\ 
of a point a G C and if a is not a cluster point for the set of zeros of the 
function f, then f admits a factorization in the form 
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f{z) = 7t(z, z) exp E(z) , (4) 

where 7t(z,z) is a PA polynomoid in U\, and E is an entire function of the 
variable z if a = oo, and of the variable l/{z — a) if a ^ oo. 

The proof of this theorem was obtained by Krajkiewicz (1973) and Balk 
(1975); the proof follows the general approach used to prove the theorem on 
factorization of entire PA functions (see Balk (1966 a), Ostrovskii (1969)). The 
classical results obtained by R. Nevanlinna (1924) and H. Cartan (1933) (see 
also Gol’dberg (1960b)), are of major importance in this proof. In particular, 
the following facts, first found by R. Nevanlinna (1924), are used: A) each 
function holomorphic in the annulus A = {z : 1 < |^| < 4-oo} and having 
in it a finite number of zeros is representable in the form Trexp^, where g 
is an entire function and tt is a polynomoid in zi; B) a polynomoid in A 
is representable in the form z'^P{z)(p{l/z), where m is an integer, P is a 
polynomial and ip{t) is a holomorphic function in the disk {t : |t| < 1}. 

A similar opportunity for factorization arises if a PA function in a punc- 
tured neighborhood of its essential singularity a is irreducible, in some sense, 
and the point a is a cluster point for its non-isolated zeros. Let Uq be a 
punctured neighborhood of the point a, and let / be a PA function in Uq. 
This function is reducible in Uq if it can be represented as a product of two 
functions, each being polyanalytic but not holomorphic in Uq. Note that the 
irreducibility in a neighborhood Uq of the point a does not imply the irre- 
ducibility in a “smaller” neighborhood. 

Theorem 3.3 (Balk and Gol’dberg (1976, 1978)). Let f be a PA function 
in the annulus K = {z : R < \z\ < H-oo}, irreducible in the annulus K' = 
{ 2 : : P' < 1^1 < + 00 } for every R' > R, and let the set of all non-isolated 
zeros of the function f in K be unbounded. Then f is representable in the 
form 7T • exp g, where tt is a PA polynomoid in K, and g is an entire analytic 
function. 

The proof is based on the properties of an open Riemann surface with an 
ideal boundary of zero harmonic measure. In the case of BA functions a sim- 
pler proof (Balk and Gol’dberg (1978)) is possible based on the Carleman- 
Milloux theorem on estimating a harmonic function (see R. Nevanlinna 
(1936)). We shall present here some corollaries from Theorems 3.2 and 3.3. 

Corollary 1. Let f be a PA function in a punctured neighborhood Uq of the 
point a, a being an essential singularity of f , and let the point a be a cluster 
point for the set of non-isolated zeros of the function f. Then, in a punctured 
neighborhood Uq of the point a, the function f is representable as a product 
of two PA functions J and V, one of which has an essential singularity at 
the point a, but can have isolated zeros only, while the second function has 
non-isolated zeros, but cannot have an essential singularity at the point a. 

Bosch and Krajkiewicz (1970) proved that the well-known Picard theorem 
dealing with entire PA functions (even in a somewhat more general form than 
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presented in Sect. 2) can be extended to PA functions having an essential 
singular point. They used the Montel method of quasi-normal families (applied 
earlier for a similar purpose in the case of entire BA functions, see Balk (1963, 
1965 b)). Prom Theorems 3.2 and 3.3 we can obtain the following strengthened 
version of the “Big Picard theorem” ( Balk and Gol’dberg (1976)). 

Corollary 2. Let a G C be an essentially singular point of a PA function 
f, and let a function A exist which is a PA polynomoid in some punctured 
neighborhood Uq of the point a (A may be constant) such that a is not a 
cluster point for the set M{f; A;Uq) of roots of the equation f{z) = A{z), 
Then, whatever other PA polynomoid B is chosen, there exists a punctured 
neighborhood Uq of the point a such that the set M{f, B, Uq) of roots of the 
equation f(z) = B{z) in Uq is infinite, consists only of isolated points, and 
has the point a as its unique cluster point. 

Corollary 3. Let h be a function holomorphic in a punctured neighborhood 
Uq of the point a and having an essential singularity at this point, and let tt be 
a poly analytic (but not analytic) polynomoid in Uq. Then the function h tt 
assumes any complex value A in Uq, and the set of all A-points has a as its 
cluster point (Krajkiewicz (1973b)). 

A number of other propositions for entire functions (see Sect. 2) also have 
obvious analogs in the case of PA functions with an essential singularity. 

3.3. Factorization of PA Functions in a Disk. As we have seen above, the 
value distribution and the growth of an entire PA function is linked to the 
possibility of its specific global factorization. It seems that finding similar 
possibilities to factorize functions which are polyanalytic in a disk will also 
enable us to identify their value distribution. 

First of all, among the functions polyanalytic in the unit disk D, we shall 
single out those functions that possess the following property: the set E{f) 
of all zeros of the function / in a disk D is a, compact subset of D (i.e., 
E{f) C D). This class of functions may be regarded as an analog of the class 
of entire PA functions with a bounded set of zeros. What kind of factorization 
of such PA functions can we hope to achieve? The obvious supposition that 
every such function is representable as a product of a holomorphic PA function 
without zeros in D and of a polynomial in 2 : and ~z appears to be erroneous. 
A counterexample is the BA function 1 — it has only one zero in D 

( 2 : = 0), but the assumption that it can be represented in the form G{z){p{z)-\- 
zpi{z)) (where G is a holomorphic function without zeros in D and p, pi 
are polynomials) leads to a contradiction. We shall single out the class of 
functions holomorphic in a disk D, whose growth, when approaching the disk 
boundary dD, “resembles” the growth of a polynomial when approaching 
00 . Polynomials P are distinguished — as regards their growth — among entire 
analytic functions in that their R. Nevanlinna characteristic T(r, P) satisfies 
the relation T{r,P) = O(logr), r — > 00 . In the ring of functions holomorphic 
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in the unit disk, we shall single out the sub-ring II{D) of functions tt that, 
when approaching the boundary circle, have a similar property, namely, 

T(r,7r) = o(log^) , 

Such functions will be called polynomoids in D. PA functions of the form 
7To{z) + ni{z)z h7r„_i(2:)z”“^ , 

where n is a natural number and the functions ttq, . . . , 7Tn-i are polynomoids 
in D, will be called PA polynomoids in D. 

Theorem 3.4 (Balk and Gol’dberg (1977)). If 

n— 1 

= Y^‘Pk{z)z'‘ 

k=0 

is a PA function in the unit disk D, and if the set of all its zeros is a compact 
subset of D, then the function can be factorized in the form 

(p{z) = G{z)tt{z,z) , (5) 



where n is a PA polynomoid in D, and G is an analytic function without zeros 
in D. 

The proof is based on considering the curve i? = {(po, (^i, . . . , Pn-i}^ holo- 
morphic in D, and its characteristic 

T{r, n) = f- r log \\Q{re^)\\ d9 , ||r2(2)|| = £ \Mz)\ • 

Jo k=o 



The scheme of the proof follows, for the most part, that of the theorem on 
the factorization of entire PA functions (see Sect. 2.2). Simultaneously, the 
following inequality 



lim sup T (r, i?) / log 

r— >1 ^ 



1 



1 — r 



< n — 1 



is proved. 

Using the asymptotic formulas obtained by R. Nevanlinna (1929) for the 
modular function, it is possible to construct an example showing that The- 
orem 3.4 is not valid if in its statement the ring of polynomoids in II (D) 
is replaced by the ring of functions tt holomorphic in D and satisfying the 
condition ^ 

r(r,7r) = o(log , r-*l. 

For functions polyanalytic in the unit disk, one can prove propositions quite 
similar to those given in Sect. 2.2 for entire PA functions. Here are three of 
them. 
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(i) If a function polyanalytic in a disk D is irreducible in D (i.e., it is an 
irreducible element of the ring H{D)\z]), and if it has a non-isolated zero in 
D, then it is representable in form (5); 

(a) Let h be a holomorphic function in D, but not a polynomoid, and let 
7T be a PA polynomoid in D, but not a holomorphic function. Then the sum 
h-\-'K assumes in D every complex value A without exception, and every A-set 
is infinite, discrete in D, and contains points arbitrarily close to dD. 

(Hi) Let (p be a PA function in D differing from a PA polynomoid, and let 
there be a PA polynomoid A (in D) such that the set M{<p, A) of all A-points 
of the function p (i.e., the set of all roots of the equation p{z) = A{z) located 
in D) is a compact subset of the disk. Then, whatever other PA polynomoid 
B (in D) is chosen, the set M{p,B) of all B -points of the function p in D 
cannot be a compact subset of D. 

3.4. Quasi-Normal Families of n- Analytic Functions The technique of quasi- 
normal (in particular, normal) families of analytic functions developed by 
Montel and his followers (Montel (1927)) proved to be a very useful tool for 
studying the properties of PA functions (Balk (1963, 1965 b), Manuilov (1973), 
Bosch and Krajkiewicz (1970), etc.). One might expect that similar techniques 
for quasi-normal families of PA functions would also find meaningful applica- 
tions. One cannot but notice that the Montel definition of quasi-normality can 
be literally extended to PA functions. However, this formal extension would 
have one serious drawback: the well-known tests of quasi-normality, conve- 
nient in applications and successfully used in the case of families of analytic 
functions, would be lost. Therefore one must resist the natural temptation to 
do the obvious and look for another definition of quasi-normality. This was 
precisely what was done by Balk (1977) who introduced a definition of quasi- 
normality for families of PA functions of given order n different from that 
given by Montel. This definition has two essential advantages: 1) a “test of 
quasi-normality”, similar to the classical test discovered by Montel, is valid 
under the terms of the new definition; 2) forn = 1 the new definition is equiva- 
lent to the classic Montel definition of quasi-normality. We shall see that these 
two advantages, combined with the above-presented factorization theorems, 
will enable us to find, for PA functions, strengthened versions of Picard- type 
theorems and also natural generalizations of some classic theorems of complex 
analysis. 

Let G be a domain, G C C, let A" be a compact set in G, and let 

n— 1 

= 'Ll A* e N, (6) 

k=0 

be a sequence of functions which are n-analytic in G. We shall call sequence (6) 
a regular sequence of rank p, p > 0, on a compact set K if the sequence (/i;x,p) 
converges uniformly to oo on K, while the sequence (^^,fc/^^,p) converges on 
AT to a finite limit 6k{z) for each fixed k = 0, l,...,n — 1, and moreover, to 
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0 for /c > p. We shall call sequence (6) a regular sequence of rank —1 on K if 
the sequence (h^^k) converges uniformly to a finite limit on K for every 

fixed k = 0, — 1. Sequence (6) is called a regular sequence of rank p 

inside the domain G if it is a regular sequence of rank p on each compact 
subset of G. Sequence (6) is called a quasi-regular sequence of rank p inside 
G if there exists a discrete set E in G such that sequence (6) is regular inside 
the domain G \E. Finally, a family F of functions 

n-l 

Uiz) = '^K,k{z)z'^ , (7) 

k=0 

n-analytic in a domain G (with the index a running over some infinite set, 
not necessarily countable) will be called quasi-normal in G if each sequence 
of functions from F contains a subsequence quasi- regular inside G. It would 
be natural to call a family F quasi-normal at some point, if it is quasi-normal 
in some neighborhood of this point. 

We shall note two simple properties of quasi-normal families of n-analytic 
functions: 1) a family F of functions n-analytic in the domain G is quasi- 
normal in G if and only if it is quasi- normal at each point of G; 2) if sequence 
(6) is a regular sequence of rank —1 inside G, then it converges uniformly 
inside G to an n-analytic function; if sequence (6) is a regular sequence of 
rank p > 0 inside G, then it converges uniformly to oo inside an open set of 
the form G\Ep, where Ep is the set of all zeros of some PA function of the 
exact polyanalyticity order p-h 1. We shall say that a PA function / “assumes 
a value A in the domain G at most p times” , if the function f — A has only a 
finite number of zeros ... ,Zm in G, and if 

m 

^|Ind(zfc,/- A)| <p. 
fc=l 

Here lnd{zk, f — A) is the Poincare index of the zero Zk of the function f — A. 
For using the above-introduced notion of quasi-normality, the following quasi- 
normality test ( Balk (1977)), which is similar to the one found by Montel, is 
valid for families of n-analytic functions. 

Theorem 3.5. Let us suppose that, for a family (/^) of functions n-analytic 
in some domain G C C, there exist constants A, B, p, q (A ^ B, p, q are 
nonnegative integers) such that each function from the family assumes in G 
the value A at most p times, and the value B at most q times. Then the family 
is quasi-normal in G. 

The proof of this theorem essentially uses the arguments due to Dufresnoy 
(1944) relating to normal families of holomorphic vector functions. The quasi- 
normality test (Theorem 3.5) combined with the above-presented theorems on 
factorization (see Sect. 2.2, 3.2, 3.3), enables us to obtain various refinements 
of the Picard theorem for PA functions (“Julia-type theorems”). We shall 
present here only one such proposition (Balk (1977)). 




228 



M.B. Balk 



Theorem 3.6. If a function /, polyanalytic in a punctured neighborhood of 
a point a, has an essential singularity at this pointy and if for some choice of 
a number A, the set M{f; A) of all roots of the equation f{z) = A does not 
have the point a as its cluster point, then there exists a ray L emanating from 
a such that the set M{f; B) of all roots of the equation f{z) = B (B ^ A) is 
infinite in any angular neighborhood 6{L) of the ray L, and has the point a as 
its only cluster point inside a sufficiently small neighborhood of a. 

Here we shall present three propositions (Balk (1977)) which can be proved 
using the above-introduced modification of the quasi-normality notion. These 
propositions generalize classic results of the theory of analytic functions. 

(i) An analog of the Vitali-Montel theorem. Let (/^) be a sequence of func- 
tions from some quasi-normal family of n- analytic functions in a domain G, 
and let E C G be a uniqueness set for the class Hn{G). If this sequence 
converges on E pointwise, then it converges inside G uniformly. 

This proposition, combined with a uniqueness theorem for PA functions 
(see Sect. 1) implies the following analog of the Stiltjes-Vitali Theorem: 

(ii) // a sequence of functions (/^) n- analytic in a domain G, converges 
pointwise on a set E having a condensation point of order n in G, and if 
there exist two complex values A and B not assumed in G by any function of 
the sequence (in particular, if the functions (/^) have their moduli uniformly 
bounded from above or from below by the same positive constant in G ), then 
iffi) converges uniformly inside G. 

When studying boundary properties of PA functions, it is useful to know 
the following corollary to Proposition (i) (Balk (1977), for a particular case 
see Petrov (1967)): 

(iii) An analog of the Lindelof-Montel theorem. Let us suppose that a func- 
tion f , n-analytic in an open circular sector S with the opening less than tt, 
assumes in this sector two different values A and B at most p (p < oo) times, 
and let f tend to a limit X, as z tends to the vertex of the sector along any of 
n fixed radii belonging to S. Then f tends to X, as z tends arbitrarily to the 
vertex of the sector, remaining inside a closed sector S' , which is inner for 
the given sector S. 

3.5. Conjugate Analytic Functions in a Neighborhood of an Isolated Sin- 
gularity. Let / be a CA function in a punctured neighborhood Uq of a. point 
a G C, and let / be representable in Uq in the form 

oo 

f{^) = 'Y^hk{z){z-af , ( 8 ) 

fc =0 

where hk {k = 0, 1, . . .) are holomorphic functions in Uq, and at least one of 
them has a pole or an essential singularity at a; series (8) is assumed to be 
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uniformly convergent inside Uq. As in the case of PA functions of finite order 
(see Sect. 3.1), / is representable in the following two forms: 

oo 

f(z) = '^tpk{zK'' , (9) 

k=0 

oo 

f{z) = - a)"' , ( 10 ) 

2/= — OO 

where C = ~ ~ and all functions TTjy^i/ E Z, are represented by 

power series in the variable C- 

Krajkiewicz (1977 c) found that the Big Picard theorem can be extended 
to CA functions. In fact he considered a somewhat broader class than CA 
functions, namely, functions of the form F{z) = f{z)/{z — a)’^, where n is a 
nonnegative integer and / is a CA function of the form (8) (this function F 
was named multi- analytic by Krajkiewicz). We shall confine ourselves to the 
case n = 0, i.e., to CA functions only, but the final result will not thereby lose 
its generality. 

Krajkiewicz (1973c) introduced a notion of order of an isolated singularity 
for multi-analytic functions. Being applied to CA functions, it can be defined 
as follows. We shall ascribe an integer Xk to each function 'ijjk from representa- 
tion (9) ( —(X) and -foe will be regarded as integers) using the following rule: 
if 'ipk = 0, then Xk = — oo; if has an essential singularity at a point a, then 
Xk = H-oo; if 'ijjk has a pole of order m at a, then Xk = m; if ^k has a zero 
of order p at a, then we shall consider it to be a pole of the order m = — p; 
if 'ipk has a finite nonzero limit at a, then we shall consider a to be a pole of 
the order m = 0. The order of an isolated singularity a of a CA function / 
is given by the number d{f) = sup A^, /c E Z. The point a is considered to be 
an essentially singular point for a CA function / if d{f) = +oo; in particular, 
if at least one function xj^k in (9) (or hk in (8)) has an essential singularity 
at this point. If a CA function / has no essential singularity at the point a 
(e.g., it is a constant), then it is called meromorphic in a. Krajkiewicz (1977 
c) proved a Picard- type theorem that can be formulated as follows: 

Theorem 3.7. If a CA function f has an essential singularity at a ^ oo, 
then, whatever the choice of a CA function A meromorphic at the point a 
(except at most one function A), the set of roots of the equation f{z) = A{z) 
has the point a as its cluster point 

If / is a CA function in a punctured neighborhood of the point oo, and if 
it has an essential singularity at this point, then Theorem 3.7 may not hold 
(see Krajkiewicz (1973c)). The CA function 




may serve as an example. 
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3.6. On Polymeromorphic Functions. Double Periodic PA Functions. A 

polymeromorphic function / in C (see Sect. 1) can be defined as a func- 
tion which is polyanalytic in C\E, where E is some discrete set in C, and 
such that no point a G is an essential singularity for /. 

The well-known Picard theorem for meromorphic functions in C (stating 
that each such function which does not assume three different values is a con- 
stant) cannot be extended to polymeromorphic functions. A bimeromorphic 
function 



oo 



{Z - ttk) 

(z - ak) 






( 11 ) 



where oo, A: — > oo; ^ 0 for A: G N, and 



iAfci < -foo , 



k=l 



may serve as a counterexample. This function, its modulus being bounded in 
C \{ak}keN, does not assume an infinite number of complex values but, never- 
theless, it is not a constant (it is not even rational). We shall note that, using 
the factorization theorem, one can find rather broad classes of polymeromor- 
phic functions of order n > 1 for which the Picard theorem is valid. 

In 1935, when solving a problem on stresses arising in a stretched plate 
weakened by holes, Natanzon first used meromorphic bianalytic functions of 
the form 



Z ^ r f Z — (jJ ^ \ 

V(2-a;)3 ~^) 



(the sum is taken over all numbers uj = riiuji -j- ri 2 UJ 2 ^ where Q{lji/uj 2 ) ^ 
0; ni,ri 2 G Z, uj ^ 0). Later on, the functions of this kind were used by 
Filshtinskij (1972) in the elasticity theory. Erwe (1957) investigated a broader 
class of functions 

— +Y — ( 12 ) 

zn+2 ^ ^ _ ^)n+2 ^^n+2 ' 

PA functions (12) are double-periodic (with main periods uji and uj 2 )- These 
functions may be regarded as analogs of the Weierstrass p- functions, known 
in the theory of elliptic functions. The general form of double-periodic PA 
functions was found by V.V. Pokazeev (1982). As regards one-periodic PA 
functions, V.V. Pokazeev showed that they can be described by formulas of 
the form 

k=0 

where u is the main period of the function and all (pk are periodic analytic 
functions of period uj. 
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The remarkable theorems of complex analysis due to Fatou, M. and 
F. Riesz, Luzin and Privalov, and others (see Dolzhenko (1971), Collingwood 
and Lohwater (1966)) do not hold in their traditional formulation when one 
passes from analytic functions to the broader class of PA functions. However, 
there exist boundary properties of PA functions of order n which coincide 
with the well-known properties of analytic functions for n = 1. 

In what follows, a “Jordan domain” (or, more briefly, “domain”) is under- 
stood to be the interior of a rectifiable closed* Jordan curve. 

4.1. The Coherent Function. When studying the boundary behavior of PA 
functions, it is convenient to use some auxiliary analytic functions generated 
by a given PA function. Let / be a PA function in a domain G representable 
in the form 



n— 1 

= hk€H{G), k=^Q,l,...,n-l. (1) 

fc =0 

Let r be an OSCAR belonging to G and given (in some its neighborhood) by 
the equation z = A{z), The analytic function 



Mz)='^hk{z)\A{z)]'^ ( 2 ) 

fc =0 

will be called coherent with f on the arc F. It is clear that if F is located 
inside G, then fr is an analytic continuation of the function / from the arc 
F into its neighborhood. 

The coherent function fr is simply enough expressed via the PA function 
/ and its successive formal derivatives ( Balk and Vasilenkov (1988), Balk 
(1983)): 

friz) = fiz) + £ i(yl(z) - z)’^d'^f/drz^ . (3) 

It follows from (3) that each condition which ensures that the coherent 
function fr vanishes identically ensures simultaneously some deflnite factor- 
ization of the PA function / itself, namely, its representation in the form 
(2 — A{z))g{z)^ where ^ is a PA function in a sub-domain Go C G, which is 
adjacent to F. 

To elucidate the boundary behavior of a function /, polyanalytic in a do- 
main G with an analytic arc F on its boundary, it is useful to understand the 
relationship between the boundedness of the modulus of this function in G 
(or in its sub-domain “near T”) and the boundedness of the modulus of the 
coherent function / “near T”. 
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Let us suppose that an OSCAR F is located on the boundary of the domain 
G and let C ^ 

A Stolz sector (with the vertex and radius R) is an open circular sector 
5 such that: 1 ) its vertex is C; 2 ) the sector belongs to the domain G; 3) its 
boundary radii are located on one side of the tangent to F at the point ^ (but 
not on the tangent itself). A sector S' is called inner relative to the sector S 
if it has the same vertex ^ and its boundary radii belong to S. The smallest 
of the angles between the sides of S and S' is called the slope of sector S' to 
5. 

The following two facts appeared to be useful in studying boundary prop- 
erties of PA functions (Zuev and Balk (1971)): 

(i) Let a Jordan domain G have an OSCAR F on its boundary; let a Stolz 
sector S have its vertex C on the arc T, S' being an inner sector for S'; let the 
slope of S' to S be equal to A; let n be a fixed natural number. Then there exist 
a constant C = C{F,n,X), depending only on F, n, A, and a neighborhood 
U{C^p) of the point C such that, for every function / n-analytic in G and 
satisfying in G the inequality \f{z)\ < M, the function coherent with it on F 
satisfies the inequality \fr{z)\ < CM in U Ci S'. 

(ii) Let G be a Jordan domain, let F be an OSCAR on dG, and let n 
be a given natural number. Then for each “closed” (i.e., containing its own 
end points) analytic arc 7 C T, and for any sufficiently small h > 0, one 
may choose a constant G (dependent only on G, 7 , n, h) such that, for each 
function / n-analytic in G whose modulus is bounded in G by a constant M, 
the coherent function fp satisfies the inequality \fr{^)\ ^ CM on the set 

G( 7 , h) = {z e G : dist {z, 7 ) < /i} . 

4.2. PA Functions in Disk Sectors. The well-known Lindelof theorem 
(see, for example, Collingwood and Lohwater (1966), Chap. 2, Sect. 3), which 
plays an important role in the study of boundary properties of analytic func- 
tions, does not hold for PA functions of arbitrary order n > 1 . A counterex- 
ample is provided by the function 'z'^ j z^ in a sector 

r 7T 7T 7T 7T , , 

where R > 0 , and m is an arbitrary odd natural number (Petrov (1966)). In 
order to obtain theorems of the Lindelof type for PA functions, we shall use 
the notion of “a regular path leading from the given domain G to a given 
boundary point C” • This is understood to be an analytic arc of the form 

j = {z : z = A(t), a <t <b} 

having the following properties: 1 ) \{t) G G for a < t < b; \{b) = C; 2 ) 7 
belongs to some OSCAR 

F = {z : z = A(t), a < t < /3, a < a < b < 0} 
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(in other words, the arc 7 can be “analytically extended” beyond the point C). 
For example, every (non-closed) circular arc belonging to the domain G and 
ending at the point C is a regular path. Combining the Nicolesco inequalities 
with the estimates given in Sect. 4.1, it is possible to prove the following 
proposition: 

Theorem 4.1 (the Lindelof theorem for PA functions). Let f be a PA func- 
tion of order n, bounded inside a sector S with the opening smaller than n, 
and let, among regular paths leading to the vertex C in the sector S, there exist 
n pairwise non-tangent and pairwise non-kindred arcs 7 /c {k = I, ... ,n) such 
that f tends to the same finite limit L as z along any arc 7 ^. Then f 
tends to the same limit L, as z in any sector S' inner to the sector S. 

This theorem was proved by Petrov (1966) for the case where all 7 ^ 
{k = l,...,n) are straight line segments. Vasilenkov showed that this the- 
orem remains valid when one of the straight line segments is located on the 
boundary of the sector S. 

4.3. The Existence of Angular Limits. The well-known Fatou theorem (see 
Collingwood and Lohwater (1966)) proved for analytic functions does not 
hold for PA functions of order n > 1 . An interesting counterexample was 
constructed by Petrov (1967). He used the following fact found by Dolzhenko: 
there exists a function h, holomorphic in the unit disk D, such that (i) \h{z)\ < 
6/(1 — r) for each z E D,r = \z\, and (ii) \h{z)\ > 0 . 5 /(l — r) for some sequence 
of circumferences 7 ^^ = { 2 ; : \z\ = rjy}, 0 < < 1, ^ 1, as z/ 00 . Petrov 

(1967) considered the function B{z) = (1 — z • z)h{z) in D. By virtue of 
property (i) of the function h, B is bounded in D. At the same time, combining 
property (ii) and the well-known Luzin-Privalov theorem on angular limits 
for an analytic function in a disk (see Dolzhenko (1971), Collingwood and 
Lohwater (1966)), one can show that B can have finite angular limits only on 
a set of boundary points of linear measure zero. 

One might expect that in order to preserve the Fatou theorem in the case 
of PA functions of order n, it would be necessary to require that a PA function 
and its n — 1 subsequent formal derivatives have bounded moduli. In fact a 
great deal less may be required, as the following proposition shows. 

Theorem 4.2. Let f be a PA function of arbitrary order n > 1 in a Jordan 
domain G whose boundary contains an OSCAR P. Let the moduli of f and of 
its first formal derivative df/dz be bounded in G. Then f has a finite angular 
limit at almost every point of the arc P. 

The idea of the proof is as follows. The boundedness of the coherent function 
fr near the arc P implies the existence of its angular limit at almost every 
point C ^ P- The boundedness of the function f\ — df /dz implies the same 
for the function 
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in each Stolz sector S with the vertex (^. Hence 

tends to zero as z — ^ C? ^ ^ *5" C 5. To complete the proof, one has to apply 
formula (3). 

Theorem 4.3. If f is a PA function in a Jordan domain G whose boundary 
dG contains an OSCAR P with the equation z = A{z), and if the function f 
has a finite angular limit at the point G P, then for any nonnegative integers 
k and u, k -)r > I, we have 



( 1 \ 
dz^dz’^ ^\\z-A{z)\'^+‘')' 



(4) 



as z along any path non-tangent to P. 

In particular, if G is the unit disk and a PA function f has a finite angular 
limit at a point C G dG, then 



d^+''f / 1 \ 

dz’^dz^' ‘^ 1(1 - ’ 



(5) 



as z ^ Q along any path non-tangent to the circumference dG. 

Now let the function / be holomorphic and bounded in the unit disk D. 
As was shown by Lohwater et al. (1955), these conditions do not ensure the 
existence of angular boundary values of the derivative of the function /. This 
statement can be refined using estimates (5). Indeed, by virtue of the classic 
Fatou theorem, the function / has a finite angular limit at almost every point 
C of the boundary circumference. Therefore, applying (5) with A: = 0 and with 
an arbitrary u, we find that at almost every point C of the unit circumference 
we have the relation 

/“-’W'KjTlTljjF). ■'SI. TO 



as z along an arbitrary path non- tangent to the circumference dG. An- 
other proof of this fact (see Vasilenkov (1986)) follows from the Schwarz in- 
tegral representation for PA functions (see Sect. 1.3). If / is holomorphic in 
the unit disk and is continuous in the closed disk, then relation (6) is valid at 
every point of the circumference dG. 

Let us note that every representation of a function / (specifically, a PA 
function) defined in a domain G as a sum f = h -\- (j) with h holomorphic in 
G and (j) continuous up to the boundary dG (or at least up to a non-empty 
part of dG) leads us to a series of boundary theorems of Fatou- Plessner and 
Lindelof-Gehring- Lohwater types. This idea was elaborated in the articles 
by Balk and Thtschke (1992), Balk and Vasilenkov (1992, 1993) and Balk, 
Mazalov and Vasilenkov (1994). 
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4.4. PA Functions in Non-rational Images of a Disk. Bitsadze (1948) drew 
attention to the fact that there exists an infinite number of linearly indepen- 
dent functions, bianalytic in the unit disk D and vanishing everywhere on its 
boundary T. The same is true for every simply connected domain G bounded 
by a closed analytic curve T, provided that G can be obtained from D using 
a mapping 2; = A(C), where A is a rational function (see Bitsadze (1981)) . 
A question naturally arises: what happens, if the function A is not rational? 
Is it true that, in this case, each BA function B{z) = (p{z) -f2'0(z) vanish- 
ing on r must be identically equal to zero? The answer (in the aSirmative) 
was first independently obtained by Tovmasyan and Nguyen (1966) for broad 
classes of BA functions which, however, satisfy some additional restrictions 
(Nguyen (1966), Bitsadze (1981)). However, if one uses the Plessner theorem 
(see Collingwood and Lohwater (1966)), and the BA equation of the bound- 
ary arc of the domain G, then it is possible ( Balk and Vasilenkov (1988 b)) 
to modify the Nguyen (1966) proof to make it applicable to the whole class 
of BA functions in G with no restrictions at all. The following proposition is 
valid. 

Theorem 4.4. Let us suppose that 1) G is a simply connected domain 
hounded by a closed analytic curve F; 2) the function z = A(^) mapping 
the unit disk D onto G is not rational; 3) a function B is bianalytic in G; 4 ) 
there is a set E of positive linear measure on the boundary of the domain G 
such that, at each point zq £ E, the function B has the zero angular limit. 
Then B = 0. 

The conclusion of Theorem 4.4 remains valid (Balk and Vasilenkov (1988b)) 
if condition 4 is replaced by the following condition: there exist an arc 7 and 
a metrically dense set E of the second category on F such that, whatever the 
point zo ^ E is chosen, the function B has the zero limit along the normal 
L{zq) to the arc 7 at zq and also along another straight segment emanating 
from zq and not tangent to 7. 

Will Theorem 4.4 remain valid for PA functions of order n > 2? A coun- 
terexample can be constructed, showing that the answer is negative: there ex- 
ists a domain G which is a non-rational image of the disk and whose boundary 
T is a closed analytic curve, and there exists a PA function / of order n = 3 
vanishing at every point of F and such that / ^ 0 in G. 

It seems plausible that if / is a PA function in some domain G, / ^ 0, and if 
/ has the angular limit equal to zero at every point of a rectifiable arc located 
on the boundary dG, then this arc must possess some specific properties. We 
shall illustrate this general assertion by the following statement ( Balk and 
Zuev (1983 a)): 

Let us suppose that: 1) B{z) = (p{z) -hz'if{z) is a BA function in a Jordan 
domain G, B ^ 0; 2) there exists a rectifiable arc 7 on the boundary dG such 
that B has the angular limit equal to zero at almost every point of the arc 7; 
3) the function has a finite limit at almost every point of the arc 7. Then 
the arc 7 contains an analytic arc, and the function B can be bianalytically 
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continued through this arc. The proof is based on the refined version of the 
Iversen-Seidel-Doob theorem (see Collingwood and Lohwater (1966), Chap. 5, 
Theorem 5.7) and on the Plessner theorem. 

4.5. The Uniqueness and Factorization of PA Functions with Zero Angular 
Limits. A PA function / of order n > 1 in a disk D may have the zero 
angular limit at each point of some boundary set £* C T of positive measure, 
but this does not imply that / = 0. A similar situation is observed in non- 
circular domains. In order to identify the conditions under which a PA function 
vanishes, it is necessary to take into account the rate at which it tends to zero 
when approaching the boundary, and the properties of the boundary set E. 

We shall need a concept of the zero angular limit of given order (Zuev 
and Balk (1971), Balk and Zuev (1970)). Let us suppose that G is a Jordan 
domain, F is an open (i.e., not containing end points) smooth arc on the 
boundary dG, C is a point on T, / is a function defined in G, and p is a 
natural number. The function / is said to have the zero angular limit of order 
not lower than p at the point ^ if the function 

fjz) 

[dist {z, dG)]P~^ 

has the angular limit equal to zero at the point C- 

Let an OSCAR F with the BA equation z = A(z) be located on the 
boundary dG of the domain G. We shall call the domain G regular with 
respect to the arc T if A is holomorphic in G. For example, the domain G 
bounded by the arc 

3 

Fi = {z : z = exp(zt), 0 < t < -tt} 

(its BA equation is ^ = 1/^) and by the chord F 2 linking the end points of 
Ti, is not regular with respect to Fi (since the point z = 0, which is singular 
for the function Ai{z) = 1/z, is located in G) and is regular with respect to 
F2. 

Theorem 4.5 (Zuev and Balk (1971), Petrov (1966)). Let f he a function 
n- analytic in a Jordan domain G; let the boundary dG contain s pairwise non- 
kindred analytic arcs Fk = {z : z = Ak{z)}, k = , s, G being regular with 

respect to each of them; and let there exists a set Ek of positive measure on 
each arc Fk (fc = 1, . . . , s) such that, at each point ( E Ek, the function f has 
the zero angular limit of order not lower than pk . Then f can be represented 
as 

f{z) = g(z) H(2 - Akiz)f‘ , 
fc=l 

where g is a function poly analytic in G. Ifpi~\ Ps > n, then / = 0. 

If the requirement that the domain G be regular with respect to the arcs 
Fi,. .. ,Fs is omitted, then Theorem 4.5 is modified as follows (Zuev and Balk 
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(1971)): There exists in G a discrete set d such that in every simply connected 
domain G\ C G\d the function f can be represented in the form 



f{z) = 9 i{z) ^(z - Aki{z)f‘ , 

k=l 

where Aki is the analytic continuation of the function Ak to the domain Gi, 
with gi being a polyanalytic function in G \ . 

The proof is based on the implication that if 

n— 1 

/(^) = '^h„{z)z'', hu € H(G), 1 / = 0, 1,. . . ,n - 1 , 

v=Q 

then each of the functions Ak (the characteristic function of the arc Fk, k = 
1, . . . , s) satisfies in G the condition 

n— 1 

^K{z)[Ak{zW = 0, 

i /=0 

i.e., it is a branch of some algebroid function defined in G. Therefore Ak can 
be analytically continued (generally speaking, as a multi-valued function) to 
the domain of the form G\dk, where dk is a discrete set of points in G. 

4.6. PA Functions with Zero Radial Limits. Let us now consider how the 
classic theorems of F. and M. Riesz, and Luzin and Privalov on radial limits 
(see, e.g., Dolzhenko (1971), Collingwood and Lohwater (1966)) can be trans- 
ferred to PA functions. We shall see that, in order to nullify a PA function 
of order n > 1 in the unit disk, it is not sufficient to require that its radial 
limits equal zero on a “sufficiently massive” boundary set. Another important 
factor is that the function should tend to zero “sufficiently rapidly” . 

An important role in obtaining the results given below is played by the 
following theorem due to Dolzhenko (1971, Theorem D.9), dealing with the 
limit values of arbitrary continuous functions: 

Let G be a Jordan domain bounded by a curve F; let E be a set of the second 
category on F, and let {L^ : E E} be a uniformly continuous family of paths 

in G terminating at points E E. Then, for each function f mapping the 
domain G continuously into the Riemann sphere, the set of all points E: E, 
for which the cluster set G(/, C,L^) along the path does not coincide with 
the cluster set C{f, G) at the point (^, forms a set of the first category on F. 

Basing themselves on this theorem. Balk and Vasilenkov (1988 a) proved 
the following proposition. 

Theorem 4.6. Let a function f be n- analytic in a Jordan domain G, which 
has an analytic arc F with the BA equation z = A{z) on its boundary, let 
there exist a set M\ of the second category on F and a uniformly continuous 
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family of paths {Z/j : C ^ ^ 1 } non-tangent to F and terminating at points 
^ G Ml such that 

and let there exist a set M 2 C F dense everywhere on F and a family of paths 
{L 2 : C ^ ^ 2 } non-tangent to F such that, for each ( from M 2 , 

OeC{f{z)/{z-A{z)r-\^,Li). 

Then / = 0. 

One can see that this theorem extends to PA functions the classic Luzin- 
Privalov theorem, and also the theorems due to Wolf, Collingwood, and 
Dolzhenko (see Dolzhenko (1971), Collingwood and Lohwater (1966)). Hav- 
ing somewhat modified the argument leading to Theorem 4.6, it is possible to 
prove the following boundary theorem on factorization (Balk and Vasilenkov 
(1988a )). 

Theorem 4.7. Let a function f be n- analytic in a Jordan domain G, let an 
analytic arc F with the equation ~z = A(z) be contained in dG, and let there 
exist a set M of the second category on F, a uniformly continuous family of 
paths {L^ : ( G M} with ends at the points Q G M and non-tangent to F, and 
a natural number k such that 

<x^^C{f{z)/{z-A{z))\C,Li) 

for each C G M. Then f{z) = g{z){z — A{z))^ , where g{z) is a PA function in 
some sub-domain of the domain G adjacent to F. For k >n, we have f = 0. 

F. and M. Riesz showed as early as 1916 that a function analytic and 
bounded in the unit disk identically equals zero, if its radial limit values are 
equal to zero at all points of some boundary set E of positive measure. In 
1969 Barth and Schneider drew attention to the fact that, on replacing the 
set E of positive measure by a set of the second category, the theorem due 
to F. and M. Riesz does not hold: there has to be an additional requirement 
that / tends to zero “sufficiently uniformly” when approaching E along the 
radii; for the exact statement see, for example, Dolzhenko (1971). 

Though the theorem proved by Barth and Schneider is not applicable to 
PA functions, the following theorem (Balk and Vasilenkov (1988a)), which 
may be regarded as its natural generalization, is valid for PA functions of any 
order n. 

Let f be a PA function of order n in a disk D, let p{r) be some function 
positive and monotonically decreasing on the interval (0, 1), with ji{r) — ^ 0 as 
r 1, and let the relation 

/(re*‘')=o((l-r-r-V(r)), r^l, 

be valid for each point = exp{i0) of a set E of second category on the unit 
circumference T. Then / = 0. 
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We shall note another proposition (Balk and Vasilenkov (1988a)) similar 
to the F. and M. Riesz theorem. 

Theorem 4.8. Let f be a PA function of order n in the unit disk D, let f 
and its first n — 1 radial derivatives d^f/dr^ (z = r exp{i6), k = — 

be bounded in D, and let there exist a set E of positive linear measure on the 
unit circumference T such that f and its first n—1 radial derivatives have the 
zero radial limit at each point C ^ E. Then / = 0. 

The proof of this theorem is rather cumbersome. A similar theorem, ob- 
tained by replacing the radial derivatives d^f/dr^ (A: = 1, . . . , n — 1) in the 
formulation of Theorem 4.8 by formal derivatives d^f/dz^^ is much simpler 
to prove. 

In the course of proving Theorem 4.8, the following fact was also estab- 
lished: If a function f is n- analytic in D and its first n — 1 radial derivatives 
d^ffdr^ (k — 1, ... ,n — 1^ have bounded moduli in D, then f has a finite 
angular limit almost everywhere on the circumference T (for the case n = 2, 
see Petrov (1967)). 



§5. Generalizations of Polyanalytic Functions 

A number of important properties of PA functions can be naturally ex- 
tended to broader classes of functions (of one or several complex variables); 
such classes usually appear when solving differential equations with the 
Cauchy- Riemann operator which are more complicated than d’^wjdz'^ = 0. 

5.1. Meta- Analytic Functions. Let M be a polynomial with complex coef- 
ficients, 

M{t) = Co + Cit H h Cn-lt'^~^ -f t'^ , 

and let G be a domain in C. Balk and Zuev (1968) called a function / from 
the class C'^{G) M -meta- analytic if it satisfies in G the equation 

M{d/dz)W = 0 . (1) 

Theorem 5.1 (Balk and Zuev (1971), Fempl (1969)). Let a polynomial M 
have roots ai, . . . , with the multiplicities mi, . . . , mp. A function f is M- 
meta- analytic in G if and only if it can be represented in the form 

p 

f{z) = '^nk{z,z)exp{ak-z), ( 2 ) 

k=l 

where Ilk (k = 1, . . . are PA functions of order mk in G. 

The functions Ilk in representation (2) are called PA components of the 
meta-analytic function /, and their analytic components are called analytic 
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components of /. A function / is said to be meta- analytic (MA) in a domain 
G if there exists a polynomial M such that / is M-meta-analytic with respect 
to it in G, 

We shall now consider the class of entire MA functions (i.e., meta- analytic 
in C). Generally speaking, the Liouville theorem does not hold for such func- 
tions, but, by applying the Fourier transform, it is possible to prove the fol- 
lowing proposition of the Liouville type (Balk and Zuev (1971), for a proof 
based on a different idea, see Zuev (1969a)). 

Theorem 5.2. Every entire MA function f growing not faster than \z\^ 
(s = const > 0^ zs representable in the form 

p 

/(^) = -z-ak-z), 

fc=i 

where p is a natural number, all ak (k = 1, . . . ,p) are constants, and all Pk 
are polynomials of degree not higher than s in variables z, z. In particular, 
for s = 0 (i.e., when \f{z)\ < const in an MA function has the form 

p 

f{z) = ^ Afc exp(afc -z-ak'z), Ak = const, k = l,...,p . 

fc=i 



Zuev (1969b) found the general form of MA functions of constant modulus. 
Let M be a polynomial with roots ai, ..., ap of multiplicities mi, . . . , mp. The 
function of the form 



p 

= X] exp(afc • z) , 
k=l 



where Pk is a polynomial of degree mk — 1, k = 1, . . . ,p, is called the quasi- 
polynomial corresponding to the polynomial M. 



Theorem 5.3. Let f be a MA function with respect to some polynomial M, 
and let this function have a constant modulus A in a domain G. Then f is 
representable in the form 



f{z) = A • 



L{z) 

L{z) 



where L is a quasi-polynomial corresponding to M, and where X is a constant, 
\\\ = A. 



Bosch (1973) found necessary and sufficient conditions for the equality of 
the moduli of two MA functions in some domain. 

A number of properties possessed by PA functions (analogs of the theorems 
by Montel, Vitali, Weierstrass, the inner uniqueness theorem, etc.) remains 
valid for M-meta-analytic functions. Some of these properties are retained 
even by a wider class K{G,n,X) consisting of functions / with the following 
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properties: 1) for each / there exists its own polynomial M of exact degree n 
such that / is M-meta-analytic in a domain G; 2) the moduli of all analytic 
components of the function / do not exceed a given number A (see Zuev 
(1969a)). 

5.2. Modules of Polyanalytic Type. PA functions of order n in a domain 
G, and MA functions in G generated by a given polynomial M are particular 
cases of classes of functions forming algebraic modules over the ring H{G). It 
is natural to consider wider classes of modules over the same ring. Let 

A(z) = {Ao(2;), Xi{z ), . . . , Xn-i{z)} 

be a train of n fixed functions belonging to the class C^{G) and linearly 
independent over the ring H{G). Let D = d/dz. Let us now introduce the 
square matrix 

D^Xkl 

l Jfc=0,l,...,n-1 

Its determinant will be denoted by W{X, D, z), and we shall call it the Wron- 
skian of the train of functions A. The condition W{X,D,z) ^ 0 in G ensures 
the linear independence of the functions Aq, Ai, . . . , An-i over the ring H{G). 

It should be noted that, instead of Z), one might consider the operator 
Di = ^{z) • D, where ^{z) is some function from G’^(G), which does not 
vanish at any point from G. Then the condition W{X, D,z) ^0 is equivalent 
to the condition W{X^Di,z) ^ 0. The latter condition is sometimes more 
convenient to verify. 

Let us consider the class of aggregates of the form 

f{z) = ho{z)Xo{z) + hi{z)Xi{z) H h hn-i(z)Xn-i{z) , (4) 

where /iq, hi, . . . , hn-i are arbitrary functions from H{G). This class obviously 
forms an (algebraic) module of rank n over the ring H{G) with the base 
A. Every such module will be called a module of polyanalytic type (or, more 
briefly, PA module), and will be denoted by M{H{G), A) or M. Each aggregate 
of form (4) will be called a function from this PA module, and the function 
hk (A: = 0, . . . , n — 1) entering (4) will be called the A;-th analytic component 
of the function /. We shall now present examples of PA- type modules. 

(i) The class Hn{G) of functions, n-analytic in the domain G, forms a 

module with the base l,z,. . . over the ring H{G). 

(ii) The class of M-meta-analytic functions (in a domain G) generated by a 
given polynomial M (with roots ai, . . . , Up of multiplicities mi, ... , nrip) forms 
a PA module over the ring H{G) with the generators 

exp(ai • ^), . . . exp(ai • ^), . . . ,exp(up • ^), . . . exp(up • z) . 

(iii) Let € be a fixed number, e = ±1; let G be either the unit disk D (if 
e = —1) or the plane C (if e = 1); 
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It is possible to verify that VF(A, D,z) ^ 0 in G. Functions of the form 



fc =0 



where hk € H{G), constitute a PA module. The properties of this module 
were studied by Bauer and Ruscheweyh (1980), Heersink (1986), Ruscheweyh 
(1969). 

(iv) Let G be a simply connected domain, and let z = 9{Q be a function 
mapping conformally a disk D onto G. Every function 



n— 1 

/W = , 

k=0 

n-analytic in G, may be “transplanted” into the disk D using the formula 

^^(0 = mo ) = E • (5) 

k=0 

It is clear that the functions of form (5) are, generally speaking, not PA 
functions in D. Howev er, t hey belo ng to the PA-type module X{Q) 

where A(C) = {1, ^(C), • • • , ^(C)’^”^} is its base. 

Malein (1974b) proved the following property of PA modules generalizing 
the inner uniqueness theorem for PA functions (see Sect. 1.2). 

Theorem 5.4. Let M{H{G), A) be a PA-type module of rank n, and let a set 
of points E have a condensation point in G of order n which is not a zero of 
the Wronskian W{\, D, z). Then E is the uniqueness set for the given module. 

In what follows, we shall confine ourselves to PA modules M{H{G),X) 
with the following properties: A) the Wronskian W{X,D,z) differs from zero 
at every point of the domain G, B) the base A is holomorphically extendable to 
the space C This means that, if the domain G* is symmetric to G relative to 
the real axis, then, for each function A^, A: = 0, . . . , n— 1 , there exists a function 
Lk{z, w) holomorphic in G x G* whose restriction to the plane w = z coincides 
with Afc. Under this condition, each function / from the module M is a CA 
function. Let f{z) ^ 0. By virtue of the Weierstreiss Preparatory theorem, we 
can conclude that the set of zeros of the function / in the neighborhood of its 
non-isolated zero is structured £ts in the case of an n-analytic function, i.e., it 
is a combination of at most 2n — 2 arcs (OSCARs) emanating from the point 
a, and not more than n — 1 of them are pairwise non-kindred. Therefore, each 
figure ^ which is composed of n pairwise non-kindred analytic arcs having 
a common point in the domain G is a uniqueness set for the module M. It 
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should be noted that the requirement that all n arcs contain a common point 
is essential. 

PA-type modules are closely linked to differential equations containing the 
operator djdz. Equations of the form 

dnf 5^-1 /* df 

— + + • • • + ai{z)-^ + ao{z)f = 0 (6) 

were first considered by Kolossoff (1914). To solve such equations (having as- 
sumed that the coefficients uq, . . . , are sufficiently smooth) Kolossoff sug- 
gested an algorithm which, in the main, is reduced to considering the variable 
z as independent of z and to solving Eq. (6) as an ordinary linear differen- 
tial equation. For a long time this approach provoked some incomprehension 
and objection as unjustifiable from the mathematical point of view. Malein 
(1974) provided a flawless justification for Kolossoff ’s algorithm, and defined 
its range of applicability more precisely (see also Zhegalov(1975)). Let G be 
some simply connected domain in C, and let G* be the domain symmetric to 
G relative to the real axis. Let us consider the class H{G, G*) of holomorphic 
functions of two variables z and u; in G x G*, and also the class 77(G) of 
all functions / which are restrictions of functions from the class 77(G, G*) 
to the plane w = z. The above-mentioned result obtained by Malein can be 
formulated as follows: 

Theorem 5.5. Let all the coefficients Gq, . . . ,Un-i Eq. (6) belong to the 
class n{G). Then there exist n functions A = (Aq, . . . , A^-i) in n{G) such 
that their Wronskian W{X,D,z) differs from zero at each point z £ G, and 
that the set of all solutions of Eq. (6) (even in the class of L. Schwartz distri- 
butions) coincides with the set of all functions from the module M(77(G),A). 

It should also be noted that for any set of n functions A = (Aq, . . . , A^-i) 
from the class 11(G), for which W(X,D,z) ^ 0 everywhere in G, there exists 
the unique equation of the form (6) whose set of solutions is the set of all 
functions of the module M(i7(G), A). 

Here we shall present one general approach for investigating PA-type mod- 
ules. This approach was suggested by Malein (1973), and it uses the idea 
of the isomorphism of topological spaces (for the concepts used below the 
reader is referred to, for example, Edwards (1965)). Along with the mod- 
ule M = M(H(G), A), we shall consider the set H'^(G) of all vector functions 
^ = (v^o? • • • 7 ^n-i) holomorphic in G. It is evident that H'^(G) may be re- 

garded as an algebraic module of rank n over the ring 77(G) whose base is com- 
posed of n n-dimensional vectors (1,0,..., 0), (0, 1, 0, . . . , 0) . . .,(0, 0, . . . , 0, 1). 
Let H'^(G) be endowed with the topology of the uniform convergence inside 
G, i.e., with the topology determined by the system of semi-norms 

MIk = {m^\^u{z)\} , (7) 

0<i/<n— 1 z£K 

where K is an arbitrary compact set in the domain G. Then H'^(G) becomes 
a linear topological space of the Frechet-Montel type. 
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Let us introduce a topology in the module M, for example, using semi- 
norms 

Il/ll9 = m^l/(2)l or \\f\\g= (^JJjf{z)fdxdy^ , (8) 

where {^} is a countable system of bounded closed domains belonging to 
and exhausting G; p = const, 1 < p < -foo. We shall denote the resulting 
topological space by the same symbol M. The natural map of M onto 

• / = ^ 0^0 + 4- . . . -h —>(/?= (<Po> ^1? • • • ? ^n-l) 

is an isomorphism of the spaces M and H'^{G) with their respective topologies. 
If it proves to be a homeomorphism (and this is the case with semi-norms (8)), 
then the space M is a Frechet-Montel space (as is (G)) .This is why the 
compactness principle, the Weierstrass theorem, and some other topological 
facts valid for H'^{G) are also valid for M. 

Up to now we have spoken about modules over the ring H{G). General- 
izations are possible in various directions. Pascali (1971) considered a module 
(with the base 1, z, . . . , z over the ring of generalized analytic functions 
in the sense of Vekua. Brackx (1976a,b) studied A;-monogenic functions of a 
quaternion variable which are natural analogs of PA functions, and which are 
defined in the following way. Let G be a domain in and let Q be the 
quaternion algebra; let (60,61,62,63) be the unities of this algebra, and let 
fa{x) (a = 0, 1,2,3) be real functions of the variable x = (xq, X i, X2, X3), 
xeG, fae C\G). Let 

3 

D = ^ Cocdldxa 

a=0 

be the Filter operator (this is a quaternion analog of the Cauchy-Riemann 
operator). The function 

3 

/ ^ ^afa 

a=0 

is called left-regular in G if Df = 0 in G. A function / is called k-monogenic 
in G {k being a natural number) if / G G^(G) (i.e., all G C^{G) for 
a = 0,1, 2, 3) and D^f = 0 in G. The class of /c-monogenic functions (of given 
order k = const) possesses some properties similar to those of the module 
of n-analytic functions (Brackx (1976a)). A similar class of functions can be 
identified among the functions mapping a given domain of the space into 
the Clifford algebra (see Delanghe and Brackx (1978)). 

5.3. Hilbert Spaces of PA Functions. A number of problems concerning an- 
alytic functions are known to have been solved by using techniques of Hilbert 
spaces with reproducing kernels (see the survey by Havin (1966), also Povzner 
(1950) and Bergman (1970)). Here we shall consider some possible applica- 
tions of similar arguments to the study of PA functions (see Koshelev (1977, 
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1981)). First, we shall remind the reader of some notions needed to under- 
stand what is described below. Let .B be a fixed set, let A{B) be a class of 
functions / defined on the set B and forming a Hilbert space (with respect 
to some scalar product). Let a functional F, defined on A{B) by the formula 
F{f) = f{zo) for a given point zq from B, be continuous. Then A{B) is called 
a Hilbert space with a reproducing kernel (or kernel- function) . It is well known 
that in this case there exists a function K{z^ zq) in A{B) such that, whatever 
the choice of / in A{B), we have the equality 

f{zo) = {f{z),K{z,zo)} 

(here (•) denotes the scalar product). The function K{z^zq) is called a re- 
producing kernel of the space A{B), If {e^}^o is ^ complete orthonormal 
system of elements of the space A{B)^ then the reproducing kernel can be 
found (Bergman (1970)) using the formula 

oo 

K{z, zo) = ^ e^(zo) • e^(z) . 

^t=0 

The series converges in the metric of the space A{B) at every point z. 

Let us consider (Koshelev (1977)) the module Hn{D) of PA functions of 
order n in the disk D. Let us choose from among them those functions / for 
which there exists a constant C{f) such that 

JJ^\f{z)fdxdy<C{f). 

For this set, we shall introduce the scalar product and the norm by the for- 
mulas 

{f,g) = jj^f{z)g{z)dxdy , ||/|| = ((/,/))5 . 

Then this set of functions forms a Hilbert space which will be denoted by 
A^{D). There is a complete orthonormal system of polynomials in this space 
(Koshelev (1977)): 



k-\- u + 1 1 



Qk-\-u 



V 7T {k + vy.dz^dz^^^^"^ 

(/i: = 0, 1,...; i/ = 0, 

Hence the explicit expression for the reproducing kernel is 

Kn{z,zo,D) = 






n 

7t(1 - 



n— 1 



i /=0 



|2i/ 



(for n = 1 the formula was obtained earlier by Bergman (1970)). 




246 



M.B. Balk 



We shall obtain another Hilbert space if, among entire n-analytic functions 
in the module Hn{C), we choose those functions / for which 

jj exp{-\z\‘^)\f{z)\‘^dxdy<+oo. 

If we set 

if, 9 ) = JJ^ewi-\zf)fiz)g{z)dxdy, ||/|| = ((/,/))^ , 
then we obtain a Hilbert space with a reproducing kernel: 



n— 1 



Kn{z,zoX) = exp(^o • Z) ■ - zo\^'^ 



k=0 



Similar results can be obtained for several other PA modules. 

Since we know the explicit expression for reproducing kernels, we are able to 
find, in each of the above-mentioned cases, exact estimates for |/( 2 ;)| through 
ll/ll . For example, the estimate for the functions / from A^{D) is 



l/WI < 






ll/ll 

1-|Z|2 ’ 



z e D . 



Povzner (1950) solved various extremal problems for functions belonging to 
some Hilbert space with a reproducing kernel. Since the reproducing kernels 
are given by explicit expressions, the results in the above-mentioned spaces 
of PA functions can be given their most definitive formulation. For example, 
let us suppose that, from among BA functions / of the space we 

must choose a function /* which satisfies the condition /(O) = 1 and which 

minimizes ||/||. It turns out that f^{z) = 1 — - \z\‘^ and ||/*||^ = — (Koshelev 

(1977) solved this and another, much more general, problems). The formulas 
given above for reproducing kernels also make it possible to find a PA function 
/ from A^{D) which provides the best approximation to a given function 
^ G L^^iD) in the norm of L‘^{D). 
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